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Preface

Program construction is about turning specifications of computer software into
implementations. Doing so in a way that guarantees correctness is an undertaking
requiring deep understanding of the languages and tools being used, as well
as of the application domain. Recent research aimed at improving the process
of program construction exploits insights from abstract algebraic tools such as
lattice theory, fixpoint calculus, universal algebra, category theory, and allegory
theory. This book provides an introduction to these mathematical theories and
how they are applied to practical problems.

The book is based on the School on Algebraic and Co-algebraic Methods in
the Mathematics of Program Construction held in April 2000 at the University
of Oxford. The School, which was sponsored under the Mathematics for Infor-
mation Technology initiative of the Engineering and Physical Research Council
in the UK, had the goal of introducing this research area to new PhD students in
a way that would provide a sound and broad basis for their own research studies.
The lecturers were chosen on the basis of a combination of a distinguished track
record of research contributions in this area and an ability to present difficult
material in a comprehensible way without compromising scientific rigor.

The students that attended the School had varied backgrounds to which due
account was given by the lecturers in preparing their material. The experience
and feedback gained during the School has been used in preparing this major
revision of that material. The lecture material has also been augmented by an
introductory chapter giving a detailed overview of the remaining chapters. We
hope that this chapter will prove useful in allowing readers to select the chapters
most relevant to their own research and to plan their further reading.

Our thanks go to all those involved in making the School a very enjoyable
and successful event. Particular thanks go to the EPSRC and the London Math-
ematical Society for their generous financial support, to the students for their
enthusiasm and positive feedback, to the lecturers for their unstinting hard work,
and to Springer-Verlag for making the publication of this book possible.

January 2002 Roland Backhouse
Roy Crole

Jeremy Gibbons
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Chapter 1

Introduction

Roy Crole

Department of Mathematics and Computer Science, University of Leicester

1 Preliminaries

This volume is an up-to-date introduction to developments in the calculational
construction of computer programs, with particular emphasis on the use of al-
gebraic and coalgebraic datatypes. By including introductory chapters on the
relevant mathematical foundations alongside more advanced chapters describing
applications, the contents are designed to be accessible to a broad spectrum of
readers — from computer practitioners with little or no knowledge of the area
seeking a basic introduction, to researchers with an active interest wishing to
broaden and deepen their understanding.

The purpose of this introduction is to allow readers to determine which of
the various chapters are relevant to their own interests and on the best order to
read the chapters, dependent on their own current knowledge and background.
In particular, we

– state what we assume of our readers;
– give a very broad overview of the main subject themes;
– provide an informal account of the mathematics which unifies and underpins

the computing applications; and
– outline the chapter contents, and the relationships to the underpinning math-

ematics.

This volume will interest anyone wishing to learn more of the theory of Com-
puter Science, especially the sort of theory which has immediate application to
practical computing problems. In particular we hope that it will be be useful
for computing practitioners who want to learn about calculational methods for
program construction.

1.1 Assumed Knowledge

We assume that the reader has some acquaintance with programming, and pro-
gramming languages. The main styles of programming which feature here are im-
perative (such as Algol, Pascal, C etc), functional (such as ML, Scheme, Haskell
etc) and object oriented (such as Smalltalk, Java, C++ etc). Any reader who
knows something of at least one language from one of these paradigms will be
able to benefit considerably from this volume. It is not necessary to be a skilled
programmer who writes sophisticated software; but understanding how to write

R. Backhouse et al. (Eds.): Algebraic and Coalgebraic Methods . . . , LNCS 2297, pp. 1–19, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



2 Roy Crole

short programs which involve key programming concepts in at least one real lan-
guage will be essential. For an excellent overview of programming concepts see
for example [17]. For a more comprehensive account of programming pragmatics,
from high-level concepts to low-level machine detail, see for example [16].

Much of the mathematics in this volume requires knowledge of naive set
theory, including relations and functions, and simple discrete mathematics. The
material found in a good introduction to discrete mathematics will provide a
very solid foundation. Gries and Schneider’s calculational presentation of discrete
mathematics [6] is the most in tune with the style of presentation in this volume.
We also assume an understanding of very basic logic to a similar level. Some of
the material in this volume is based upon category theory. The basic definitions
are all self-contained and the introduction contains an informal discussion. For
more details please see [2,3,4,7,10].

1.2 Volume Overview

Having described our intended audience, we now give a broad explanation of the
volume title, Algebraic and Coalgebraic Methods in the Mathematics of Program
Construction. We will be studying programs, or more precisely computer pro-
grams. Sometimes specific programming languages are studied, and we will be
concerned with programs written in a fixed language. At other times, program-
ming styles, or methodologies, such as functional programming or object oriented
programming, are studied at a suitable level of generality (if the reader is famil-
iar with only one language, then this language is likely to embrace just one
programming style). Scientific results and advances will then apply to a range
of different but none-the-less similar programming languages, each conforming
to a particular programming style.

So, what aspects of computer programs are we interested in? A key aim is
to develop methods and tools for program construction. For example, a method
might show how to construct a program by transforming a high level description
of what the program should do, its specification, into an actual program which
will often be written in a particular language.

The starting point is a specification and the finish point is an efficient imple-
mentation. The steps in between must guarantee that the final implementation
does indeed satisfy the initial specification. In order to provide such a guaran-
tee the transformation rules are founded on precise mathematical laws that are
provably correct with respect to the semantics of the implementation and specifi-
cation languages. In order that the transformations are practical, the laws must
be simple and concise so that they can be applied straightforwardly without
error. In this way, we develop programs from their specifications hand-in-hand
with a guarantee of their correctness.

The calculational style we advocate is reminiscent of the simplifications used
when calculating with arithmetic expressions. Arithmetic expressions obey cer-
tain equational rules such as commutativity, distributivity and so on. Such rules
can be viewed as a calculus with which we may simplify algebraic expressions.
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We see how to develop analogous equational rules which hold between programs
and can be used in calculation and simplification.

Examples of algebras to be found in mathematical texts are groups, rings
and fields. Datatypes such as natural numbers and finite lists are also examples
of (computational) algebras. In each case one has a set (for example the set of
natural numbers) together with operations (zero and successor) whose inputs
come from the set—all algebras have this kind of structure. Although there are
many examples of algebras, it turns out that it is possible to describe them in a
very general way. In fact there are mathematical frameworks within which the
above algebras can be seen as examples of just one definition—such frameworks
are said to be unifying. Two subjects which provide such frameworks are uni-
versal algebra and category theory. Originally, both of these subjects arose, in
part, through attempts to extract common key ideas from apparently diverse
areas of mathematics. However, it turns out that many technical methods which
appear in the mathematics of program construction can also be defined using
methods from these subjects. In particular, category theory provides us with a
very general notion of an algebra of which groups, rings, natural numbers and
lists are examples. It is this notion that embodies our so-called algebraic meth-
ods. Many computing concepts, not just natural numbers and lists, are instances
of algebras.

In category theory every definition has a so called “dual” or “opposite”,
and thus we can “dualize” the notion of algebra. This gives rise to the idea of
a coalgebra, and to coalgebraic methods. We leave a definition of algebras and
coalgebras until later on; for the time being we whet the reader’s appetite by
mentioning that many apparently diverse concepts such as finite and infinite
datatypes, different algorithms, operational behaviours of languages can all be
seen as instances of algebras and coalgebras. These latter two concepts unify
many other subjects, so that each may be seen within a common framework.

2 A Mathematical History Tour

We give an outline of the underpinning mathematical topics. The intention is
not to concentrate on applications, but to present a coherent mathematical
overview with emphasis on examples and minimal technical detail. In particu-
lar, we present developments chronologically, beginning with some of the original
mathematics used in program construction, and culminating with quite recent
material.

2.1 Fixed Points

First we recall the idea of a fixed point of a function. If f : X → X is an
endofunction on X , then x ∈ X is a fixed point if f(x) = x. If the set X is
ordered, by ≤ say, then x is a least fixed point if it is least in the set of all fixed
points. For example, if X = { 1, 2, 3, 4 } ordered as usual, and f is 1 �→ 2, 2 �→ 3,
3 �→ 3, 4 �→ 4, then 3 and 4 are fixed points and 3 is the least fixed point.
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The topic of fixed points is pervasive throughout this volume, and further
details can be found in Chapter 2. The original interest of computer scientists in
fixed points can be traced, very roughly, to the sixties and early seventies. There
is a considerable body of theory which was developed by mathematicians before
this period; we look at how this has been adapted and advanced by computer
scientists. Fixed points arise within two important but distinct and intimately
connected topics in computing, namely syntax and semantics. First we look at
syntax, where we assume that readers have some knowledge of formal grammars.

During the very late fifties and early sixties, computer scientists developed
the first “high-level” programming languages. These provide the programmer
with a language whose concepts are close to mathematical thinking and do not
(necessarily) involve the “low level” machine details associated with machine
and assembly code. During the evolution of the first high-level languages, it was
realized that a rigorous method was required for writing down a formal descrip-
tion of the programming syntax. Recall that a context-free grammar is just one
variety of formal language which had already been developed by mathemati-
cians. Backus [1] developed a special notation for describing context-free gram-
mars, which was ideally suited to the description of programming languages.
In fact this notation was used in the definition of the programming language
Algol 60 [1,9] which was the vehicle for the introduction of block structured
programming. Due to the contributions of both Backus and Naur, a language
definition is said to be in Backus Naur Form (BNF) if written in this notation.
In fact one can understand such language definitions as fixed points, which we
illustrate by example. Here is a very simple BNF grammar

E ::= z | v | (E + E )

where z ranges over the integers Z, v over a set of variables, and E over a set of
arithmetic expressions. A typical expression is (−3 + (x+ 88)). However, the set
of expressions defined by such a grammar can be seen to arise as a fixed point
of a function. Each expression is regarded as a finite tree. Integers and variables
have one labelled node, and (E + E ′) has root node + with immediate subtrees
E and E ′. Let P(S) be the set of subsets of a set S. If T is the set of all rooted
binary trees, we can define a function Φ : P(T ) → P(T ) which maps a subset S
of T to the set consisting of all integers, all variables, and all those finite trees
with root + and immediate subtrees belonging to S. Let us write E for the set
of all expressions. Given the definition of Φ, we would expect that Φ(E) ⊆ E ,
because if ξ ∈ Φ(E), then ξ is either an integer, or is of the form (E + E ′) with
E ,E ′ ∈ E . We call such an E a prefixed point of Φ. However, we only wish to
build expressions out of integers and variables, and E should contain nothing
else. In other words, E should be the smallest or least prefixed point of Φ—that
is the least subset E of T such that Φ(E) ⊆ E . In fact it turns out that for such
an E , Φ(E) = E , that is E is actually a genuine fixed point. So, what have we
achieved?

– We have given an informal example which illustrates that languages specified
by a BNF grammar can be defined as fixed points;
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– we will be able to manipulate and calculate with such languages using a
calculus of fixed points to be introduced in Chapter 4; and

– we will see that we can dualize the definition of least prefixed point to obtain
new and useful tools.

We move on to semantics. In the early sixties, there had already been consid-
erable engineering advances made in the implementation of the first high-level
languages such as Lisp and Algol 60. Computer scientists and engineers had a
reasonable “informal” understanding of programming languages based in terms
of the compilation of high-level expressions into low-level machine code. However,
there was no semantic theory of languages that was in some sense independent
of the instruction set architecture into which a language was compiled. The
key advances in this area were made primarily by Dana Scott and Christopher
Strachey, at Oxford University [11,12,13,14,15,18]. They developed a so-called
denotational semantics. In such a semantics, an imperative program P is mod-
eled by an element [[P ]] of a mathematical set D. P is said to denote the element
[[P ]] in D. Such semantics give rise to fixed points in a natural way; we consider
a small imperative programming language to give a simple illustration of why
this is so. Consider a programming syntax defined by the grammar

E ::= c Boolean or integer constant
| l memory location
| E op E op ∈ {+,−, ∗,≤, <,= }

P ::= l := E assignment
| if E then P else P conditional
| while E do P while loop
| P ; P sequencing

The basic data types are integers and Booleans. The language consists of simple
Boolean and arithmetic expressions, along with standard commands formed from
assignments. A program consists of a program command P and a state s ; a
state is a finite partial function from memory locations to basic data, such as
s = 〈l �→ 4, l ′ �→ 5〉, which is defined on all locations in P .

We can give a semantics to the arithmetic expressions easily; any expression
denotes the integer or Boolean given by looking up the values of locations in s ,
and then calculating the resulting expression. The denotation of l+3 is a function
from the set of states S to the integers Z; for s above, [[l + 3]](s) = 7. How do
we give a semantics to commands? When a command is executed, it either
transforms a start state to a final state, or it may loop. For example, if we begin
with state 〈l �→ 4, l ′ �→ 5〉, running the command l := 7 yields the final state
〈l �→ 7, l ′ �→ 5〉. And running if 2 < 3 then l := 7 else l := 8 would yield the
same final state. What about while T do l := 6? This command should loop, and
not return a final state. So a command can be modeled by a partial function
from S to S, or a total function S → S⊥, where S⊥ = S ∪ {⊥} is an ordered
set and ⊥ is a distinguished least element meaning “undefined”. More precisely,
if e, e′ ∈ S⊥, then e ≤ e′ just in case e = e′ ∈ S, or e = ⊥. We shall write B for
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any Boolean expression.1 Let us write [[B ]] : S → {T ,F } for the semantics of a
Boolean B, and [[P ]] : S → S⊥ for the semantics of a command P . The idea is
that running P in state s terminates with state s ′ just in case [[P ]](s) = s ′, and
loops if [[P ]](s) = ⊥.

What is the semantics of W = while B do P? To run this command, we run
B in a starting state s . If we obtain F the result is s . If we obtain T we would
run P in s , which would either loop (in which case W loops) or we get a new
state s ′. In the latter case we run W again, but in state s ′. Let us suppose that
we know the semantics of the subprograms B and P . We can then define a new
function Φ whose inputs are functions w : S → S⊥ and outputs are functions
S → S⊥, by

w �→ s �→




s if [[B ]](s) = F
⊥ if [[B ]](s) = T and [[P ]](s) = ⊥
w(s ′) if [[B ]](s) = T and s ′ = [[P ]](s) �= ⊥

The informal argument amounts to saying that the semantics of W at s is
Φ([[W ]])(s). But the semantics must also be [[W ]](s). As this holds for any s ,
we take the semantics of W to be a2 fixed point of Φ.

During the seventies and early eighties, the pioneering work of Scott and
Strachey was continued by a variety of researchers, and the techniques for de-
scribing denotational semantics were extended and refined, as were the kinds of
programming languages for which one could describe clean denotational seman-
tics. As well as developing models of imperative languages, Scott also considered
very elementary functional languages. In fact, in the first instance, he considered
what it would mean to have a denotational model of the untyped lambda cal-
culus. Scott’s work led to the description of an equation whose solution is a set
which arises as a fixed point. In such a denotational model, each term t of the
lambda calculus denotes an element of a set D. But any term t can be applied
to another term s to form the term t s. Thus, very roughly, t denotes not only
an element of D, but also a function from D to D. This leads to the requirement
that D and D → D are isomorphic, or put another way, that D is a solution to
an equation of the form X ∼= X → X . If we define Φ(X) = X → X , then once
again the solution to a problem in semantics is a fixed point (up to isomorphism)
of a function Φ.

During the seventies and eighties, a great deal of work took place concern-
ing language definitions; denotational semantics, operational semantics and their
connections; and in particular program construction. The earlier program con-
struction work concentrates on imperative languages (such as the calculation
of loops from invariants) and also includes material on verification. In the late
eighties and early nineties the first conferences on program construction took
1 We do not give a formal definition of “Boolean expression” but rely on the reader’s
goodwill in believing that we could make this precise!

2 It is possible to show that we should select the least fixed point with respect to a
certain partial order, but the details are omitted.
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place. Current work, as described in this volume, encompasses a variety of pro-
gramming paradigms, and emphasizes the utility of calculation over verification.

2.2 Induction and Coinduction

The set of expressions defined by a BNF grammar is an example of an inductive
definition. We recall that the formal definition of the set of expressions was the
least fixed point of a function Φ. The “usual” inductive definition of E would be
the smallest set which

– contains all of the integers and variables; and
– is such that given any two expressions E and E ′ in E so too is (E + E ′),

and if one examines the description of the least prefixed point µΦ of the func-
tion Φ defined in Section 2.1, µΦ can be seen to correspond to the inductive
“definition”.

The use of inductive definitions to define languages for computation and
programming has been widespread over the last thirty to forty years. Although
the original BNF grammars were used to define fairly simple programming lan-
guages, inductive definitions in general have been used to specify sophisticated
programming languages; type systems and type theories many of which are
highly complex; the operational (run-time) behaviour of languages, and so on. In
many of these situations, the calculus of fixed points described in this volume can
be used to reason about programming definitions via their realizations as fixed
points. A function Φ : P(X) → P(X) is monotone if whenever A,A′ ∈ P(X) and
A ⊆ A′, then Φ(A) ⊆ Φ(A′). The set inductively defined by such Φ is the least
fixed point µΦ of Φ. Monotonicity ensures that this exists. In the last decade,
the dual notion of the set coinductively defined by Φ, namely the greatest fixed
point ν Φ of Φ, has been studied intensively and shown to arise in a variety
of applications. We discuss the ideas briefly, because inductive and coinductive
definitions yield simple examples of algebras and coalgebras, and the latter are
equally prominent in the mathematics of program construction.

Possibly the first example of a coinductive definition in computer science was
that of bisimilarity of processes (see for example [8]). Suppose that p and q are
“processes”, and we want to define when they have the same behaviour. Each
process can perform an “action” and become a new process, written p� p′. For
example p might be a vending machine,� is the action of taking money and dis-
pensing chocolate, and p′ is the vending machine after the financial transaction
and with one less chocolate bar. Informally, we might say that p and q have the
same behaviour if whenever p performs an action so can q, and the resulting p′

and q′ also have the same behaviour, and vice versa. We will write p ∼ q to
denote that p and q have the same behaviour, and call the (equivalence) relation
bisimilarity. What is a formal definition of ∼? Let B be any binary relation on
processes. Define a new binary relation Φ(B) by setting p Φ(B) q just in case
whenever p� p′ then q � q′, or whenever q � q′ then p� p′, and in each case
p′ B q′. If B ⊆ Φ(B) (that is, B is a post fixed point) then whenever p B q it
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follows that p Φ(B) q. Thus B ⊆ Φ(B) is a formal statement that p and q have
the “same B behaviour”. Of course B captures a formal description of one par-
ticular pattern of behaviour. We want the relation ∼ to characterize “all possible
behaviours”. We can do this by taking ∼ as the greatest relation B which is a
postfixed point of Φ, that is, bisimilarity ∼ is the set coinductively defined by
Φ. In the last decade, many computer science definitions have been formulated
coinductively, and coinduction has been a topic of intensive research.

2.3 Types and Categories

Types and categories play a crucial role in the mathematics of program construc-
tion. In this section we review some of the concepts of type theory, with which
we assume readers have at least some knowledge from programming languages,
and we also try to give a very brief and informal introduction to the notion of a
category.

We begin with type theory. A crude definition of a type is a set, together with
a collection of operations on the set. The key point is that from the programmer’s
point of view, a type σ should behave as a mathematical set, and the programmer
should only be able to determine whether some code c has type σ or not. If c is of
type σ, the programmer should only be allowed to apply certain operations to c—
for example if c is a list, taking the head or tail. What should be hidden from
the programmer is the actual machine representation of σ and consequently the
ability to manipulate c through such knowledge. One might consider a type as
protective armour for a set, which prevents ad-hoc use of arbitrary operations,
but allows certain specified operations. For example, the Booleans should be
a two-element set, with the usual logical operations, conditionals, etc. But just
because a particular instance of a Boolean is stored as a bit-sequence, one should
not be able to add the Boolean to an integer by applying high-level addition—a
type error should be raised.

Category theory is a branch of mathematics which arose by abstracting key
concepts from algebraic topology, which is the study of topology using algebraic
techniques. Despite these origins, category theory itself has deep connections
with computing concepts. We begin with an example of a category. Computer
scientists often work with functions f : X → Y between sets X and Y . Notice
that for any set X there is an identity function on X . Also, if f : X → Y
and g : Y → Z are functions then so too is the composition g ◦ f : X → Z.
Every category possesses this kind of structure. There is a collection of objects
(in our example, the sets), a collection of morphisms (the functions), identity
morphisms, and one can always compose morphisms of a suitable kind (note the
matching target and source set Y of f and g). An example of a category of a
rather different nature is an ordered set X in which the order is reflexive and
transitive. Here, the objects are the elements of the underlying set, and there
is a unique morphism from x to x′ (where x, x′ ∈ X) precisely when x ≤ x′.
Identities and composition exist because of the properties of the relation.

Suppose that f : X → Y is a function, and that [X ] and [Y ] are the sets
of (finite) lists of elements of X and Y . One often has a list of elements of X ,
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say [x1, x2, x3], and wants to compute [f(x1), f(x2), f(x3)]. There is of course
a function g : [X ] → [Y ] such that g([x1, x2, x3]) = [f(x1), f(x2), f(x3)], and g
could be denoted by [f ] to show dependence on f (functional programmers will
recognise g as “map f”). Such a mapping of objects to objects (X �→ [X ]) and
morphisms to morphisms (f �→ [f ]) is an example of a functor. The key point
is that if f : X → Y , then [f ] : [X ] → [Y ]—the image of the morphism f
under the functor is a morphism between the images of the source and target
of f . Some other conditions must be satisfied: the morphism mapping should
preserve identities ([id] = id) and composition ([g.f ] = [g].[f ]). Functors arise
throughout the study of categories, and some more examples appear below.

Having discussed categories and types separately, we explain briefly the con-
nections between them, which underpin many of the applications in computing.
In fact there are very many different connections, and we just outline the ideas
which are most important for us.

– Types are often modeled as objects in a category. For example the type of
natural numbers might be modeled as a set N = { 0, 1, 2, 3, . . .}. However, if
one is interested in programs which output natural numbers, but may not
terminate, the type might be modeled by an ordered set N ∪ {⊥} in which
⊥ is a least element meaning non-termination. Types arise in most of the
chapters in this volume.

– Program expressions are often modeled as morphisms in a category. At its
simplest, consider a program expression P of type τ in which a variable x
of type σ occurs. Then P.x : σ, the expression together with a type environ-
ment, is modeled by a morphism [[P ]] : [[σ]] → [[τ ]].

– Functors map objects to objects, and can be considered as models of type
constructors. For example, given types σ and τ , a programming language
may allow the product type σ × τ . In fact the mapping of (σ, τ) to σ × τ
is part of the definition of a functor (where the types make up objects in
a category). Similarly, in the category of sets and functions, given sets A
and B, the Cartesian product A×B is a set. Mapping the pair (A,B) into
A × B is part of the definition of a functor. These ideas are exploited in
Chapter 5.

2.4 Algebras and Coalgebras

We often find type definitions in programming languages similar to the following
example

nats = Zero | Suc nats

Here, the programming notation means that Zero is an expression of type nats,
and that Suc : nats → nats is an injective function from nats to itself, with
Suc N not the same as Zero for any expression N of type nats.

Let’s think about a model of this. We should have a set, N, and two functions,
say z : 1 → N and s : N → N. We can then impose certain conditions on these
functions which ensure that the set N is indeed the natural numbers. (The details
need not concern us here, but the conditions which mathematicians often use are
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the Peano axioms—see for example [5].) Computer Scientists often refer to such
conditions (axioms) as a specification. The example we have here is an algebraic
specification, and the set N together with z and s is an example of an algebra.
Let’s have another example. Here is an algebraic specification of a group. We are
given

– a set G;
– a function e : 1 → G called the identity;
– a function ι : G→ G called inverse ;
– a function m : G×G → G called multiplication;
– some equational axioms such as ∀g ∈ G.m(g, ι(g)) = e and

∀g, h, k ∈ G.m(g,m(h, k)) = m(m(g, h), k)

The natural numbers are frequently used by programmers, and although groups
are not, it is often possible to use “algebraic specifications” to give descriptions
of types which are used by programmers. So, we might say that we can “con-
struct” programmers’ types using algebraic methods. This is one of the subjects
of Chapter 7, where you will find further details of the example of groups, to-
gether with other examples which are more pertinent to computing science.

Each such algebraic specification is an example of a (categorical) algebra.
There is a subclass of such algebras which is especially important. These are
known as initial algebras, and we illustrate their properties by example. In fact
we have already seen some initial algebras. Recall that any ordered set can be
regarded as a category: the objects are the elements, and the morphisms are
instances of the order relation. Suppose that Φ : X → X is a monotone function.
It is not difficult to see that Φ is an example of a functor from the category X
to itself. Moreover, the least prefixed point has a special property, namely, given
any other prefixed point Φ(x) ≤ x, there is a (necessarily unique) morphism
from µΦ to x, namely µΦ ≤ x. We can picture this as a diagram

Φ(µΦ)
≤ ✲ µΦ

Φ(x)

≤

❄

≤
✲ x

≤

❄

Note that the definition of µΦ implies that the morphism exists. Further, ≤
is transitive, and so Φ(µΦ) ≤ x. Thus the “paths” around the diagram are
“identical” and we say the diagram commutes.

In fact Φ(µΦ) ≤ µΦ is an example of an algebra, and the existence of a single
morphism µΦ ≤ x with the commuting property makes the algebra initial. We
do not give the (general) definitions of algebras and initial algebras here—we rely
on the reader to look at the remaining examples, and then consult the articles
in this volume for the definitions.
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Algebras are usually defined in terms of categories and functors. They are
useful because many datatypes of interest in computing have models which arise
as initial algebras. An example is the set of natural numbers. Let 1 = { ∗ } be a
singleton set, and + denote disjoint union of sets. Then using the Peano axioms,
we can define a function zs : 1 + N → N which maps ∗ to 0 and n to n + 1,
and which satisfies various properties which ensure that N is indeed the set of
natural numbers. The Peano definition of N is equivalent to the following.

Suppose that f : 1 +A → A is any function. Then there is a unique function
fold(f) : N → A for which the following diagram commutes

1 + N
zs ✲ N

1 +A

1 + fold(f)

❄ f ✲ A

fold(f)

❄

where 1 + fold(f) maps ∗ to itself, and n to fold(f)(n), which means that

fold(f) ◦ zs = f ◦ (1 + fold(f))

The reader should compare this diagram with the previous one, writing Φ(ξ) for
1 + ξ, µΦ for N, and x for A. The proof of the equivalence of these definitions is
not immediate; see [5].

The information in the second definition is another example of a categori-
cal initial algebra—we illustrate why it is relevant and applicable. In computer
programming, we often have calculations which we want to repeat over and over
again. Initial algebras provide a framework which captures this kind of process.
Let’s look at a very simple example. Suppose that we want to multiply a num-
ber n by −2. We can do this by adding up the number −2, n times. (In an
elementary computer processor, circuits might be provided for addition, with
multiplication implemented by the repeated use of these circuits.) Consider the
following commutative diagram (as above with A = Z)

1 + N
zs ✲ N

1 + Z

1 + fold(f)

❄ f ✲ Z

fold(f)

❄

in which the function f maps ∗ to 0 and for any n ∈ N maps n to n− 2. Then
it is an exercise for the reader to check that if fold(f) exists then we must have

– fold(f)(0) = 0
– fold(f)(n + 1) = fold(f)(n) − 2
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But this is a well defined definition of fold(f). Hence fold(f) exists and is unique.
The reader should check that indeed fold(f)(n) = (−2)n. Thus the function f
models the calculation to be repeated (which we provide) and then the mediating
function fold(f) models repeated calculations. We usually say that the function
fold(f) is defined by recursion. In this example, the recursion can be seen as
“traditional” recursion on the natural numbers. However, the algebraic frame-
work gives a uniform setting in which many other forms of recursion can all be
seen in the same light. General results about algebras can then be applied to all
examples of recursion.

There is a notion of coalgebraic specification, analogous to that of algebraic
specification. The details can be found in Chapter 7. There is also a notion of
categorical final coalgebra, which we illustrate by example. Let N

∞ be the set
N∪{∞} and 1 = {HALT }. Define a function σ : N

∞ → 1+N
∞ by σ(0) = HALT,

σ(p) = p − 1 where p ≥ 1, and σ(∞) = ∞. Then σ : N
∞ → 1 + N

∞ is a final
coalgebra because it has the following property.

Given any function of the form f : A → 1 + A, there is a unique function
unfold(f) : A→ N

∞ for which the following diagram commutes

A
f ✲ 1 +A

N
∞

unfold(f)

❄ σ ✲ 1 + N
∞

1 + unfold(f)

❄

The reader should consider again the example of least fixed points as initial
algebras, and try to formulate a similar picture for greatest post fixed points.
You should aim to have a picture just like the diagram above, and to deduce
that greatest post fixed points are examples of final coalgebras.

Computer Scientists often wish to study complex computer systems which
have a state. The state is a description of the system at a particular time. For
example, the state of a stand-alone computer might be defined to be the con-
tents of its inboard memory. It turns out that coalgebras are useful models of
“systems” which have a state that changes over time. Either the state will al-
ter a finite number of times and the system halts, or the system loops forever.
We can think of the (final) coalgebra as capturing the essence of this idea. The
natural numbers represent finite time. The state can evolve forever, captured by
the element ∞. The function σ “counts” changes of state. If the system is in a
given state s, and evolves a finite number of times n before ending in a “halt”
state, this is captured by repeated applications of σ which reduce n to HALT,
with HALT representing the halt state.

Let us give an example. Consider the following imperative program

while n �= 1 do (n := n− 1 ; x := n ∗ x)

Our “system” is a computer which can run the program above. The system state
at any given time is the pair (n, x) or HALT. If p is any positive integer, given a
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starting state of (p, p) then the system will halt, with the final state being (1, !p)
where !p is the factorial of p. Given a starting state (p, x) with x any integer,
then the system will halt. Given a starting state (r, x) where r is a non-positive
integer, then the system will never halt.

We can model this example as a coalgebra. We take the set A to be Z × Z.
The function f captures the effect of the program above, and is defined by

f(n, x) =




(n− 1, x ∗ (n− 1)) if n ≥ 2
HALT if n = 1
(n− 1, x ∗ (n− 1)) if n ≤ 0

Notice that for n ≥ 1 there exists a k ≥ 1 for which3 fk(n, x) = HALT. For
n ≤ 0, no such k exists; the system will continue to evolve forever. What does
the function unfold(f) do? We leave it as an exercise to check that the only
possible definition of unfold(f) is

– unfold(f)(n, x) = n− 1 for n ≥ 1; and
– unfold(f)(n, x) = ∞ for n ≤ 0

and thus unfold(f) exists and is unique. We say that unfold(f) is defined by
corecursion. Informally unfold(f)(n, x) is the number of state changes which
take place before the HALT state is reached. If n is zero or below, there is an
infinite number of state changes, that is, the program loops and HALT is never
reached.

The key points are

– Programmers’ types can be specified algebraically and coalgebraically.
– Such specifications can be modeled as categorical algebras and coalgebras.
– Algebras yield finite data; coalgebras yield possibly infinite data.
– (Co)algebras have a universal property yielding morphisms which model

(co)recursive programs.
– (Co)algebras are defined as fixed points of functors; fixed points of monotone

functions are simple examples.

3 Mathematics in ACMMPC

In this section we give a sketch of the contents of each chapter, and in particular
we indicate where the underpinning mathematics described in the introduction
will be used. The first two chapters describe fundamental mathematical theory.
The remaining chapters cover applications.
3 The notation fk means repeated application of f . Of course f : A → 1 + A, but
whenever an image of f lies in A, say f(a), we can apply f again to get f2(a) =
f(f(a)) and so on.
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3.1 Chapter 2: Ordered Sets and Complete Lattices

This chapter provides a substantial part of the (pure) mathematical theory re-
quired to under-pin the topics which appear in the remaining chapters.

The chapter begins with some informal explanation of why ordered sets arise
in Computing, from which various formal definitions of order relations are given.
We see ways in which we can build new ordered sets from old, just as we can
build up datatypes in programming languages from basic types.

Lattices are ordered sets with special properties that ensure the existence of
fixed points. They first arose in Computer Science as examples of denotational
models (see Section 2.2). Lattices are defined in detail, and a number of examples
given. The first historical examples of lattices were based on powersets, and in
fact we can represent any lattice as a collection of sets (the elements of the lattice
are sets) with the subset order. It is often easier to reason about a lattice when
it is presented in such a concrete way, and many examples of program models
are based on similar representations [19].

Galois connections are defined, together with some basic theory. The key
components of a Galois connection consist of two ordered sets, and two compos-
able functions between the sets. Then given elements x and y, one from each set,
one is able to check if one element x is below the other element y’s image, by
checking instead if x’s image is below y. Galois connections constitute an impor-
tant topic, and although the basic definition is very simple to state, a wealth of
examples follow, many of which arise in connection with computing. There are
a number of simple results about Galois connections, and many of them can be
used to provide a “calculus” with which to reason about programming problems
characterized by Galois connections.

We have already tried to show that fixed points are common in computing.
The final parts of the chapter discuss fixed points in detail. If we are interested
in solving fixed point equations, we need to know that solutions exist. In fact
monotone functions over complete lattices always have fixed points. The func-
tions described in Section 2 which arise naturally from computing examples are
often monotone, and thus (for example) the corresponding inductive and coin-
ductive sets exist. As well as lattices, there are other varieties of ordered sets
and functions which always have fixed points; some motivation for the develop-
ment of these ideas can be found in [11,13,14]. Least and greatest fixed points
are discussed in detail, and have special roles in the mathematics of program
construction—applications pervade the remaining chapters.

3.2 Chapter 3: Introducing Algebras and Coalgebras

Algebras and Coalgebras are defined, and their basic properties are explained at
length by example.

This chapter concentrates on just two key examples, one algebra, and one
coalgebra. These examples are based on the category of sets and functions. The
algebra example leads to a precise definition of finite trees which are structures
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that are commonly used in the definitions of programming languages; and the
coalgebra example leads to a precise definition of infinite trees which are struc-
tures that are becoming useful in the definitions of programming languages.
These examples are used to give illustrations of fold(f) and unfold(f) functions,
which are used extensively in Chapters 5 and 8.

3.3 Chapter 4: Galois Connections and Fixed Point Calculus

A calculus of fixed points is described, which provides methods with which one
can reason about fixed points. The theory of Galois connections is re-visited and
summarised, and relationships between Galois connections and fixed points are
developed. Applications to program construction are given.

This chapter begins with Galois connections. In particular, a wide variety
of examples is given, some of which show that simple definitions in arithmetic
(such as the largest integer smaller than a given real) can be seen as Galois
connections. Techniques for understanding when Galois connections arise are
given; for example there are simple conditions which ensure that any function is
(part of) a Galois connection.

As fixed points are so pervasive, it seems desirable to look for axioms and
properties which they satisfy, so that we can use these to reason about them.
To this end the fixed point calculus is introduced. This consists of a collection of
axioms and derived rules for reasoning about the calculation, and properties, of
fixed points.

Relationships between fixed points and Galois connections are drawn up,
which help to clarify the ideas of the theory, and the ideas are applied to the
formal construction of simple programming syntax. In fact the theory leads to
a neat proof that two apparently different languages are in fact the same.

3.4 Chapter 5: Calculating Functional Programs

Algebras and coalgebras are used to give models of datatypes, and properties of
algebras and coalgebras are used to calculate algorithms over such datatypes. This
chapter makes heavy use of the material from Chapter 3.

This chapter concentrates on functional programming. In this programming
style, there are no assignments, and hence no side-effects. Any program corre-
sponds to a mathematical function, for which given any input there is a corre-
sponding output (assuming termination), and the machine state is not (directly)
known to or accessible by the programmer.

Categories and functors are introduced from the perspective of functional
programming. In particular, we see that types and functions are modelled by
objects and morphisms in a category, and that functors provide models of the
type constructors found in functional programming. The equational properties
of categories are used to derive useful algebraic equations which can be used for
calculating, and thus often simplifying, functional programs.
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Recursive datatypes pervade functional programming. We learn that as func-
tors can be used to model datatype constructors, we can therefore model recur-
sive datatypes as solutions up to isomorphism of fixed points of functors. In fact
one can define a notion of least and greatest fixed point, and these yield initial
and final coalgebras. Various examples of (models of) datatypes are given, all
expressed as (co)algebras.

Equations useful for calculations are derived by using the special properties
of fold(f) and unfold(f) functions. The equations for fold(f) can be applied to
datatypes which are initial algebras, and the equations for unfold(f) to datatypes
which are final coalgebras. However, there can be close connections between
algebras and coalgebras. More precisely, if s : FU → U is an initial algebra, then
sometimes s−1 : U → FU is a final coalgebra. This observation can be used to
show that some fundamental algorithms over datatypes modelled by such U can
be expressed using a combination of fold(f) and unfold(f) functions. In fact a
number of apparently diverse sorting algorithms fit into this framework; compare
the material to the final section of Chapter 6.

This chapter concludes with three applications to practical computing prob-
lems, including the definition of a simple compiler, and tree traversal search
algorithms.

3.5 Chapter 6: Algebra of Program Termination

A theory of induction and well-founded relations is developed. Applications in-
clude the calculation of loops from invariants. Algebraic and coalgebraic methods
are used to unify functional algorithms. The material builds heavily on Chapter 2
and Chapter 4, and extends some of the fixed point theory.

The calculus is applied to imperative programming. For example, one may
wish to be clear that a process that is repeated over and over again in a program
will eventually stop, and the mathematical tools built up in this chapter can be
used to prove facts about program termination. Closely related is the notion of
an invariant. It is well-known in imperative programming that a rigorous method
for implementing a program specification is to construct an invariant, which is
a property which remains unchanged through each cycle of a loop. We see that
the techniques introduced can be used to help calculate the code for the loop.
Many of the ad-hoc methodologies used by programmers wishing to construct
loops all fit within the frameworks developed here.

The chapter develops further the theory of inductively defined sets, and shows
the connections with well founded relations. The vertical order < on the natural
numbers N is well founded; its connection to induction is explained, and the
ideas generalized.

The final section concentrates on functional programming. We see that com-
monly occurring functional programs can be defined as functions of the form
fold(f) and unfold(f). This is useful, as not only can we apply general categori-
cal results to reasoning about such programs, but a number of apparently diverse
algorithms can be formulated in a common framework. Examples of sorting al-
gorithms are presented. The material in this final chapter has some overlap with
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the second half of Chapter 5, and readers are urged to compare and contrast the
approaches.

3.6 Chapter 7: Exercises in Coalgebraic Specification

The theory of coalgebraic specifications is presented. The examples illustrate that
coalgebras arise as the models of computer systems which have potentially infinite
state spaces (recall the example of Section 2.4), and that coalgebras form models
of datatypes with potentially infinite elements (such as lazy lists). This chapter
builds on Chapters 3 and 5.

The chapter begins with mathematical preliminaries, and illustrates algebraic
specifications for groups and vector spaces. The datatype of potentially infinite
binary trees is the first example of a coalgebraic specification. The example
contains a lot of detail, and illustrates vividly the definition and properties of
coalgebras. The style in which specifications are presented will be familiar to
object oriented programmers.

The next topic concerns bisimilarity (introduced informally in Section 2.2).
A general definition is given which is rather more abstract than that of Sec-
tion 2.2, and the definition is applied to infinite binary trees. Connections are
drawn with algebra. For example, a relation is defined to be a bisimulation if the
coalgebraic operations preserve the relation. This mirrors the idea of algebraic
congruence. If one has an algebra, together with operations on the algebra, a re-
lation is said to be a congruence if the operations preserve the relation. (A typical
example from computing concerns the relation of equivalence of programs; one
shows that the operations which build up program code form a congruence for
a particular equivalence, and thus one may reason about program equivalences
using “standard” algebraic equations.)

The examples of coalgebras which concern state suggest connections with
notions of time. A temporal logic for coalgebras is developed, and this is used to
capture properties of computing systems which can not (easily) be expressed in
the standard language of coalgebras. This material culminates in a coalgebraic
description of Petersen’s Mutual Exclusion algorithm. This algorithm describes a
method in which computers with shared memory may run concurrently, avoiding
memory requests which lead to simultaneous access of the same memory area.
Techniques built up in the chapter are applied to yield a proof of the correctness
of Peterson’s algorithm.

3.7 Chapter 8: Algebraic Methods for Optimization Problems

A calculus of relations is developed within which programs can be specified and
the specification refined to a functional program.

The (pure) functional programming style is often regarded as more abstract
than (pure) imperative programming styles. A key reason is that pure functional
programming does not allow assignments, and places emphasis on recursion. The
result is that implementation details are often hidden from the user, with only
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the mathematical details of the function visible to the programmer. However, a
functional program is still quite concrete in that it expresses an algorithm for
the solution to a (programming) problem. But problems are often described as
specifications which may be written in a language based on, say, logic, and the
programmers task is therefore to construct a program which will match (solve)
the specification. In this chapter we study the task of constructing programs
from specifications within a special framework, and in particular there is a case
study of an algebraic optimisation problem.

A problem often involves properties such as non-determinism or conjunction.
For example, an optimisation problem might have different solutions, each of
which fits the criteria for being optimal. Or a problem might state that condi-
tion A and condition B must be satisfied by a solution. However, these kinds
of operators are not necessarily found in a programming language. They are
perhaps better expressed in programming logics or so-called “specification” lan-
guages.

It is common to have such a specification language, and a separate program-
ming language. One might then take a specification, and construct a program
from it. The central idea of this chapter is to reason about programs using a
language of relations. A function is indeed a relation, and moreover relations
satisfy “logical” rules such as conjunction and disjunction.

In this chapter, a language and theory of relations is developed which is par-
ticularly suitable for specifying programs. The specifications can then be refined,
using either calculational techniques or formal theorems, to yield functional pro-
grams. The final section gives a detailed solution to the so-called “bracketing
problem”, namely, given a tuple of integers, and a binary arithmetic operation,
how can the integers be bracketed to ensure the result is as small or as large as
possible. (For example, given the tuple of integers (2, 3, 5), and subtraction as
the operation, 2 − (3 − 5) = 4 but (2 − 3) − 5 = −6.)

3.8 Chapter 9: Temporal Algebra

Temporal logics are reformulated as algebraic systems, and the resulting algebra
is used for the verification of software systems.

Temporal logics have been used in the specification and verification of soft-
ware systems. Well-known examples are the linear and interval temporal logics,
and also the duration calculus. A key aim of this chapter is to give algebraic pre-
sentations of these logics which are amenable to calculations, and hence which
can be used for program construction. Galois connections are used extensively in
this chapter in order to provide a very succinct account of the axiomatic basis of
temporal logic. This idea is captured by the notion of a Galois algebra and used
as the basis for temporal algebra and sequential algebra. Variants of the former
correspond to linear temporal logic; variants of the latter correspond to inter-
val temporal logic and the duration calculus. In this chapter, a detailed theory
of such algebras is presented, along with a few applications. For example, the
“gas burner” of the duration calculus is revisited, and presented in an algebraic
form.
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Chapter 2

Ordered Sets and Complete Lattices

A Primer for Computer Science

Hilary A. Priestley

Mathematical Institute, University of Oxford

Abstract. These notes deal with an interconnecting web of mathemat-
ical techniques all of which deserve a place in the armoury of the well-
educated computer scientist. The objective is to present the ideas as a
self-contained body of material, worthy of study in its own right, and at
the same time to assist the learning of algebraic and coalgebraic meth-
ods, by giving prior familiarization with some of the mathematical back-
ground that arises there. Examples drawn from computer science are
only hinted at: the presentation seeks to complement and not to pre-
empt other contributions to these ACMMPC Proceedings.

1 Introduction

Order enters into computer science in a variety of ways and at a variety of levels.
At the most lowly level it provides terminology and notation in contexts where
comparisons arise, of such things as

• size (of numbers),
• amount of information (after a number of steps of a computation, for exam-

ple),
• degree of defined-ness (of partial maps).

Many areas of computer science use as models structures built on top of ordered
sets. In some cases, only token familiarity with order-theoretic ideas is needed to
study these, as is the case with CSP, for example. At the other extreme, domain
theory uses highly sophisticated ordered structures as semantic domains (see for
example Abramsky & Jung [2]). Indeed, the development of the theory of CPOs
since the 1970s has led to new insights into the theory of ordered sets; see Gierz
et al. [9] and, for a more recent perspective, Abramsky & Jung [2].

At an intermediate level come three notions exploited in computer science and
closely linked to order-theoretic ideas: Galois connections, binary relations, and
fixed points. A recurring theme here is the theory of complete lattices, and this
account focusses on the way in which complete lattices can be described and their
properties explored. Specifically we investigate the concepts in the diagram in
Figure 1 and the arrows that link them. (An arrow pointing from A to B indicates
that every object of type A gives rise, in a natural way, to an object of type B.

R. Backhouse et al. (Eds.): Algebraic and Coalgebraic Methods . . . , LNCS 2297, pp. 21–78, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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We are not claiming that this is done in such a way that all triangles in the
diagram commute.) Some of the links are principally of mathematical interest,
but discussion of them has been included to complete the overall picture. For a
summary of the results, see 7.10.

Galois connection closure operator
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Fig. 1. A web of concepts

There is another, quite different, way in which order assists computer sci-
ence. Category theory has established itself as a fundamental tool, and underpins
much of the ACMMPC Workshop material. Ordered structures and the maps
between them provide a wealth of examples of categories and functors. Equally
importantly perhaps, every poset gives rise to a category in a natural way. Such
categories are highly special (every set of arrows has at most one element) but
very simple. As we hint in Section 9, elementary order-theoretic notions provide
instances of more abstract categorical notions. For example, product, supremum,
and infimum are instances of product, colimit, and colimit. Further, Galois con-
nections between posets are instances of adjunctions between categories. Under-
standing categorical constructs in the special case of posets-as-categories can be
helpful in cementing the general ideas.

As a final general comment on order in computer science we remark on the
role of sets and powersets. Sets are a familiar concept and have accordingly been
widely used, in such areas as the calculus of relations, for example. A powerset is
ordered by its inclusion relation. As an ordered structure it possesses extremely
nice properties, with infinitary disjunction and conjunction (union and intersec-
tion) available and interacting in a optimally well-behaved way. Powersets are
too nice! Programs built on pure set models cannot capture all the behaviours
that one might wish. Ordered set models are richer.

Probably some, but not all, of the ideas presented here will be familiar al-
ready to most readers. However, as befits concepts which have incarnations in
a variety of disciplines, the concepts don different clothes in different settings.
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These notes are written by a mathematician, and the style reflects a mathemati-
cian’s approach. We have however followed, though not slavishly, the calcula-
tional proof style favoured by functional programmers. This formalism contrasts
with and is complemented by the pictorial dimension to order theory which gives
the latter much of its appeal.

No prior knowledge of lattices or ordering will be presupposed, but basic
facts concerning sets, maps, and relations are assumed. Many subsections contain
‘Mini-exercises’. These serve both to record elementary results needed later on
and as an invitation to the reader to reinforce understanding of the immediately
preceding material; most of the verifications are of the ‘follow-your-nose’ variety.
More substantial exercises are interspersed through the text. A background ref-
erence is the text Introduction to Lattices and Order ; chapter numbers given are
those in the second (2002) edition. This will henceforth be referred to simply as
ILO2. Chapters 1–4 and 7–10 contain the material of primary relevance to this
survey.

2 From Binary Relations to Diagrams

2.1 A Fundamental Example: Powersets

Very many of the structures we consider are families of subsets of some given
set X , that is, they are members of the powerset of X . This powerset carries
a natural ordering, namely set inclusion, ⊆. We denote the set of all subsets
of X by ℘(X), and always regard this as equipped with the inclusion order.
Alternatively (though this may seem perverse at this stage), we might order the
subsets of X by reverse inclusion, ⊇. When we wish to use reverse inclusion we
shall write ℘(X)∂ . (See 3.4 for a more general occurrence of the same idea.)

A recurrent theme hereafter will be the way in which ordered sets can be
depicted diagrammatically. Ahead of considering this in a formal way, we give
some illustrative examples. Let us first consider X = {0, 1, 2}. We can give a
representation of ℘(X), as shown in Figure 2(a). In (b) we show an unlabelled
diagram for ℘({0, 1, 2, 3}).
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Fig. 2. Some powersets, pictorially
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Mini-exercise

(i) Draw a labelled diagram of ℘({0, 1, 2})∂.
(ii) Label the diagram in Figure 2(b), and indicate a connected sequence of

upward line segments from {3} to {1, 3, 4}.
Any collection of subsets of a set X—not necessarily the full powerset—is also
ordered by inclusion. For an example, see the diagram in Figure 8(b).

Mini-exercise

(i) Draw a diagram for the family {{3}, {1, 3}, {1, 3, 4}} in ℘({1, 2, 3, 4}).
(ii) Draw a similar picture for the following family of sets in ℘({A,B,C,D,E}):

∅, {E}, {A,E}, {D,E}, {C,D,E}, {A,D,E},
{A,B,E}, {A,C,D,E}, {B,C,D,E}, {A,B,C,D,E}.

2.2 Input-Output Relations Pictorially

Consider a simple input-output relation with the inputs labelled by a, b, c, d, e
and the outputs by A,B,C,D,E. The relation is indicated in the table in Fig-
ure 3. We may think of this as modelling a program which when started from a
given input state p can terminate only in a output state Q for which × appears
in position (p,Q) in the table. Note that the input state labelled e has no associ-
ated output states, and may be thought of as a way of capturing the possibility
of non-termination.

A B C D E

a × × × ×
b × ×
c × × × ×
d × × ×
e
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Fig. 3. An input-output relation and a diagram for it

To reach a prescribed output state we have the following sets of starting
states:

A� = {c, d} C� = {a} E� = {a, b, c, d}
B� = {a, c, d} D� = {a, b, c}
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We now take these five sets and all sets we can form from them by closing
up under intersections. This adds to the original collection {c}, {b, c}, ∅, and
the empty intersection (that is, the intersection of no sets); for example, {c} =
A� ∩D� , indicating that c is the only input state from which it is possible to
terminate in either A or D.

In a similar way we can write down the set of output states that can be
reached from each input state:

a� = {B,C,D,E} c� = {A,B,D,E} e� = {E}
b� = {D,E} d� = {A,B,E}

Conjuring a rabbit out of a hat we exhibit the picture in Figure 3. Leaving
aside for now how we derived the labelling, we can see rather easily how this
encodes the information in the input-output table. To see which output states
are attainable from a given input state, say p, simply locate the output states Q
which lie above p, in the sense that there is a connected sequence of upward
line segments from p to Q. For p = a, for example, this gives C and D as the
possibilities for Q. Similarly, to find the input states from which it is possible
to terminate in a given output state Q, look downwards along connected line
segments to find the input states below Q.

Mini-exercise Carry out the procedure above for each of the input and output
states, and so reconstruct the original input-output table from Figure 3.

Now consider the central unshaded point in Figure 3. Looking upward along
line segments for points labelled with output states we find B,D,E and looking
downward for points labelled with input states we see a, c. Observe that B,D
and E are precisely the output states attainable from both the input states a
and c, while a and c are exactly the possible initial states if the program is to
be guaranteed to terminate in one of B, C, or D.

We make no claim that this diagrammatic way of viewing an input-output
relation has any merits from a computer scientist’s standpoint. Indeed quite
the reverse might be said, since it goes counter to the philosophy of operating
according to fixed calculational rules. However we shall with profit return to
this very simple example later, and indicate that analysis of more complicated
examples can yield information which is not otherwise easy to obtain.

2.3 Exercise

Analyse the input-output relation with table shown in Table 1. See if you can
work out how to draw a labelled diagram encoding the input-output table, and
interpret the diagram in the same way as in the example in 2.2.
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Table 1. Input-output relation for Exercise 2.3

A B C D E

a × ×
b × × ×
c ×
d × × ×
e × × × ×

2.4 Binary Relations and Their Polars

Let G and M be sets, and let R ⊆ G ×M be a binary relation. Changing the
perspective from that we adopted in 2.2, we think of G as a set of objects, M
as a set of attributes and the relationship (g,m) ∈ R (sometimes written al-
ternatively as gRm) as asserting that ‘object g has attribute m’. We shall refer
to the triple (G,M,R) as a context. The choice of letters G and M comes from
the German (Gegenstände and Merkmale—the theory of concept lattices having
been principally developed by R. Wille and his group at TH Darmstadt. From its
beginnings 20 years ago this theory has evolved into a commercially applicable
tool for data analysis through the TOSCANA software. The concept lattice asso-
ciated with a context reveals inherent hierarchical structure and thence natural
groupings and dependencies among the objects and the attributes. Introductory
accounts of the theory, with illustrations, appear in ILO2 Chapter 3, and in
Ganter & Wille [8].

Given the context (G,M,R) we define

A� := {m ∈M : (∀g ∈ A) (g,m) ∈ R }, for A ⊆ G,

B� := { g ∈ G : (∀m ∈ B) (g,m) ∈ R } for B ⊆M,

called the polars of A, B, respectively. For singleton sets we drop the set brackets
and write g� instead of {g}� and m� instead of {m}� . The polar map � takes
subsets of G to subsets of M—it takes a set A of objects to the set of attributes
common to all the objects in A; likewise, � maps subsets of M to subsets of G,
taking a set of attributes B to the set of all objects which possess all of the
attributes in B. Of course the bigger A is, the fewer attributes all its members
will share and the bigger B is, the fewer objects will share all the attributes
demanded by B. It is therefore natural to reverse the ordering on one side and
to regard � as mapping from ℘(G) to ℘(M)∂ and � as mapping from ℘(M)∂

to ℘(G). Flipping the order on ℘(M) like this makes � and � monotone (that
is, order-preserving), rather than order-reversing). We also have

A ⊆ B� ⇐⇒ (∀g ∈ A)(∀m ∈ B)(g,m) ∈ R (definition of � )
⇐⇒ (∀m ∈ B)(∀g ∈ A)(g,m) ∈ R (predicate calculus)

⇐⇒ A� ⊇ B (definition of � ).
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Note the reversal, as expected, of the order. (Those already in the know will rec-
ognize that we have established that (� , � ) sets up a Galois connection between
℘(G) and ℘(M)∂ .)

The polars give rise to related notions. Write

g � A⇐⇒ g ∈ A� � (g ∈ G, A ⊆ G),

B 
 m⇐⇒ m ∈ B�� (m ∈M, B ⊆M);

� and 
 may be referred to as the emulation operator and the semantic
consequence operator, respectively. For clarity we worked in 2.2 with the set
of input states and the set of output states distinguished. Taking G = M = S
and R ⊆ S × S we may regard (S, S,R) as defining a (non-deterministic)
transition system on S. Such systems provide a point of entry into the theory
of coalgebras; see Rutten [16], and other papers by the same author.

Given A ⊆ G and B ⊆M we call (A,B) a concept if

A = B� and A� = B.

Concepts are ordered by inclusion on the first co-ordinate, reverse inclusion on
the second (this is just the order inherited from the co-ordinatewise ordered
product ℘(G) ×℘(M)∂ ; see 3.7). The set of all concepts ordered in this way is
denoted B(G,M,R). What we have drawn in Figure 3 is a pictorial representa-
tion of B(G,M,R) for the context given in 2.2.

2.5 Exercise

Let X be a set and let R= and R�= denote = and �= regarded as binary relations,
that is, as subsets of X ×X .

(i) Consider the context (X,X,R �=). Identify the polars A� and B� for
A,B ⊆ X , and show that B(X,X,R �=) = { (A,X\A) : A ⊆ X }.

(ii) Consider the context (X,℘(X),∈). Show that

B(X,℘(X),∈) = { (A, {B ∈ ℘(X) : A ⊆ B }) : A ⊆ X }.

2.6 Summing Up So Far

Binary relations, and their associated contexts, are versatile creatures, with a
wide spectrum of semantic interpretations. Any context has associated with it
a pair of polar maps, forming what is known as a Galois connection. In a way
we have yet fully to explore, these maps in turn give rise to an ordered set of
objects we call concepts, and this encodes the original binary relation. But we
are rushing ahead. Before we can make all this precise we need to know quite a
lot about ordered sets.
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3 Order, Order, Order, . . .

We have mentioned order in an informal way in the preceding section, and have
made use of the inclusion and reverse inclusion orderings on a powerset. Now we
need to be more formal. What exactly do we mean by order? an order relation?
an ordered set?

3.1 Partial Order

Let us consider ordering in the context of some familiar datatypes:

(a) < on the natural numbers, IN = {1, 2, 3, . . .}, with 1 < 2 < 3 < . . . ;
(b) ⊆ (‘is a subset of’) on the powerset ℘(X) of all subsets of a set X ;
(c) the relation F < T on the set of booleans {F,T};
(d) the prefix order on binary strings—here 0110 < 011001100000, for example;
(e) the relation ‘is more defined than’ on partial maps π from IN to IN (so the

domain and range of π are subsets of IN); for example, for πk : {1, . . . , k} → IN
given by πk(n) = n + 1 for n = 1, . . . , k, we have πk less defined than πk+1

for each k.

These examples confirm that order concerns comparison between pairs of ob-
jects: 1 is smaller than 2 in IN, etc. In mathematical terms, an ordering is a
binary relation on a set of objects.

Order relations are of two types: strict and non-strict. Outside mathematics,
the strict notion is more common. When comparing people’s heights, the relation
‘is taller than’ is generally taken to mean ‘is strictly taller than’. Mathematicians
usually allow equality and write, for instance, 3 � 3 and 3 � 22/7. We shall deal
mainly with non-strict order relations.

What distinguishes a strict order relation amongst binary relations? Firstly,
it is transitive. From the facts that 0 < 1 and 1 < 1023 we can deduce that
0 < 1023. Secondly, a strict order is antisymmetric: 5 is bigger than 3 but 3 is
not bigger than 5. Formally: a binary relation < on a set P is a strict partial
order if it satisfies

(spo1) antisymmetry: for x, y ∈ P , if x < y holds, then y < x does not hold;
(spo2) transitivity: for x, y, z ∈ P , x < y and y < z implies x < z.

A (non-strict) partial order, �, on P is a binary relation satisfying

(po1) reflexivity: for x ∈ P , x � x;
(po2) antisymmetry: for x, y ∈ P , x � y and y � x imply x = y;
(po3) transitivity: for x, y, z ∈ P , x � y and y � z implies x � z.

Relaxing the conditions by dropping antisymmetry leads to what is known as a
pre-order or quasi-order.

Formally, a binary relation R on the set P is a subset of P × P . With this
interpretation the equality relation, =, is R= := {(x, x) : x ∈ P}. Given a partial
order � on P , the associated subset of P ×P is R� := {(x, y) : x, y ∈ P, x � y},
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and likewise for <. Then R� = R<∪R=, the union being disjoint. This is a fancy
way of expressing the way in which < and � are related.

A set P equipped with a partial order, strict or non-strict, is called in ILO2
an ordered set. Here we shall use the snappier term poset. Usually we shall
be a little slovenly and say simply ‘P is a poset’. When we wish to make the
order explicit we write 〈P ; �〉 and when working with more than one poset we
shall sometimes write �P for the order on poset P .

Associated notation is predictable: x � y and y � x are used interchangeably,
and x � y means ‘x � y is false’, and so on. Of course,

R� = { (x, y) ∈ P × P : (y, x) ∈ R� }

—the converse of R�. Similarly, R� = (P ×P )\R�. Any subset Q of a poset P
inherits P ’s ordering: x �Q y if and only if x, y ∈ Q and x �p y. Note that R�Q

is just R�P ∩ (Q×Q). The usual orderings of N, Z and Q of natural numbers,
integers, and rationals are obtained in this way from the ordering of the real
numbers R.

In the ordering < on R, any two distinct real numbers can be compared.
This comparability property is possessed by many familiar orderings, but it is
not universal. It is important to realize that under a partial order (strict or non-
strict) we may have mutually incomparable elements. As examples, note that
the sets {2} and {1, 3} in ℘({0, 1, 2, 3}) are not comparable and the strings 101
and 010 are incomparable in the prefix order. A poset in which any two elements
are comparable is called a chain, and the associated order relation a linear or
total order. Of particular importance is the 2-element chain 2 = {0, 1} in which
0 < 1: writing F (false) for 0 and T (true) for 1, we have the booleans, ordered
by putting F < T. At the opposite extreme from a chain we have an antichain,
in which � coincides with =.

3.2 Information Orderings

We have already referred to binary strings and their prefix order. Strings may
be thought of as information encoded in binary form: the longer the string the
greater the information content. Let Σ∗ be the set of all finite binary strings,
that is, all finite sequences of 0s and 1s; the empty string is included. Adding
the infinite sequences, we get the set of all finite or infinite sequences, which we
denote by Σ∗∗. We order Σ∗∗ by putting u � v if and only if u is a prefix (that
is, finite initial substring) of v. Given any string v, we may think of elements u
with u < v as providing approximations to v. In particular, any infinite string
is, in a sense we later make more precise, the limit of its finite initial substrings.

The statement that some computed quantity r equals 1.35 correct to 2 deci-
mal places may be re-expressed as the assertion that r lies in a particular closed
interval in R. We may accordingly treat the collection of all intervals [x, x] (where
−∞ � x � x � ∞) as defining a set P of approximations to the real numbers,
with the intervals for which x = x corresponding to exact values. The set P
carries a very natural order: for x = [x, x] and y = [y, y] define x � y if and only
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if x � y and y � x. Then x � y means that y represents (or contains) at least as
much information as x. These very simple ideas underlie the recent development
of a method for doing exact computations with real numbers (see A. Edelat, [7]
for an introductory survey).

Now consider partial maps. Let A, B be (non-empty) sets and denote by
A�→B the partial maps from A to B. Thus each element of A�→B is a map
π with domain domπ ⊆ A and range ranπ ⊆ B: π may be regarded as a recipe
which assigns an output π(x) in ranπ to each input x in domπ. Alternatively,
and equivalently, π is determined by its graph,

graphπ := { (x, π(x)) : x ∈ domπ },
a subset of A × B. If π ∈ A �→ B is such that domπ = A, then π is a
map on X (or, for emphasis, a total map). Therefore A �→ B consists of
all total maps from A to B and all partial determinations of them. This set is
ordered in the following way: given partial maps π, σ, define π � σ if and only
if domπ ⊆ domσ and π(x) = σ(x) for all x ∈ domπ. Equivalently, π � σ if and
only if graphπ ⊆ graphσ in ℘(A × B). Note that a subset G of A × B is the
graph of a partial map if and only if

(∀s ∈ A) ((s, x) ∈ G & (s, x′) ∈ G) =⇒ x = x′.

The examples above illustrate ways in which posets can model situations in
which the relation x � y has interpretations such as ‘y is more defined than x’
or ‘y is a better approximation than x’. In each case, we have a notion of a
total object (a completely defined, or idealized, element). These total objects
are the infinite binary strings in the first example, the 1-point intervals in the
second, and the total maps in the third. The most interesting examples from a
computational point of view are those in which the total objects may be realized
as limits (in an order-theoretic manner) of objects which are in some sense finite.
A finite object should be one which encodes a finite amount of information: for
example, finite strings, or partial maps with finite domains. These issues are
taken up briefly in Section 8.

3.3 Diagrams

As we have already suggested, an attractive feature of posets is that, in the finite
case at least, they can be ‘drawn’. The diagram of a finite poset P is drawn in
such a way that x < y in P if and only if there is a sequence of connected
line segments moving upwards from x to y. For our purposes, common sense
will suffice to indicate what constitutes a legitimate diagram; the formal rules
governing diagram-drawing are set out in ILO2, 1.15. As an example: Figure 4
gives a diagram for the subset of Σ∗ consisting of strings of length � 3.

The same poset may have many different diagrams. Two valid alternative
diagrams for the cube are shown in Figure 5. The first comes from a computer
science text (do some computer scientists have twisted minds?). The second,
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Fig. 4. Binary strings of length � 3 under the prefix order
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Fig. 5. Two ‘bad’ diagrams for a cube

while not having the maximal possible number of line-crossings Mini-exercise:
prove that this number is 19) still serves to make the point that diagram-drawing
is as much an art as a science. Good diagrams aid understanding.

3.4 Duality: Buy One, Get One Free

Given any poset P we can form a new poset P ∂ (the dual of P ) by defining
x � y to hold in P ∂ if and only if y � x holds in P . For P finite, we obtain
a diagram for P ∂ simply by ‘turning upside down’ a diagram for P . Figure 6
provides a simple illustration.

Poset concepts and results hunt in pairs. Any statement about a poset P
yields a corresponding (dual) statement about P ∂ , obtained by interchanging
� and � and making consequential changes to all other symbols (replacing �
by �, and so on). This Duality Principle permits us to prove just one of any
pair of mutually dual claims.

3.5 Bottom and Top

Let P be a poset. We say P has a bottom element if there exists ⊥ ∈ P (called
bottom) with the property that⊥ � x for all x ∈ P . Dually, P has a top element
if there exists � ∈ P such that x � � for all x ∈ P . As a simple instance of the
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P ∂

Fig. 6. A pair of mutually dual posets

Duality Principle note that the true statement ‘⊥ is unique when it exists’ has
as its dual version the statement ‘� is unique when it exists’.

In 〈℘(X);⊆〉, we have ⊥ = ∅ and � = X . A finite chain always has bottom
and top elements, but an infinite chain need not have. For example, the chain IN
has bottom element 1, but no top, while the chain Z of integers possesses neither
bottom nor top. Bottom and top do not exist in any antichain with more than
one element.

In the context of information orderings, ⊥ and � have the following in-
terpretations: ⊥ represents ‘no information’, while � corresponds to an over-
determined, or contradictory, element. None of the posets in 3.2 has a top el-
ement, except for A �→ B in very special cases. Each has a bottom element:
[−∞,∞] for interval approximations to real numbers, the empty string for Σ∗∗

and the partial map with empty domain for A�→B. In each case ⊥ is the least
informative element. In modelling computations, a bottom element is also useful
for representing and handling non-termination. Accordingly, computer scientists
commonly choose as models posets which have bottom elements, but prefer these
topless.

3.6 Lifting

It is tiresome that what may be thought of as the simplest posets of all, namely
the antichains, fail to have bottoms (except in the 1-element case). Lack of a
bottom element can be easily remedied by adding one. Given any poset P (with
or without ⊥), we form P⊥ (called P ‘lifted’) as follows. Take an element ⊥ /∈ P
and define � on P⊥ := P ∪ {⊥} by

x � y if and only if x = ⊥ or x � y in P.

For example, take the natural numbers IN with the antichain order, =. Then IN⊥
is as shown in Figure 7. P⊥ is just {⊥} ⊕ P . A poset of the form S⊥, where S
is an antichain, is called flat.

3.7 New Posets from Old: Sums and Products

Antichains and chains, and the lifting construction, are examples of constructing
new posets from existing ones by forming suitable order-theoretic sums. Given
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⊥ IN⊥

Fig. 7. Lifting

two disjoint posets P and Q we form their linear sum P ⊕Q by stacking Q on
top of P . Formally, we take P ∪Q and order it by x � y if and only if one of the
following holds:

(i) x, y ∈ P and x �P y,
(ii) x, y ∈ Q and x �Q y,
(iii) x ∈ P and y ∈ Q.

Given two disjoint posets P and Q we order their union P ∪ Q by setting
x �P∪Q y if and only if either (i) x, y ∈ P and x �P y or (ii) x, y ∈ Q and
x �Q y. The resulting poset is denoted P

·∪Q. Note that in the formation of
linear sums and disjoint sums it is essential that the posets P and Q be disjoint.

Given two posets P and Q, we can form their product P ×Q by giving the
set P ×Q of all ordered pairs { (p, q) : p ∈ P, q ∈ Q } the co-ordinatewise order

(p1, p2) �P×Q (q1, q2) ⇐⇒ p1 �P p2 and q1 �Q q2.

See ILO2, 1.12, for comments on diagrams of products posets. A related Mini-
exercise: what can you deduce from the diagram of ℘({0, 1, 2, 3}) shown in
Figure 2(b)?

Mini-exercise Let X be a set with n elements. Prove that ℘(X) ∼= 2n (here
℘(X) has the usual inclusion order, and 2n denotes the n-fold product of 2 with
itself. (If stuck, consult ILO2, 1.26.)

3.8 Maps between Posets

It should come as no surprise at all that along with posets we also consider suit-
able structure-preserving maps between posets. Let P and Q be posets. A map
F : P → Q is said to be

(i) monotone (or, alternatively, order-preserving) if x � y in P implies
F (x) � F (y) in Q;

(ii) an order-embedding if x � y in P ⇐⇒ F (x) � F (y) in Q;
(iii) an order-isomorphism if it is an order-embedding mapping P onto Q.

When there exists an order-isomorphism from P to Q, we say that P and Q are
order-isomorphic and write P ∼= Q. Order-isomorphic posets are essentially
indistinguishable; in the finite case this happens if and only if they can be rep-
resented by the same diagram (see ILO2, 1.18). Frequently used properties of
maps are contained in the next Mini-exercise.
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Mini-exercise

(i) Any order-embedding is clearly monotone. Show that it is also one-to-
one (you will need (po2), antisymmetry of �, in P ). Show that not every
one-to-one monotone map is an order-embedding (get an example using
2-element posets).

(ii) Let F : P → Q and G : Q → R be maps between posets P,Q,R. Show
that if F and G are monotone (order-embeddings, order-isomorphisms)
then so is the composite G ◦ F : P → R.

(iii) A monotone map F : P → Q is an order-isomorphism if and only if it
has a monotone inverse G : Q → P (meaning that G ◦ F = idP and
F ◦G = idQ). (Here idS : S → S denotes the identity map on S given
by idS(x) = x for all x ∈ S.)

The familiar poset ℘(X) of subsets of a set X with its inclusion order is con-
nected by an order-isomorphism to another important poset associated with X ,
namely the poset P of predicates on X . A predicate is a statement taking
value T (true) or value F (false), or, more formally, a function from X to {T,F};
here we don’t distinguish between different ways of specifying the same function.
For example, the map p : R → {T,F} given by p(x) = T if x � 0 and p(x) = F if
x < 0 is a predicate on R, which can be alternatively be specified by p(x) = T if
|x−1| � |x+1| and F otherwise. We order P(X) by implication: for p, q ∈ P(X),

p � q if and only if {x ∈ X : p(x) = T } ⊆ {x ∈ X : q(x) = T } .

Then F : P(X)→ ℘(X) given by F (p) := {x ∈ X : p(x) = T } sets up an order-
isomorphism between 〈P(X); �〉 and 〈℘(X);⊆〉. In the special case that X has
just one element, P(X) is (isomorphic to) the poset of booleans.

3.9 Pointwise Ordering of Maps

Now let Q be a poset and X any set. Then the ordering on Q can be lifted,
pointwise, to a partial order � on the set QX of all maps from X to Q: for
F,G : X → Q,

F � G⇐⇒ (∀x ∈ X)F (x) � G(x).

(We shall always use � rather than � when ordering functions pointwise.)
Thinking of predicates on X as maps from X into {T,F} the pointwise or-
der is just the implication order �. When X is itself a poset, P say, the subset
of QP consisting of the monotone maps from P to Q inherits the order �; we
denote this poset by 〈P → Q〉.

Mini-exercise (Currying) Prove that, for all posets P,Q and R,

〈P → 〈Q→ R〉〉 ∼= 〈P ×Q→ R〉.
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3.10 Up-Sets: An Inbred Example

Let P be a poset.

(i) Let x ∈ P . Then define ↑x := { y ∈ P : y � x }.
(ii) Let Y ⊆ P . Then Y is an up-set of P if x ∈ P , x � y, y ∈ Y implies

x ∈ Y .

Note that ↑x is an up-set for each x ∈ P (by (po3), the transitivity of �). Denote
the family of up-sets of P by U(P ), and order it by inclusion. Thus U(P ) is itself
a poset. We shall shortly see that it is much more than this. In particular, an
elementary calculation shows that if {Ai}i∈I is any subset of U(P ) then

⋃
i∈I Ai

and
⋂

i∈I Ai belong to U(P ). Mini-exercise: check this statement (follow your
nose). As an example, we show in Figure 8 a diagram of a poset P and of U(P ).
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�
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�
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{�, y}{�, v}

{�, x, y}{�, y, v}

{�, x, y, v}{�, y, u, v}

{�, x, y, u, v}

U(P )

Fig. 8. A poset P and its poset U(P ) of up-sets

Mini-exercise

(i) Prove that P is an antichain if and only if U(P ) = ℘(P ).
(ii) Analyse U(P ) when P is (a) the chain IN, (b) the chain R (both with the

usual order).

Mini-exercise Let P and Q be disjoint posets. Describe the up-sets of P
·∪Q

and prove that U(P
·∪Q) ∼= U(P )× U(Q).

3.11 Monotone Maps and Up-Sets

Let P be a poset and recall that 2 = {0, 1} is the 2-element chain ordered by
0 < 1. Then there is an order-isomorphism between U(P ) and 〈P → 2〉 ordered
as always by the pointwise order �. Under this isomorphism an up-set U is
associated to its characteristic function χ

U (which takes value 1 on U and 0
otherwise). Mini-exercise: Verify this assertion.
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3.12 Exercise (More on Monotone Maps and Up-Sets)

Let P and Q be posets and F : P → Q a map.

(i) Prove that F : P → Q is monotone if and only if

F−1(Y ) := { x ∈ P : F (x) ∈ Y }

is an up-set in P whenever Y is an up-set in Q.
(ii) Assume F : P → Q is monotone. Then, by (i),

F−1 : U(Q) → U(P ) is a well defined map.
(a) Prove that F is an order-embedding if and only if F−1 maps U(Q)

onto U(P ).
(b) Prove that F maps P onto Q if and only if F−1 : U(Q) → U(P ) is

one-to-one.

It is also instructive to re-formulate and re-work this exercise in a purely func-
tional setting (see 3.11).

3.13 Down Is Nice Too

We can define down-sets of a poset P in just the same manner as we defined
up-sets and form the poset down-sets, O(P ), carrying the inclusion ordering.
The symbol O is traditional here—O stands for ‘order ideal’, a synonym for
‘down-set’.

Mini-exercise Formulate explicitly the analogues for down-sets of the defini-
tions and Mini-exercise results in 3.10.

Mini-exercise Draw a labelled diagram of O(P ) for the poset P in Figure 6.

Mini-exercise Let P be a poset. How do the down-sets of P⊥ (as defined in 3.6)
relate to those of P? Prove that O(P⊥) ∼= O(P )⊥.

Mini-exercise Prove that the poset Σ∗∗ of all binary strings is a tree (that is,
a poset P with ⊥ such that ↓x is a chain for each x ∈ P ).

3.14 Exercise (Turning Things Upside Down)

(i) For Y ⊆ P , prove that Y ∈ O(P ) if and only if P \ Y ∈ U(P ).
(ii) Prove that O(P ) ∼= U(P )∂ .
(iii) Prove that U(P ∂) ∼= U(P )∂ and O(P ∂) ∼= O(P )∂ .

You might have doubts about how the orderings work out here. If so, refer to
the example in Figure 8 and Mini-exercise 3.13.
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3.15 The Down-Set Operator, ↓, and the Up-Set Operator, ↑
Let P be a poset and x, y ∈ P . Then we claim that the following are equivalent:

(a) x � y;
(b) ↓x ⊆ ↓y;
(c) (∀Y ∈ O(P )) y ∈ Y =⇒ x ∈ Y .

This innocent little result says that the order � on P is determined by the
down-sets in P . The implication (a) =⇒ (b) is needed in 5.6.

Mini-exercise Prove the claim. (a) =⇒ (b) has already been noted; follow-
your-nose for (b) =⇒ (c). For (c) =⇒ (a) take Y := ↓y. Note: you will need
(po1) and (po3).

There is likewise an up-set operator, ↑, mapping each subset of P to the
up-set it generates. Notice though that x � y if and only if ↑x ⊇ ↑y (check it!).
This order reversal means that for many purposes down-sets and ↓ are more
convenient to work with than up-sets and ↑. However up-sets relate better to
monotone functions; see 3.11.

For any subset Y in a poset P there is a smallest down-set containing Y .
This may be described in two equivalent ways:

(a) ↓Y = { z ∈ P : (∃y ∈ Y ) z � y } =
⋃ { ↓y : y ∈ Y };

(b) ↓Y =
⋂ {Z : Z ∈ O(P ), Z ⊇ Y }.

Note that when Y = {x}, where x ∈ P , then ↓{x}, as defined in (a), is just
↓x as defined in 3.10; we henceforth always write this down-set as ↓x. Observe
that the operator ↓ : A #→ ↓A defines a map from ℘(P )→ ℘(P ) whose image is
precisely O(P ).

Mini-exercise Prove the equivalence of (a) and (b) above, by showing that
each of the sets presented is contained in the other.

Exercise (Properties of the Operator ↓↓↓) Prove the following: for all Y, Z ∈
℘(P ),

(i) Y ⊆ ↓Y ;
(ii) Y ⊆ Z =⇒ ↓Y ⊆ ↓Z;
(iii) ↓Y = ↓↓Y ;
(iv) Y = ↓Y if and only if Y ∈ O(P ).

(Obviously, ↑ behaves analogously.)
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3.16 Exercise (A Context Explored)

Let P be a poset and consider the context (P, P,R�). Let � and � be the
associated polar maps.

(i) Show that g� = P \ ↓g and m� = P \ ↑m for g,m ∈ P .
(ii) For A,B ⊆ P show that A� = P \ ↓A and B� = P \ ↑B.
(iii) Show that (A,B) ∈ ℘(P ) ×℘(P )∂ is a concept if and only if A ∈ O(P )

and B ∈ U(P ), with A = P \B.

3.17 Maximal and Minimal Elements

We next introduce some important special elements. Let P be a poset and let
S ⊆ P . Then a ∈ S is a maximal element of S if a � x ∈ S implies a = x. We
denote the set of maximal elements of S by MaxS. Note that MaxS contains
just one element if S (with the order inherited from P ) has a top element, �S ;
in this case �S is called the greatest element of S and denoted maxS. Note
that then MaxY = {maxS}. Note also that x ∈ MaxP if and only if ↑x = {x}.
A minimal element of S ⊆ P and MinS and (where it exists) minS = ⊥S are
defined dually, that is by reversing the order.

In general Y may have many maximal elements, or none. A subset of the
chain IN has a maximal element if and only if it is finite and non-empty. In the
subset Y of ℘(IN) consisting of all subsets of IN except IN itself, there is no top
element, but IN\{n} ∈MaxY for each n ∈ IN. The subset of ℘(IN) consisting of
all finite subsets of IN has no maximal elements. An important set-theorists’ tool,
Zorn’s Lemma, guarantees the existence of maximal elements, under suitable
conditions. Zorn’s Lemma is discussed from an order theory viewpoint in ILO2,
Chapter 10.

Referring to the examples in 3.2, we see that the maximal elements in Σ∗∗

are the infinite strings and those in A�→B are the total maps. This suggests
that when an order relation models information we might expect a correlation
between maximal elements and totally defined elements.

Mini-exercise Let P be a finite poset and let ∅ �= Y ⊆ P .

(i) Prove that MaxY is a non-empty antichain.
(ii) Prove that Y is a down-set if and only if Y = ↓MaxY .

3.18 Stocktaking

In connection with a poset P and its subsets we have now met

• binary relations: �, its converse �, and their complements �, �;
• paired polar maps: ( � , � ) between ℘(P ) and ℘(P )∂ , associated with any

relation R ⊆ P × P and in particular with the relations �, �, � and �;
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• families of sets U(P ) (up-sets) and O(P ) (down-sets), and the family of
concepts associated with the pair of polar maps ( � , � ) associated with a
relation R ⊆ P × P , all themselves posets;

• the down-set operator, ↓, and the up-set operator, ↑;
• diagrams for posets, in particular for the poset of concepts of a context.

A number of points should be clear from our examples: that the notions above are
closely interconnected, and that the families of sets arising have nice properties
not possessed by posets in general.

Our next task is to pursue order-theoretic ideas further, in order to have
available the vocabulary needed to define and explore complete lattices and their
relationship to Galois connections and closure operators. Afficionados of Galois
connections will need to be a little patient: we put in place the other pieces of
the jigsaw before slotting in this key piece.

4 Lattices in General and Complete Lattices in Particular

Many important properties of a poset P are expressed in terms of the existence
of certain upper bounds or lower bounds of subsets of P . Important classes of
posets defined in this way are

• lattices,
• complete lattices,
• CPOs (complete partial orders).

These classes enter into different application areas to differing extents. Lattices,
where we are dealing with finitary operations, are algebraic structures and their
theory belongs to, and has a symbiotic relationship with, algebra. There are
also close connections with logic. Complete lattices are the ordered structures
of most interest to us in these notes. CPOs are more general, and provide an
appropriate setting in which to study fixed point theorems; restricting somewhat
to (Scott) domains, we have a much-studied class of semantic domains. Much
of the motivation comes from the need to have semantic models supporting
recursion.

4.1 Lattices

Consider the posets depicted in Figure 9. In (a) we have ↑a ∩ ↑b = ∅. In (b) we
find that ↑a∩↑b = {c, d}. Similar considerations apply to the down-set operator.
For points x, y in a poset P there may be a point z ∈ P such that ↓x∩ ↓y = ↓z,
or this may fail either because the intersection is empty or because it is not of
the form ↓z.

By contrast, if we look at a powerset ℘(X) we find easily that, for any subsets
A,B of X , there exists C ∈ ℘(X), namely C = A∪B, such that ↑A∩↑B = ↑C;
and similarly for ↓.
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Fig. 9. Thwarted suprema

Let L be a non-empty poset. Then L is a lattice if, for x, y ∈ L, there exists
elements x ∨ y and x ∧ y in L such that

↑x ∩ ↑y = ↑(x ∨ y) and ↓x ∩ ↓y = ↓(x ∧ y);

the elements x ∨ y and x ∧ y are called, respectively, the join (or supremum)
and meet (or infimum) of x and y. Formally, ∨ : L×L→ L and ∧ : L×L→ L
are binary operations on L. Note that L∂ is a lattice if and only if L is, with the
roles of ∨ and ∧ swapping.

Mini-exercise As a special kind of poset, a lattice is equipped with a partial
order, �, as well as with the binary operations of join and meet. The link between
∨, ∧ and � (portentously called the Connecting Lemma in ILO2), is given by

x ∧ y = x⇐⇒ x � y ⇐⇒ x ∨ y = y

(note that this implies that either of ∨ and ∧ determines �). Verify these impli-
cations.

Mini-exercise

(i) Show that any finite lattice possesses top and bottom elements.
(ii) Give an example of a poset with � and ⊥ which is not a lattice.

Let L be a lattice. Then (L;∨,∧) may be viewed as an algebra, with ∨ and
∧ satisfying certain laws (equations) capturing the properties that their order-
theoretic ancestry gives them. For all x, y, z ∈ L,

(L1) (x ∨ y) ∨ z = x ∨ (y ∨ z) (associativity)
(L2) x ∨ y = y ∨ x (commutativity)
(L3) x ∨ x = x (idempotency)
(L4) x ∨ (x ∧ y) = x (absorption),

and their dual versions, (L1)∂–(L4)∂ . It is an easy Mini-exercise to verify
(L1)–(L3) and their duals. Note that only the absorption laws (L4) and (L4)∂

involve both ∨ and ∧. These laws, of course, capture exactly what the Connecting
Lemma demands. In the opposite direction, the lattice laws are set up in such
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a way that any (non-empty) structure (L;∨,∧) satisfying these laws gives rise
to a poset 〈L; �〉: the partial order is (well-)defined by the equivalent conditions
x � y ⇐⇒ x ∨ y = y ⇐⇒ x ∧ y = x, and join and meet operations given by sup
and inf are just the original ∨ and ∧. This correspondence between lattice-as-
algebra and lattice-as-poset is set out in more detail in Chapter 2 of ILO2.

The associative laws allow us unambiguously to define iterated joins and
meets: if F = {a1, . . . , an} is a finite non-empty subset of a lattice L then we
write

∨
F as alternative notation for a1 ∨ · · · ∨ an, and

∧
F for a1 ∧ · · · ∧ an.

We have demanded that a lattice be non-empty, whereas we allow posets to
be empty. This reflects customary practice: algebras are non-empty but relational
structures, such as posets, are allowed to have an empty underlying set.

Mini-exercise Let P and Q be non-empty posets. Prove that P ×Q, with the
usual co-ordinatewise order, is a lattice if and only if both P and Q are lattices.

Mini-exercise Let L be a lattice. Prove that for all a, b, c, d ∈ L

(i) a � b implies a ∨ c � b ∨ c and a ∧ c � b ∧ c;
(ii) a � b and c � d imply a∨ c � b∨d and a∧ c � b∧d. (Note that this says

precisely that the binary operations ∨ : L×L→ L and ∧ : L×L→ L are
monotone.)

4.2 Examples of Lattices

(1) Every non-empty chain is a lattice in which x ∨ y = max{x, y} and x ∧
y = min{x, y}. Thus the real numbers, R, and the natural numbers, IN, are
lattices under the usual orderings. Note that R lacks both � and ⊥ and that
IN lacks �.

(2) For any set X , the powerset ℘(X) is a lattice in which ∨ and ∧ are just ∪
and ∩. Dually, ℘(X)∂ is a lattice, with ∨ as ∩ and ∧ as ∪.

(3) Now let ∅ �= L ⊆ ℘(X). Then L is known as a lattice of sets if it is
closed under finite unions and intersections. In a lattice of sets L we have
A ∨B = A ∪B and A ∧B = A ∩B for A,B ∈ L. This is not quite obvious;
see 5.2. As examples, we see that, for any poset P , our old friends U(P ) and
O(P ) are lattices of sets.

4.3 Distributive Lattices

In any powerset ℘(X) we have, for A,B,C ⊆ X ,

A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C) and A ∪ (B ∩C) = (A ∪B) ∩ (A ∪ C).

Therefore ℘(X) satisfies the distributive laws: for all x, y, z ∈ L

(D) x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z);
(D)∂ x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z).
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More generally, any lattice of sets satisfies these laws, and in particular the
lattices O(P ) and U(P ) of down-sets and up-sets of a poset P are distributive.

We may ask whether every lattice is distributive. It is far from transparent
algebraically whether or not this is true, and it is well known that in the pio-
neering days of lattice theory more than a century ago it was ‘proved’ that all
lattices are distributive. However it can be seen extremely easily that both the
lattices in Figure 10 fail (D)—the pictorial approach demonstrates its power!

❜

❜

❜

❜❜

�
�

�
�

�
�

❅
❅

❅

❅
❅

❅x y z
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❜

❜

❜

❜

❜

❅
❅

�
�

✡
✡
✡

❏
❏
❏

x

y
z

N5

Fig. 10. A pair of non-distributive lattices

We remark that it can be shown that, globally in a lattice L, (D) holds if and
only if (D)∂ does. On the other hand, locally, for particular triples of elements
x, y, z, the two conditions are not equivalent. See ILO2, Chapter 4.

Mini-exercise Consider again the context (X,X,R=) in Exercise 2.5.

(i) Show that if |X | = 3 the poset B(X,X,R=) is isomorphic to the lattice
M3 in Figure 10.

(ii) Convince yourself that for arbitrary X the poset B(X,X,R=) is a lattice
and that this is not distributive.

4.4 Boolean Algebras

The best-known lattices of all are the powersets, and these come ready equipped
with an extra unary operation, ′, of complementation satisfying x ∨ x′ = � and
x ∧ x′ = ⊥. Such an operation is not available in arbitrary distributive lattices
with ⊥ and �. In the chain 0 < 1 < 2, for example, 1 has no complement and,
in a down-set lattice O(P ), the only complemented elements are those which
are up-sets in P as well as being down-sets. The distributive lattices possessing
nullary operations ⊥, � and a unary operation ′ are the Boolean algebras.

4.5 Lattices in Logic

It is no coincidence that the symbols adopted for join and meet in a lattice
are the same as those used for disjunction and conjunction in logic. Consider
PROP, the propositions of classical propositional calculus: it looks as if these
should form a lattice with ‘or’ and ‘and’ acting as the lattice operations; ¬ as ′;
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F (‘falsity’) as ⊥ and T (‘truth’) as �. We would then expect → (‘implies’) to
play the role of �. This doesn’t quite work: we can have distinct propositions
α and β for which α → β and β → α both hold. Thus → defines a pre-order
rather than a partial order. To get a partial order we don’t distinguish α and β
when α ↔ β. With this identification, which can be formalized in terms of the
relation of logical equivalence on PROP, we do get a Boolean algebra. A brief
account of the theory of Boolean algebras, including an elementary treatment of
the role of lattice theory in propositional calculus, is given in ILO2, Chapter 4.

One point about logic and lattices is well worth stressing. It is by no means
always the case that logics have a classical, Boolean, negation. Logics of various
different kinds are extensively used in computer science as a means of reasoning
about programs. In such a setting we may wish to model negation in a less
restrictive way, retaining the property that P ∧¬P = F (‘not both of P and ¬P
are true’), but discarding the Law of the Excluded Middle, P ∨ ¬P = T,
and substituting something weaker. This is done, for example in intuitionistic
logic, where the implication operation behaves differently from that in classical
logic; see 6.5.

We may also wish to allow truth values other than the booleans F and T: for
example, we might want to accommodate a third value,P, representing ‘possible’
or ‘not yet determined’. Or we might, as in probabilistic models and in fuzzy
logic, wish to allow truth values lying in the interval [0, 1]. We may also, as in
modal and temporal logic, wish to allow for additional operations, such that ♦
and �. But, however we want our additional operations to behave, it is almost
always the case that the usual laws will govern disjunction and conjunction, and
then there will be an underlying distributive lattice associated with the logic.
The study of logics from an algebraic point of view has benefitted from and
driven forward the study of lattices, in particular of distributive lattices with
additional operations. We do not have space to explore these ideas further here.
For additional information see, for example, the article by Davey & Priestley [6]
and Brink & Rewitzky [5].

4.6 Upper Bounds and Sups, Lower Bounds and Infs

So far we have discussed lattices, but not the complete lattices we have adver-
tised. We now work towards remedying this omission. Let P be a poset and let
S ⊆ P . We define

Su := { x ∈ P : (∀s ∈ S)x � s } and S� := { x ∈ P : (∀s ∈ S)x � s };
Su and S� are, respectively, the sets of all upper bounds and all lower bounds
of S. Notice that ∅u = ∅� = P . Now let S �= ∅. Then it is easy to see that the
sets of bounds can be alternatively described by

Su :=
⋂ { ↑s : s ∈ S } and S� :=

⋂ { ↓s : s ∈ S }.
In particular, for elements x, y of P ,

{x, y}u = ↑x ∩ ↑y and {x, y}� = ↓x ∩ ↓y.
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Accordingly, a lattice is a non-empty poset in which, for every pair of elements
x, y, the set {x, y}u has a least (bottom) element and {x, y}� has a greatest (top)
element.

For an arbitrary subset S of a poset P , we say that the supremum or sup
(also known as the least upper bound or join), α, of S exists if

(sup1) (∀s ∈ S) s � α (that is, α ∈ Su, so α is an upper bound of S);
(sup2) (∀x ∈ Su)α � x (that is, α is the least upper bound of S).

In this case we write
∨

S for α, or, when we need to keep track of the poset
in which we are working,

∨
P S. When dealing with families of sets, we abuse

notation slightly and write
∨

i∈I Ai in place of
∨{Ai : i ∈ I }, and similarly

with other operators in place of
∨

.
The supremum α of S is characterized by

(sup) (∀y ∈ P )((∀s ∈ S) y � s⇐⇒ y � α).

This is slicker, and more in the spirit of an equational approach, but is less
transparent until the two-step definition has been fully mastered.

Likewise, the infimum or inf (also known as the greatest lower bound
or meet), beta, of S exists if

(inf) (∀y ∈ P )((∀s ∈ S) y � s⇐⇒ y � β).

and we write
∧

S (or
∧

P S) for β. Clearly sup and inf are dual notions, with
sups in P translating into infs in P ∂ .

Mini-exercise Let P be a poset, let S, T ⊆ P and assume that
∨

S,
∨

T ,
∧

S
and

∧
T exist in P . Check the following oft-used elementary facts.

(i) For all s ∈ S, s �
∨

S and s �
∧

S.
(ii) Let x ∈ P ; then x �

∧
S if and only if x � s for all s ∈ S.

(iii) Let x ∈ P ; then x �
∨

S if and only if x � s for all s ∈ S.
(iv)

∨
S �

∧
T if and only if s � t for all s ∈ S and all t ∈ T .

(v) If S ⊆ T , then
∨

S �
∨

T and
∧

S �
∧

T.

(Compare with Mini-exercise 4.1.)

4.7 Much Ado about Nothing, and about Everything

Let P be a poset and S = ∅. As noted earlier, ∅u = P and hence sup ∅ exists
if and only if P has a bottom element, and in that case sup ∅ = ⊥. Dually,
inf ∅ = � whenever P has a top element.

It is easily seen that, if P has a top element, then Pu = {�} in which case
supP = �. When P has no top element, we have Pu = ∅ and hence supP does
not exist. By duality, inf P = ⊥ whenever P has a bottom element.
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4.8 Complete Lattices

As we have already seen, in a lattice L, x ∨ y =
∨{x, y} and x ∨ y =

∧{x, y}.
Further,

∨
F and

∧
F exist for any non-empty finite subset of L, viewed either

as iterated binary joins and meets or as an instance of sups and infs. We say
that a non-empty poset P is a complete lattice if

∧
S and

∨
S exist for all

S ⊆ P . We do not exclude S = ∅ so that any complete lattice has � and ⊥.

4.9 Completeness on the Cheap

Let P be a non-empty poset.

(i) Assume that
∧

S exists in P for every non-empty subset S of P . Then∨
S exists in P for every subset S of P which has an upper bound in P ;

indeed,
∨

S =
∧

Su.
(ii) The following are equivalent:

(a) P is a complete lattice;
(b)

∧
S exists in P for every subset S of P ;

(c) P has a top element, �, and
∧

S exists in P for every non-empty
subset S of P .

Proof. (i) Let S ⊆ P and assume that S has an upper bound in P ; thus Su �= ∅.
Hence, by assumption, β :=

∧
Su exists in P . But this means that

∨
S = β.

(ii) It is trivial that (a) implies (b), and (b) implies (c) since the inf of the
empty subset of P exists only if P has a top element (see 4.7). It follows easily
from (i) that (c) implies (a). *+

4.10 A Special Class of Complete Lattices

Any finite lattice L is automatically a complete lattice, because the supremum
(infimum) of a non-empty subset is in fact an iterated join (meet) while the sup
and inf of ∅ are

∧
L and

∨
L, respectively (see 4.7 and 4.8).

This completeness result extends to an important class of infinite posets.
A poset P satisfies the ascending chain condition, (ACC), if given any se-
quence x1 � x2 � . . . � xn � . . . of elements of P , there exists k ∈ IN such
that xk = xk+1 = . . .. Any flat poset satisfies (ACC). As non-flat examples of
posets satisfying (ACC) we present IN∂ and ℘

fin(IN)∂ (where ℘fin(IN) denotes
the finite subsets of IN, ordered by inclusion). As an example of an infinite lattice
in which (ACC) holds, take any infinite antichain with top and bottom adjoined.

Let L be a lattice satisfying (ACC). We assert that for ∅ �= S ⊆ P there
exists a finite subset F of S such that

∨
S =

∨
F (which certainly exists).

Consequently, if P is a lattice with ⊥ which satisfies (ACC) then P is a complete
lattice, by 4.9. The assertion that arbitrary suprema reduce to finite ones in the
presence of (ACC) relies on an ancillary result of independent interest, stating
that a poset P satisfies (ACC) if and only if MaxS �= ∅ for ∅ �= S ⊆ P . The
forward implication needs the Axiom of Choice; see 8.14 below.
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4.11 Suprema, Infima, and Monotone Maps

Consider a little example. Let P be the linear sum IN⊕Q, where IN has its usual
order and Q = {a, b} is a 2-element chain with a < b. Note that

∨
P IN = a.

Define F : P → P by letting F be the identity map on IN and map both a and b
to b. Then F is monotone. Also

F
(∨

P IN
)

= F (a) = b > a =
∨

P IN =
∨

PF (IN).

The moral is that monotone maps need not preserve suprema (or, dually, infima)
even when these exist.

On the other hand, any map between lattices preserving ∨ (or ∧) is automat-
ically monotone. To see this, let F : L→M be such that F (x∨y) = F (x)∨F (y)
for all x, y. Then, for x, y ∈ L,

x � y =⇒ x ∨ y = y (by the Connecting Lemma, 4.1)
=⇒ F (x) ∨ F (y) = F (y) (by assumption)
=⇒ F (x) � F (y) (by the Connecting Lemma).

All the more so, if F is a map between complete lattices P and Q such that
F (

∨
P S) =

∨
Q F (S) for any (non-empty) subset S of P , then F is monotone.

Examining the argument above we see that all we have used is the fact that
F (

∨ {u, v}) =
∨ {F (u), F (v)} when u and v are comparable. Accordingly, any

map preserving suprema of chains, when these exist, is monotone.
Although monotone maps need not preserve suprema or infima, we can, use-

fully, get half way: let F : P → Q be a monotone map between posets P and Q
and let S ⊆ P . Then

F
(∨

P S
)

�
∨

Q F (S) and F (
∧

P S) �
∧

QF (S)

whenever the sups and infs involved exist. To verify the first of these note that:

(∀s ∈ S) s �
∨

PS =⇒ (∀s ∈ S)F (s) � F
(∨

P S
)

(since F is monotone)

=⇒ F
(∨

P S
) ∈ F (S)u.

For order-isomorphisms the situation is, not unexpectedly, better. To state
the result we need a definition. Let P and Q be posets. A map F : P → Q is
said to preserve existing sups if whenever

∨
PS exists then

∨
Q F (S) exists

and F
(∨

PS
)

=
∨

Q F (S). Preservation of existing infs is defined dually.

Mini-exercise Assume that P and Q are posets and that F : P → Q is an
order-isomorphism. Then F preserves all existing sups and infs. In particular,
the image of a (complete) lattice under an order-isomorphism is a (complete)
lattice. Further, an order-isomorphism preserves � and ⊥ when these exist.

The pay-off from the elementary observations in this subsection comes when
we consider Galois connections and fixed points in Sections 7 and 8.
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5 Complete Lattices, Concretely: Closure Systems and
Closure Operators

Once we have recorded one elementary technical fact we will be able to exhibit
many examples of complete lattices.

5.1 A Useful Technical Remark

Let K be a non-empty subset, with the inherited order, of some complete lat-
tice L. For S ⊆ K, we claim that∨

LS ∈ K =⇒ ∨
KS exists and equals

∨
LS,∧

LS ∈ K =⇒ ∧
KS exists and equals

∧
LS,

leaving as a Mini-exercise the verification that the elements asserted to be the
sup and inf really do serve as the least upper bound and greatest lower bound.

5.2 Complete Lattices of Sets

Applied in a powerset, 5.1 tells us that any non-empty family L of subsets of a
set X is a complete lattice if it is such that

⋃
i∈I Ai and

⋂
i∈I Ai belong to L

for any family of sets {Ai}i∈I in L is a complete lattice, in which
∨

L and
∧

L
are given by

⋃
and

⋂
. A lattice of this type is known as a complete lattice of

sets. Important examples are powersets and their duals, and the lattices U(P )
and O(P ) of up-sets and down-sets of a poset P .

5.3 Closure Systems

The down-set and up-set lattices O(P ) and U(P ) are defined within the powerset
lattice ℘(P ) by reference to the order relation � on P . Likewise, there are many
other situations in which structure on a set X naturally leads to consideration
of subsets of ℘(X). Here are some mathematical examples, instructive for those
with the requisite knowledge.

(1) Suppose that V is a vector space. Then Sub (V ), the subspaces of V , form a
subset of ℘(V ). Let U1, U2 ∈ Sub (V ). Notice that the intersection U1∩U2 is
always a subspace, but that the union U1∪U2 never is, unless either U1 ⊆ U2

or U2 ⊆ U1. (For an example, look at the vector space R2, with U1 and U2

distinct lines through 0: the sum of non-zero vectors, one from U1 and one
from U2, is in neither U1 nor U2.) Thus Sub (V ) is not a complete lattice of
sets, as defined in 5.2, nor even a lattice of sets.

(2) The example in (1) is one of a family of examples of similar type: sub-
structures of some given algebraic structure. We might look for example at
subgroups of a group, subrings of a ring, . . . . In very many such cases we
have closure under intersections, but seldom closure under unions.
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(3) Let X be a set equipped with a topology T. Then the family of closed subsets
of the topological space (X,T) is closed under arbitrary intersections but not
in general arbitrary unions. If we look at the open sets, then the position
is reversed: open sets are closed under arbitrary unions but not in general
under arbitrary intersections. (We remark in passing that every poset P has
an associated topology in which we declare the open sets to be the up-sets;
taking complements, the closed sets are then the down-sets. In this case, the
family of open sets is closed under intersections.)

In all the preceding examples we are half way to having a complete lattice of
sets, but only half way. This is where 4.9 comes to the rescue. We do get complete
lattices, but with only one of the operations

∧
and

∨
as the set-theoretic one.

Here’s how.

5.4 Closure Systems

Let X be a set and let L be a family of subsets of X , ordered as usual by
inclusion, and such that

(cs1)
⋂

i∈I Ai ∈ L for every non-empty family {Ai}i∈I ⊆ L, and
(cs2) X ∈ L.

Then L is a complete lattice in which∧
i∈I Ai =

⋂
i∈I Ai,∨

i∈I Ai =
⋂ {B ∈ L :

⋃
i∈I Ai ⊆ B }.

Proof. By 4.9, to show that L is a complete lattice for the inclusion order it
suffices to show that L has a top element and that the inf of every non-empty
subset of L exists in L. By (cs2), L has a top element, namely X . Let {Ai}i∈I

be a non-empty subset of L; then (cs1) gives
⋂

i∈IAi ∈ L. By 5.1,
⋂

i∈IAi is the
inf of {Ai}i∈I in L, that is, ∧

i∈I Ai =
⋂

i∈I Ai.

Thus L is indeed a complete lattice when ordered by ⊆.
Since X is an upper bound of {Ai}i∈I in L, 4.9(i) gives∨

i∈I Ai =
( ∧

i∈I Ai

)u

=
⋂ {B ∈ L : (∀i ∈ I)Ai ⊆ B }

=
⋂ {B ∈ L :

⋃
i∈I Ai ⊆ B }. �

If L is a non-empty family of subsets of X which satisfies conditions (cs1)
and (cs2) above, then L is said to be a closure system (called a topped
intersection structure in ILO2) on X . If L just satisfies (cs1), it is referred
to as an intersection structure. Intersection structures arising in computer
science are usually topless while those in algebra are almost invariably topped.
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5.5 Examples

(1) Consider A�→B, where A, B are non-empty sets. From the observations
in 1.6 we saw that the map π #→ graphπ is an order-embedding of A �
→ B into ℘(A × B). Let L be the family of subsets of A × B which are
graphs of partial maps. To prove that L is closed under intersections, use
the characterization given in 1.6: if S ⊆ A × B, then S ∈ L if and only
if (s, x) ∈ S and (s, x′) ∈ S imply x = x′. Thus L is an an intersection
structure. It is not topped unless B has just one element.

(2) Each of the following is a closure system and so forms a complete lattice
under inclusion: the subspaces of a vector space, the subgroups, or normal
subgroups, of a group, the congruence relations on an algebra, the convex
subsets of the Euclidean plane, . . . . These families all belong to a class of
intersection structures closely related to Scott domains.

(3) The closed subsets of a topological space are closed under finite unions and
finite intersections and hence form a lattice of sets in which A∨B = A∪B and
A∧B = A∩B. In fact, the closed sets form a closure system and consequently
the lattice of closed sets is complete. Infs are given by intersection while the
sup of a family of closed sets is not their union but is obtained by forming
the closure of their union.

5.6 From a Complete Lattice to a Closure System

For any poset P , the map x #→ ↓x from P to O(P ) is an order-embedding
(recall 3.15). So any poset P can be faithfully mapped into a complete lattice
O(P ). We can take this a bit further. Let L be an (abstract) complete lattice.
We claim that L is isomorphic to a closure system.

Proof. Use F : x #→ ↓x to map L into O(L). Then F maps L order-isomorphic-
ally onto L := {↓x : x ∈ L}. Now, L has top element ↓� and is closed under
intersections: ⋂

i∈I ↓xi =
∧

i∈I ↓xi

(see 5.1). *+

5.7 Defining Closure Operators

Let P be a poset. Then a map c : P → P is called a closure operator (on P )
if, for all x, y ∈ P ,

(clo1) x � c(x),
(clo2) x � y =⇒ c(x) � c(y),
(clo3) c(c(x)) = c(x).

An element x ∈ P is called closed if c(x) = x. The set of all closed elements
of P is denoted by Pc.

As examples of closure operators we have
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(i) the operators ↓ and ↑ on the subsets of a poset, for which the closed sets
are respectively the down-sets and the up-sets (3.15);

(ii) the operator of topological closure defined on any topological space.

In these examples the lattices of closed sets form closure systems, and so are
complete lattices. This is true more generally.

5.8 New Complete Lattices from Old: From a Closure Operator to
a Complete Lattice

Let P is a complete lattice and let c : P → P .

(i) (The Prefix Lemma) Assume that c is monotone. Then Q := { x ∈ P :
c(x) � x } is a complete lattice.

(ii) Assume that c is a closure operator on P . Then

c(P ) = Pc := { x ∈ P : c(x) = x }
is a complete lattice in which∧

Pc
S =

∧
PS and

∨
Pc
S = c

(∨
PS

)
,

and �c(P ) = c(�P ).

Proof. (i) To prove that Q is a complete lattice, it suffices, by 4.9, to show that
arbitrary infs exist in Q. By 5.1, this happens if, for every S ⊆ Q, we have
α :=

∧
P S ∈ Q (and then

∧
Q S = α). But

(∀s ∈ S) s � α =⇒ (∀s ∈ S) c(s) � c(α) (by definition of Q, and (po3))
=⇒ α � c(α) (by definition of

∧
).

Now consider (ii). Note first that y ∈ Pc implies y = c(y) ∈ c(P ) while if
y = c(x) for some x ∈ P , then c(y) = c(c(x)) = c(x) = y, by (clo3), and so
y ∈ Pc. Thus c(P ) = Pc, and by (clo3) this set is just the set Q in (i). From
the proof above, Pc is a complete lattice, whose infs coincide with those in P .
We must now establish the formula for sups. Let β := c(

∨
P S) where S ⊆ Pc.

Certainly β ∈ c(P ) = Pc. Also

s ∈ S =⇒ s �
∨

PS (definition of
∨

P )
=⇒ s = c(s) � c(

∨
PS) = α (by (clo2)),

so β is an upper bound for S in Pc. Also, for any upper bound y for S with
y ∈ Pc,

(∀s ∈ S) s � y =⇒ ∨
PS � y (definition of

∨
P )

=⇒ β = c(
∨

PS) � c(y) = y (using (clo2)),

so β is indeed the least upper bound. Finally, �P = c(�P ), by (clo1). *+
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5.9 Closure Operators more Concretely

The most commonly occurring closure operators are those on powerset lattices.
By specializing 5.8 we get (i) below. The proofs of (ii) and (iii) are straightfor-
ward.

(i) Let X be a set and C a closure operator on ℘(X). Then the family

LC := {A ⊆ X : C(A) = A }

of closed subsets of X is a closure system and so forms a complete lattice,
when ordered by inclusion, in which∧

i∈I Ai =
⋂

i∈I Ai,∨
i∈I Ai = C

( ⋃
i∈I Ai

)
.

(ii) Given a closure system L on X the formula

CL(A) :=
⋂ {B ∈ L : A ⊆ B }.

defines a closure operator CL on X .
(iii) The relationship between closure systems and closure operators is a bijec-

tive one: the closure operator induced by the closure system LC is C itself,
and, similarly, the closure system induced by the closure operator CL is
L; in symbols,

CLC = C and LCL
= L.

Of course, under the correspondence in (iii), the closure operator ↓ : ℘(P ) →
℘(P ) corresponds to O(P ), and ↑ to U(P ), for any poset P .

6 Galois Connections: Basics

This section may profitably be read in parallel with the treatment of Galois con-
nections in Chapter 4. The latter complements the mathematical discussion here
by giving a detailed presentation of some computationally instructive examples
and by recasting some core notions in a framework especially well suited to fixed
point calculus. Galois connections are also explored both in Chapter 4 and in
Chapter 9, with the emphasis in the latter being from the viewpoint of what are
termed Galois algebras.

6.1 Introduction

Let P and Q be posets. A pair (F,G) of maps F : P → Q and G : Q→ P is said
to defines a Galois connection between P and Q if and only if

(Gal) F (p) � q ⇐⇒ p � G(q) for all p ∈ P, q ∈ Q,
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Those familiar with maps between sets but less familiar with Galois connections
may find it helpful to recognize that when � is the equality relation = then F
and G are just set-theoretic inverses for each other: F (p) = q holds if and
only if G(q) = p, for p ∈ P , q ∈ Q. This set-theoretic example gives pointers to
certain elementary facts about Galois connections. For example, just as invertible
(bijective) maps F1 : P → Q1 and G : Q→ S compose to give an invertible map
G ◦ F : P → S, so too can Galois connections be composed: if (F,G) is a Galois
connection between P and Q and (H,K) is a Galois connection between Q and S,
then (H ◦ F,K ◦G) is a Galois connection between P and S.

The symbols F and G don’t actively assist one in remembering which map
appears to the left of � and which to the right. Accordingly, following the usage
in ILO2, we shall in the first part of this section replace F and G by � and �

with these triangle maps written to the right of their arguments. In this notation,
the Galois connection condition becomes

(Gal) p� � q ⇐⇒ p � q� for all p ∈ P and q ∈ Q.

Just as there is no universally accepted notation for Galois connections there
is also, regrettably, no uniformly adopted terminology, though generally nomen-
clature relates to the side of � on which a map appears: we adopt the terms
lower adjoint and upper adjoint for � and � , respectively; alternative terms
are left adjoint and right adjoint. The notation in Gierz et al. [9]: d (for
‘down’) and g (for ‘greater’) seems, grammatically at least, a trifle odd.

We suggested at the start that ubiquitous concepts adopt different guises
in different settings. Galois connections illustrate this all too well. There are
two versions of the definitions: the one we adopt here, in which the paired
maps are monotone (that is, order-preserving) and the other in which these
are order-reversing. The literature seems to divide roughly equally between the
two alternatives (for example, ILO2, Birkhoff [4] and Ganter & Wille [8] have
order-reversing maps and Aarts [1] and Gierz et al. [9] order-preserving ones.
Historically, and in algebra, there are arguments for order-reversal: Galois’s own
Galois connection between field extensions and subgroups of a Galois group is
order-reversing. The two formulations are instances of, respectively, a categor-
ical adjunction and dual adjunction. The difference is not significant: we can
swap backwards and forwards between the two versions by swapping between Q
and Q∂ .

6.2 Lattice Representation via Galois Connections

Assume that L is a lattice and let X be a subset of L which is join-dense, in
the sense that every element of L is a (possibly empty) join of elements from X .
Define F : O(X) → L by F (A) :=

∨
A and g : L → O(X) by G(a) := ↓a ∩ X .

Then (F,G) is a Galois connection and it satisfies G ◦F = idL. Mini-exercise:
verify these claims.

Now assume that L is finite. A natural choice for X here is J (L), the sub-
set of L consisting of elements which are join-irreducible, that is, cannot be
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obtained as a (finite) join of strictly smaller elements. With this choice, more
can be said about the Galois connection (F,G). If—and necessarily only if—L is
distributive, it can be shown that we additionally have F ◦G = idO(X). Thus F
and G set up an isomorphism between L and O(X). This is Birkoff’s repre-
sentation theorem. The theorem shows that every finite distributive lattice
can be concretely represented as the down-set lattice of a finite poset.

Consider the special case of the above in which X has the equality order. Then
we have O(X) = ℘(X) (by the dual of 3.10). This occurs precisely when L has a
complementation operation, ′, and so is a Boolean algebra (as a finite lattice, L
certainly has ⊥ and �). In the concrete representation of L as a powerset this
negation is captured by set complement (recall Exercise 3.14). What we have
here is the finite version of Stone’s famous representation of Boolean algebras.

There are two ways in which these representations may be extended to the
infinite case. The link between the two approaches lies in the theory of canonical
extensions, famously pioneered in the Boolean case by Jónsson & Tarski; see
Jónsson [10], in particular §3.2.

The first approach captures the finitary nature of ∨ and ∧ by adding a com-
pact topology to the structure X . We pursue this a little further in Section 9.
Alternatively, we may consider infinitary disjunctions and conjunctions, and re-
place join-irreducible elements by completely join-irreducible ones. An element
is completely join-irreducible if it is not the supremum of strictly smaller ele-
ments. We obtain a Galois connection (F,G) satisfying F ◦G = idO(X) between L
and O(X), where X is the set J∞(L) of completely join-irreducible elements
of L. Assume that L is complete and distributive. Then a variety of different
but equivalent conditions can be imposed on L to make F and G mutually
inverse isomorphisms. These conditions include strong distributivity conditions
involving arbitary disjunction,

∨
, and arbitrary conjunction,

∧
. The results re-

duce in the Boolean case to well-known characterizations of powerset algebras as
those Boolean algebras which are, equivalently, either complete and completely
distributive or complete and atomic. A self-contained treatment of both the
distributive and Boolean cases can be found in ILO2, Chapter 10.

6.3 Galois Connections from Binary Relations: Method I

Let R ⊆ G ×M be a binary relation, do that (G,M,R) is a context. As we
indicated in 2.4 the maps � : ℘(G)→ ℘(M)∂ and � : ℘(M)∂ → ℘(G) given by

A� := {m ∈M : (∀g ∈ A) (g,m) ∈ R } ,
B� := { g ∈ G : (∀m ∈ B) (g,m) ∈ R }

define a Galois connection. Two special instances are worth noting; both are of
order-theoretic interest.

Example 1. Let P be a poset. Take the relation R as �. Then (Exercise 3.16)
we have

A� = P \ ↓A and A� = P \ ↑A
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and ( � , � ) establishes a Galois connection between ℘(P ) and ℘(P )∂ . Further,
we have

A� � = P \ ↑(P \ ↓A) = P \ (P \ ↓A) = ↓A
(using the fact that P \ ↓A is always an up-set). Dually, A� � = ↑A. ⊇,

Example 2. Our choice of � as the relation in the preceding example may have
seemed a trifle perverse. Now consider instead the � relation of a poset P . Then
for A,B ⊆ P we see that A� and B� are respectively the sets of upper bounds
of A and lower bounds of B:

Au := { y ∈ P : (∀x ∈ A)x � y } ,
B� := { y ∈ P : (∀x ∈ B) y � x } .

It is easy to see directly that ( u, �) is a Galois connection between ℘(P ) and
℘(P )∂ :

Au ⊇ B ⇐⇒ (∀y ∈ B)((∀x ∈ A)x � y)
⇐⇒ (∀x ∈ A)((∀y ∈ B) y � x)

⇐⇒ A ⊆ B�.

6.4 Galois Connections and Algebras—A Fleeting Glimpse

Any algebra (A;F ) gives rise to a fundamental (order-reversing) Galois connec-
tion, via the maps Inv and Pol. These arise as the polar maps associated with
the binary relation of preservation between the operations, F , and the finitary
relations, R, on A. Specifically,

• Pol(R) denotes the family of all finitary functions f : An → A (n � 1) which
preserve the relations in R (this is known as a clone);

• The set of all relations s which are invariant under all functions f ∈ F is
denoted by Inv(F).

For illustrative examples, see Mckenzie et al. [14], pp. 51–53.

6.5 Galois Connections by Sectioning

Galois maps can be viewed as unary operations. However many operations of
importance in, for example, algebra and logic, are binary. Bringing such opera-
tions within the scope of the theory of Galois connections requires a well-worn
trick: treat one argument as a parameter and the other as the variable on which
� or � is to act.

Just as Boolean algebras model classical propositional logic, so Heyting al-
gebras model intuitionistic propositional logic. A distributive lattice L with ⊥
and � is a Heyting algebra if, for every a, b ∈ L, there exists a → b ∈ L
characterized by

c � (a→ b)⇐⇒ a ∧ c � b.
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Put another way, each map ∧a : c #→ a ∧ c (a ∈ L) has an upper adjoint, b #→
(a→ b). Very many other examples of Galois connections arising by sectioning
can be found in Chapters 4 and 9.

It is well known that, in a Heyting algebra,

a→ b = max{ c ∈ L : a ∧ c � b };

the existence of the maximum element in the set on the right-hand side is the
condition for the existence of a → b. This observation is not particular to this
example. In 6.11 below, we give formulae for obtaining each of the maps ( � , � )
in any Galois connection from the other.

6.6 Galois Connections from Binary Relations: Method II

It may be thought really tiresome that our way of constructing a Galois con-
nection from a binary relation R ⊆ G × M has Galois maps between ℘(G)
and ℘(M)∂ and so involves an order reversal on ℘(M). There is an alternative
approach which avoids this, while retaining monotonicity of the Galois maps.
Define maps FR : ℘(G) → ℘(M) and GR : ℘(M) → ℘(G) by

FR(A) := {m ∈M : (∃g ∈ A) (g,m) ∈ R } , and

GR(B) :=
{
g ∈ G : (∀m ∈M)

(
(g,m) ∈ R⇒ m ∈ B

) }
,

for all A ⊆ G and B ⊆M . Then (a straightforward Mini-exercise)

(i) (FR, GR) is a Galois connection between ℘(G) and ℘(M);
(ii) Conversely, given any Galois connection (F,G) between the powersets

℘(G) and ℘(M), define R ⊆ G×M by

R := { (g,m) ∈ G×M : m ∈ F ({g}) } .

Then (F,G) = (FR, GR).

We have already seen in particular instances how a context (G.M,R) or, in
other parlance, a binary relation R ⊆ G×M , gives rise to a complete lattice. We
seek to expose the relationship between Galois connections and complete lattices
in general. But first we need to have available the fundamental properties of
Galois connections.

6.7 Galois Connections: Basic Properties

It is immediate from the definition that ( � , � ) is a Galois connection between P
and Q if and only if ( � , � ) is a Galois connection between Q∂ and P ∂ . Con-
sequently we have a ‘buy one, get one free’ situation, and only need below to
prove one from each pair of mutually dual assertions. The names attached to
properties (Gal1) and (Gal3) derive from their interpretation in the case that �
is the relation =.
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Assume ( � , � ) is a Galois connection between P and Q. Then

(Gal1) Cancellation Rule: p � p� � for all p ∈ P and q� � � q for all q ∈ Q.
(Gal2) Monotonicity Rule: � and � are both monotone.
(Gal3) Semi-inverse Rule: p� � � = p� and q� � � = q� for all p ∈ P and

q ∈ Q.

Proof. Throughout, p, p1, p2 and q denote elements of P and Q, respectively.
(Gal) =⇒ (Gal1):

p ∈ P =⇒ p� � p� (by (po1))

⇐⇒ p � p� � (by (Gal) with q = p� ).

(Gal) =⇒ (Gal2):

p1 � p2 =⇒ p1 � p2
� � (by (Gal1), (po3))

⇐⇒ p1
� � p2

� (instance of (Gal)).

(Gal) =⇒ (Gal3):

p ∈ P =⇒ p� � p� � � (instance of (Gal1))

and

p ∈ P =⇒ p� � � p� � (instance of (po1))

⇐⇒ p� � � � p� (instance of (Gal)).

Hence, by (po2), p� = p� � � . *+
Note that (Gal 3) may be stated as id P � � ◦� (in 〈P → Q〉) and id Q / � ◦ �

(in 〈Q → P 〉). In the special case that P and Q carry the antichain orders, the
implication (Gal) =⇒ (Gal3) is just a trivial fact about bijective maps.

Those who hanker after results stated in maximum generality may wonder
how far the theory of Galois connections can be taken if posets are replaced by
pre-ordered sets. Antisymmetry of �,(po2), was used above in the derivation of
(Gal3) from (Gal). This signals that we could not expect more than a smattering
of rudimentary properties still to hold in the wider setting of pre-ordered sets.

6.8 ��� and ��� Have Isomorphic Images

Property (Gal3) in 6.7 deserves closer scrutiny. What it says is that, given a
Galois connection ( � , � ) between posets P and Q, the map � ◦ � acts as the
identity when restricted to elements of the form p� for p ∈ P , and dually.
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Fig. 11. Isomorphic images of Galois maps

Consequently the maps � and � set up mutually inverse order-isomorphisms
between the images

P� := { p� : p ∈ P } and Q� := { q� : q ∈ Q }

(recall Mini-exercise 3.8). Figure 11 illustrates the situation (for the case when P
and Q have top and bottom elements, as they do in particular when these posets
are complete lattices).

Look again at Example 1 in 6.3. In this case,

℘(P )� = U(P )∂ and (℘(P )∂)
�

= O(P ),

and these are indeed isomorphic: recall 3.16. This example is atypical, in that
not just the images but also the domains of � and � (namely ℘(P ) and ℘(P )∂)
are also order-isomorphic. Certainly Galois maps do not have to have isomorphic
domains in general: indeed, as 6.3–6.4 confirm, this need not be the case.

6.9 Equivalent Definitions for Galois Connections

Let P and Q be posets and let � : P → Q and � : Q → P maps. Then the
following are equivalent:

(i) ( � , � ) is a Galois connection (that is, (Gal) holds) ;
(ii) � and � are monotone and p � p� � and q� � � q for all p ∈ P , q ∈ Q

(that is, (Gal1) and (Gal2) are satisfied);
(iii) � and � satisfy the following:

(a) � is monotone,
(b) q� � � q for all q ∈ Q,
(c) p� � q =⇒ p � q� for all p ∈ P and q ∈ Q.



58 Hilary A. Priestley

Proof. We have proved in 6.7 that (i) implies (ii). We now prove that (ii) im-
plies (iii). For p ∈ P and q ∈ Q we have

p � q� =⇒ p� � q� � (by (Gal2))

=⇒ p� � q (by (Gal1), (po3)).

Finally, to prove that (iii) implies (i) we need to show that, when (a) and (b)
in (iii) hold, then p � q� implies p� � q for p ∈ P and q ∈ Q. But

p � q� =⇒ p� � q� � (by monotonicity of � )

=⇒ p� � q (by (b) and (po3)),

as required. *+
A few comments on the relative merits of the alternative characterizations

in 6.9 are desirable. The initial definition via (Gal) is the easiest to remember, but
in handling Galois connections it is frequently the properties (Gal1) and (Gal2)
that are invoked. The third, asymmetric, formulation is occasionally useful too;
it obviously has a dual version (Mini-exercise: formulate this) which focusses
on � instead of on � .

There are many more triangle-juggling games that can be played. Here is a
sample.

Mini-exercise Assume that ( � , � ) is a Galois connection between P and Q.
Prove the following are equivalent for p1, p2 ∈ P :

(a) p1
� � p2

� ;
(b) p1

� � � p2
� � ;

(c) p1 � p� �2 .

6.10 The Good (and Less Good) Behaviour of Galois Maps

One reason that Galois connections are so important is that they have preser-
vation properties stronger than just monotonicity.

To motivate the general result, let us consider again Example 1 in 6.3. This
example introduced the Galois connection on ℘(P ) associated with the binary
relation R� of a given poset P . For any family {Ai}i∈I of subsets of P ,

⋂
i∈I A

�
i = P \⋃

i∈I ↓Ai = P \ ↓(⋃i∈IAi

)
=

( ⋃
i∈IAi

)�
This tells us that � : ℘(P ) → ℘(P )∂ preserves infs. Dually, � preserves sups.
We cannot expect � to preserve sups or � to preserve infs. To see this, take P
to be the poset {⊥, 0, 1} as shown.
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Then

{0}� ∪ {1}� = (P \ {⊥, 0}) ∪ (P \ {⊥, 1}) = {1} ∪ {0}
whereas

({0} ∩ {1})� = ∅� = P.

In fact, the left and right adjoint maps of a Galois connection ( � ,� ) formed by
taking the polar maps associated with a binary relation R preserve infs and sups,
respectively. What makes this happen is the universal quantifier in the definition
of � . Because of the reversal of the inclusion order on the domain of � , this map
preserves sups rather than infs. Similarly, the existential and universal quantifiers
in the definitions of FR and GR in 6.3 impart opposite preservation properties
to these left and right adjoints.

In complete generality we have the following result:
Let ( � , � ) be a Galois connection between posets P and Q. Then � (� )

preserves existing sups (infs) in the sense defined in 4.11.

Proof. We first define α :=
∨

P S and show that α� is an upper bound for S� .
By (Gal2),

(∀s ∈ S) s � α =⇒ (∀s ∈ S) s� � α� .

Now let q be any upper bound for S� . Then

(∀s ∈ S) s� � q ⇐⇒ (∀s ∈ S) s � q� (by (Gal))

=⇒ ∨
P S � q� (by definition of

∨
P S)

⇐⇒ ( ∨
P S

)� � q (by (Gal)).

We conclude that α� is the least upper bound of S� . *+

6.11 Uniqueness of Adjoints: ��� from ��� and ��� from ���

We have seen that Galois connections, and equations and inequalities concerning
them, come in pairs. We show next the important fact that in a Galois connection
( � , � ) between posets P and Q each of � and � uniquely determines the other.
This rests on the ultra-elementary fact that if a non-empty subset Q of a poset
has a greatest element, then this greatest element provides

∨
P Q.

By (Gal), for any p ∈ P ,

p� is an upper bound for S := { q ∈ Q : p � q� },
and p� ∈ S, by (Gal3). Consequently

p� = min{ q ∈ Q : p � q� }
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and likewise
q� = max{ p ∈ P : p� � q }.

(Recall that minS, maxS denote respectively the least, greatest elements of a
subset S of a poset, when these exist.)

We have already met one instance of the latter formula, in 6.5. For another
illustration, we return yet again to Example 1 in 6.3. For A ∈ ℘(P ),

A� ⊇ B ⇐⇒ P \ ↓A ⊇ ↑B (since the LHS is an up-set)
⇐⇒ ↓A ⊆ P \ ↑B (taking complements)
⇐⇒ A ⊆ P \ ↑B (since the RHS is a down-set)

and the largest set A satisfying the final condition is clearly P \ ↑B.
It is worth contrasting the formula for � above with the formula in (iii) in

the following exercise.

6.12 Exercise (Surjective and Injective Galois Maps)

Let ( � , � ) be a Galois connection. Prove that the following are equivalent:

(i) � is a surjective map;
(ii) � is an injective map;
(iii) q� = max{ s ∈ P : s� = q };
(iv) � ◦ � = idQ.

(What we have here is what is known in order theory as a retraction of P onto Q
with retraction map � and coretraction map � . Retraction and coretraction pairs
are however not Galois connections in general.)

Formulate also the dual statement.

6.13 A Look Ahead

Let P and Q be posets. A valuable strategy for showing that a map F : P → Q
is inf-preserving is to show that it is the left adjoint of some Galois connection
(F,G). We know from 6.11 that there is a unique candidate for G and from 6.10
that unless G preserves all existing sups then it cannot be a right adjoint. Mono-
tonicity is also necessary (recall (Gal2)). This leads us to ask the question: does
a monotone map preserving existing sups possess an upper adjoint (and dually)?
We shall prove in 6.15 that the answer is affirmative provided the domain of the
map is a complete lattice, so that all sups (and infs) exist. En route we give the
order-theoretic version of the result we seek. The content of the assertion in (ii)
is that F−1(↓q) has a greatest element; by the dual of 6.14 this inverse image is
always a down-set.
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6.14 Existence of Adjoints: A Technical Lemma

Let P and Q be posets and F : P → Q a monotone map. Then the following are
equivalent:

(i) F is the lower adjoint in a Galois connection, that is, there exists a
monotone map F � : Q→ P such that both F �◦F / idP and F ◦F � � idQ;

(ii) for each q ∈ Q there exists a (necessarily unique) s ∈ P such that
F−1(↓q) = ↓s.

Proof. Assume (i). We claim that F−1(↓q) = ↓F �(q). We have

p ∈ F−1(↓q) ⇐⇒ F (p) � q

=⇒ (F � ◦ F )(p) � F �(q) (since F � is monotone)

=⇒ p � F �(q) (from F � ◦ F / idP & (po3))

⇐⇒ p ∈ ↓F �(q).

For the other direction, we have

p ∈ ↓F �(q) =⇒ F (p) � (F ◦ F �)(q)
=⇒ F (p) � q

=⇒ p ∈ F−1(↓q).
Therefore (ii) holds.

Now assume (ii). For each q ∈ Q we have a unique element s ∈ P , depending
on q, such that F−1(↓q) = ↓s. Define F �(q) := s. Restated, this means that

(∀q ∈ Q)(∀p ∈ P ) F (p) � q ⇐⇒ p � F �(q).

We now see that the pair (F, F �) is a Galois connection between P and Q, so
that the properties in (i) follow from 6.7. *+

6.15 Existence Theorem for Adjoints

Let P and Q be posets and F : P → Q be a map.

(i) Assume P is a complete lattice. Then F possesses an upper adjoint F �

(that is, (F, F �) is a Galois connection) if and only if F preserves arbitrary
sups.

(ii) Assume Q is a complete lattice. Then G possesses a lower adjoint G� (that
is, (G�, G) is a Galois connection) if and only if G preserves arbitrary infs.

Proof. We only need to prove (i). The forward implication comes from Propo-
sition 6.10. For the backward implication, we shall use 6.14. Assume that F
preserves arbitrary sups. Note first that F is monotone, by 4.11. Let q ∈ Q. We
claim that

s :=
∨

P

{
p ∈ P : F (p) � q

} (
=

∨
P F−1(↓q))
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is such that F−1(↓q) = ↓s. It is immediate that F−1(↓q) ⊆ ↓s. Since F preserves
arbitrary joins,

F (s) =
∨

Q

{
F (p) ∈ P : F (p) � q

}
and hence F (s) � q. For any p ∈ ↓s, we have F (p) � q, because F is monotone
and � is transitive. Therefore ↓s ⊆ F−1(↓q). *+

6.16 Postscript

Most of our concrete examples have been of Galois connections between power-
sets and their duals. In the next section we complete the circle of ideas linking
such Galois connections with closure operators, closure systems and complete
lattices.

A different focus can be seen in Chapter 4. There the term pair algebra, is
used for a binary relation R ⊆ X × Y such that

(x, y) ∈ R⇐⇒ F (x) � y ⇐⇒ x � G(y),

with (F,G) a Galois connection between X and Y . Unlike the construction of
a Galois connection via polars, this imposes restrictions on R: precisely those
needed for the necessary sup- and inf-preservation properties to hold. There are
however important cases in which a pair algebra arises from the restriction of a
Galois connection from powersets to their singleton members.

7 Making Connections, Conceptually

We are now ready to wheel on the machinery of Galois connections and closure
operators to develop the basic theory of concept lattices. In the opposite direc-
tion this provides a concrete framework within which to interpret the abstract
ideas of the preceding section. We shall also thereby put in place the remaining
connections between the notions in Figure 1.

7.1 From a Galois Connection to a Closure Operator

Once again, let ( � , � ) be a Galois connection between posets P and Q. The
composite maps c := � ◦ � maps P to P and, by (Gal1)–(Gal3), it is a closure
operator on P . Its closed sets are the members of

Pc :=
{
p ∈ P : p� � = p

}
and, as a set, this is exactly P� (use (Gal3)). Note however that, while this is
a complete lattice, suprema are not in general the restricted suprema from P ;
see 5.8. At this point we encounter a minor irritation. (Gal3) tells us that q �
q� � for all q ∈ Q. So the inequality is the wrong way round for k := � ◦ � to be
a closure operator (it is an interior operator instead). But we do have that

Qk :=
{
q ∈ Q : q� � = q

}
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is a complete lattice, isomorphic to Pc, via the mutually inverse order-isomorph-
isms � and � . We see the closure operator, interior operator

By way of illustration, refer yet again to 6.3. In Example 1, we have A� � =
↓A, for A ⊆ P . So here the closure operator c is simply the down-set operator.
Just as 5.8 leads us to expect, its image is indeed a complete lattice: it is just
the family O(P ) of down-sets, a complete lattice of sets. The up-set operator is
also a closure operator on ℘(P ). But, when viewed on ℘(P )∂ , it is an interior
operator. All this fits with facts which are easy to establish directly.

Example 2 in 6.3, by contrast, shows that the theory of Galois connections
may yield results which are not transparent. This theory tells us that A #→ Au� is
a closure operator, c, on ℘(P ). The image of this closure operator is a complete
lattice (by 5.8). In addition, this lattice contains the sets

{p}u� = ↓p� = ↓p (∀p ∈ P ).

The map p #→ ↓p is therefore an order-embedding of P into the complete lattice
c(P ). This lattice is known as the Dedekind–MacNeille completion DM(P ) of P .
This construction is most familiar as one route by which the rationals can be
extended to the reals (with ±∞ adjoined as top and bottom elements).

7.2 From a Closure Operator to a Galois Connection

In a somewhat contrived way we can recognize that every closure operator arises
as the composite of the left and right maps of a Galois connection. To see this,
let c : P → P be a closure operator. Define Q := Pc, � : P → Pc to be such
that p� = c(p), and � : Pc → P to be the inclusion map. Then c =� ◦ � .

7.3 Contexts and Concepts: Re-setting the Scene

Let us consider again a context (G,M,R). Let ( � ,� ) be the associated Galois
connection between ℘(G) and ℘(M)∂ :

A� := {m ∈M : (∀g ∈ A) (g,m) ∈ R }, for A ⊆ G,

B� := { g ∈ G : (∀m ∈ B) (g,m) ∈ R } for B ⊆M.

We recall that, given A ⊆ G and B ⊆ M , the pair (A,B) ∈ ℘(G) × ℘(M)∂ is
called a concept if

A = B� and A� = B.

The set of all concepts is denoted by B(G,M,R).

7.4 Ordering Concepts

The fewer objects we consider, the more shared attributes they are likely to
possess. More precisely, for concepts (A1, B1), (A2, B2),

A1 ⊆ A2 ⇐⇒ A1 ⊆ B�
2 ((A2, B2) a concept)

⇐⇒ A�
1 ⊇ B2 (by (Gal))

⇐⇒ B1 ⊇ B2 ((A1, B1) a concept).
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So we have:

(A1, B2) � (A2, B2) in ℘(G)×℘(M)∂

⇐⇒ A1 � A2 in ℘(G) ⇐⇒ B1 � B2 in ℘(M)∂ .

As a by-product we have that, for concepts, (A,B1) = (A,B2) if and only if B1 =
B2 and, likewise, any concept is uniquely determined by its second component.
Not surprising: recall 6.11.

7.5 Three for the Price of One: A Trinity of Complete Lattices

We define

BG := {A ∈ ℘(G) : (∃B ⊆M) (A,B) ∈ B(G,M,R) },
BM := {B ∈ ℘(M)∂ : (∃A ⊆ G) (A,B) ∈ B(G,M,R) }.

Note that 7.5 tells us that the natural projections π1 : B(G,M,R) → ℘(G) and
π2 : B(G,M,R)→ ℘(M)∂ are order-embeddings.

The polar maps � and � take us to and fro between BG and BM . Now 7.1
tells us immediately that, as sets,

BG := c(℘(G)), where c :=� ◦ � ,
BM := k(℘(M)), where k :=� ◦ � ,

and we have a commutative diagram

B(G,M,R)

BG B∂
M

π1 π2❅
❅

❅
❅❘�

�
�

�

✠
✲

✛
�

�

with the indicated maps setting up order-isomorphisms.
Further, 7.1 tells us that BG and BM are complete lattices. Explicitly we

have ∧
BG
{Aj}j∈J =

⋂
j∈J Aj ,∨

BG
{Aj}j∈J =

( ⋃
j∈J Aj

)� � ;∨
BM
{Bj}j∈J =

⋂
j∈J Bj ,∧

BM
{Bj : j ∈ J } =

( ⋃
j∈J Bj

)� �
.
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This implies that the concepts B(G,M,R) form a complete lattice, in which
sups and infs are given by∨

j∈J (Aj , Bj) =
(
(
⋃

j∈J Aj)� � ,
⋂

j∈J Bj

)
,∧

j∈J (Aj , Bj) = (
⋂

j∈J Aj ,
( ⋃

j∈J Bj)� �
)
.

Our next objective is to see how the lattice B(G,M,R) encodes G, M and R.

7.6 Manufacturing Concepts

For any sets A and B in G and M respectively, (A� ,A� � ) and (B� � ,B� ) are
concepts, by (Gal3). In particular, for each g ∈ G and m ∈M ,

γ(g) := (g� � , g� ) and µ(m) := (m� ,m�� )

are concepts, and we have maps γ : G→ B(G,M,R) and µ : M → B(G,M,R).
Further, we can capture the relation R using these maps, as follows:

(g,m) ∈ R⇐⇒ g ∈ m� (definition of � )

⇐⇒ {g} ⊆ m� (set notation)

⇐⇒ g� � ⊆ m��� (by (Gal2) for ⇒, (Gal1) for ⇐)

⇐⇒ g� � ⊆ m� (by (Gal1))
⇐⇒ γ(g) ⊆ µ(m) (see 7.3).

7.7 Density: Generating all Concepts via γ or µ

For all (A,B) ∈ B(G,M,R),

π2(
∨
γ(A)) = π2(

∨
g∈A γ(g)) =

∨
g∈A g� =

⋂
g∈A g� = (

⋂
g∈A g)� = A� = B.

This shows that every element of BM is obtained by taking intersections of sets
of elements of the form g� . Dually, every element of BG is obtained by taking
unions of sets of elements of the form m� . Expressed another way, this says that
every element of B(G,M,R) is generated from γ(G) by taking sups and from
µ(M) by taking infs. Note that the empty sup and inf are allowed here. They
give, respectively, ⊥ and � in B(G,M,R) (recall 4.7).

We label B(G,M,R) by giving a label g to each concept γ(g) and a label m
to each concept µ(m). Then to find g� we simply look for those M -labels in ↑g,
and to find m� we look for the G-labels in ↓m.

Now look back to the example in 2.2. By taking intersections of sets of the
form Q� for Q ranging over the output states and of the form p� for p ranging
over the input states we were generating all the concepts, in two ways. What we
drew in Figure 3 was, of course, the concept lattice, labelled in this way.
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Table 2. Contexts for Mini-exercise 7.7

A B C

a × × ×
b × ×
c ×

(i)

A B C

a × ×
b × ×
c × ×

(ii)

Mini-exercise Draw and label the concept lattices for the contexts shown in
Table 2 (take care over the top and bottom elements):

The contexts in the preceding Mini-exercise are small enough for the concept
lattices to be obtained quite easily. However for contexts which are sufficiently
large for concept lattices to be of genuine benefit in analysing them, a systematic
method for obtaining the lattices becomes necessary. Chapter 3 of ILO2 presents
an algorithm for obtaining all the concepts of a context.

7.8 From a Complete Lattice to a Concept Lattice

To complete our circle of ideas, we note that the properties we have derived
in the preceding subsections characterize concept lattices. Assume that L is a
complete lattice and that γ : G→ L and µ : M → L are mappings such that γ(G)
is sup-dense and µ(M) is inf-dense in L and R ⊆ G×M is such that (g,m) ∈ R
if and only if γ(g) � µ(m). Then it can be proved that B(G,M,R) ∼= L. We
refer to ILO2, Chapter 3 or Ganter & Wille [8], pp. 21–22.

Given any complete lattice L, we can choose G = M = L and R = R�, with
γ = µ = idL. The conditions of the preceding paragraph are clearly satisfied
and hence L ∼= B(L,L,R�). We conclude that every complete lattice can be
regarded as a concept lattice.

Taking a poset P rather than a complete lattice L, B(L,L,R�), or more
conveniently its image under π1 (recall 7.5) yields the Dedekind–MacNeille com-
pletion of P . The well-known fact that P order-embeds into its completion as
a subset which is both sup- and inf-dense is an instance of general properties
of concept lattices. On the other hand, the other important feature of the em-
bedding, viz. that it preserves all sups and infs which exist in P , depends on
properties particular to this context. For further details see ILO2, Chapter 7.

7.9 The Case for the Defence

A criticism that is sometimes levelled at concept analysis is that it lacks depth.
As we have presented it here, it interacts in an illuminating way with Galois
connections, closure operators and complete lattices on a theoretical level. But
does it go deeper than pretty diagrams? Certainly good diagrams of big concept
lattices reveal dependencies and relationships not visible at all from a context
table: a nice example is provided in Ganter & Wille [8], pp. 28–30, concerning
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political groupings of more than 100 developing countries. The evangelists claim
with justification that the analysis of data via the associated concept lattices
goes beyond this. As a good piece of propaganda we draw attention to the
analysis of binary relations to be found in Ganter & Wille [8], pp. 86–90. A list
of properties of such relations is presented. Some of these (symmetric, reflexive,
transitive, for example) appear frequently in mathematical and computer science
contexts. Others have arisen in more detailed studies of relations, for example
within measurement theory (see Schader [17]). Examples are connex (xRy or
yRx for all x �= y) and negatively transitive (xRy true and yRz false imply
xRz false, for all x, y, z). The objective is to expose which implications between
the various properties are universally valid and which are not. This is done by
seeking a set of ‘test’ examples, on small sets, and taking these as the objects
for a context, and a list of properties as the attributes. The objective is to set
up this context in such a way that the lists of properties and attributes are, in
a sense which can be made precise, complete and irredundant. This is achieved
by the theory developed by Wille et al. for attribute exploration. The resulting
concept lattice (Ganter & Wille [8]), p. 90) displays the implications between
the properties and the examples which witness the non-implications. Concept
analysis allows the measurement theorists’ empirical treatment to be illuminated
by an approach which is systematic and backed up by theory.

7.10 Summing Up

We have shown

• how every closure system is a complete lattice and how every complete lattice
can be realized concretely as a closure system (5.4 and 5.6);

• how closure operators give rise to closure systems and vice versa (5.9);
• how Galois connections give rise to closure operators, and vice versa (7.1

and 7.2);
• how every context, or equivalently every binary relation, gives rise to a Galois

connection via its polars (2.4).
• how every context, or equivalently every binary relation, gives rise to a com-

plete lattice, its concept lattice (7.5);
• how every complete lattice can be realized as a concept lattice (7.8).

All the arrows in Figure 1 are now in place, some of them by transitivity.

8 The Existence of Fixed Points

Fixed points, especially as models of recursive programs, are so ubiquitous in
computer science that it would be gratuitous to include here any discussion
of their provenance. The study of fixed points may be regarded as having two
aspects: (i) the existence of fixed points and (ii) calculus with fixed points (and
prefix points). Since so many computational models have an underlying partial
order, posets of suitably special kinds provide a natural setting in which to
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investigate fixed point theory. Here we concentrate on the existence of fixed
points and highlight in particular two famous fixed point theorems:

• the Knaster–Tarski Fixed Point Theorem, in complete lattices, asserting that
every monotone endofunction on a complete lattice has least and greatest
fixed points;

• the Fixed Point Theorem for CPOs (with which the name of Park is fre-
quently associated), asserting that a monotone endofunction on a CPO has
a least fixed point, and which has a very simple, algorithmic, proof if F is
continuous, in the sense of 8.10 below.

Lassez et al. [11] delve into the rather obscure and complicated history of the
various fixed point theorems and their attributions.

8.1 Fixed Points and Least Fixed Points: Definitions

For completeness we record the following well-known definitions. Let P be a
poset and let F : P → P be a map. We say x ∈ P is a fixed point of F if
F (x) = x, and a prefix point if F (x) � x. The set of all fixed points (prefix
points) of F is denoted by fixF (preF ); both carry the inherited order. The
least element of fixF , when it exists, is denoted by µ(F ). In computational
contexts it is usually the least fixed point of a map F : P → P which is the one
sought. Very frequently the poset P is some CPO of partial maps S⊥ �→ S⊥
on a flat CPO S⊥. For example, that favourite example of a recursive definition,
the factorial function fact, arises as the least fixed point of the map π #→ π,
for π a partial map on the natural numbers (including 0), where π(0) = 1 and
π(k) = kπ(k − 1) for k > 0.

8.2 Characterizing Least Fixed Points via Least Prefix Points

Let P be a poset and let F be a monotone endofunction on P . Assume that F
possesses a least prefix point µ∗(F ). Then the least fixed point µ(F ) exists and
satisfies

F (x) � x⇒ µ(F ) � x (the Induction Rule).

Indeed, µ(F ) = µ∗(F ). This is the case whenever P is a complete lattice.

Proof. Assume that µ∗(F ) exists. We want to show that µ∗(F ) ∈ fixF . Since
fixF ⊆ preF we must then have µ(F ) = µ∗(F ).

As µ∗(F ) ∈ preF by definition, we have F (µ∗(F )) � µ∗(F ). Applying the
monotone map F we get F (F (µ∗(F ))) � F (µ∗(F )), so that F (µ∗(F )) ∈ preF .
Since µ∗(F ) is the least element of preF we therefore have µ∗(F ) � F (µ∗(F )).
Hence, µ∗(F ) is indeed a fixed point of F .

In case P is a complete lattice there is an obvious candidate for µ∗(F ), namely∧
preF . It follows easily from the monotonicity of F that

∧
preF ∈ preF . *+
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8.3 The Knaster–Tarski Fixed Point Theorem

Let P be a complete lattice and F : P → P a monotone map. Then∧ { x ∈ P : F (x) � x }

is the least fixed point of F . Dually, F has a greatest fixed point, given by∨ { x ∈ P : F (x) � x }.

Proof. This is immediate from 8.2 and its dual. *+

8.4 Exercise

Let P be a complete lattice and let F : P → P be a monotone map. Stated
in the terminology of this section, the Prefix Lemma in 5.8 says that preF is
a complete lattice. Prove that fixF is a complete lattice. Specifically, for X a
subset of P , define

Y := { y ∈ P : (∀x ∈ X) y � F (y) � x }

and let α :=
∨

P Y . Prove that α =
∧

fixF X and then appeal to 4.9.

8.5 Exercise

Let P be a complete lattice and define F : ℘(P ) → ℘(P ) by F : A #→ ↓∨
A.

Show that F is monotone and that fixF ∼= P . (Consequently, every complete
lattice is, up to isomorphism, a lattice of fixed points—this last fact is actually
a triviality (why?).)

8.6 From Complete Lattices to CPOs

The Knaster–Tarski Theorem is mathematically slick, but it has certain deficien-
cies as regards computer science. First of all, in a semantic domain a top element
will represent an overdetermined, or inconsistent, state, and topless models are
often to be preferred. Also, the Knaster–Tarski proof identifies a fixed point, but
does not supply an algorithm for computing it.

Let P be a poset with ⊥ and let F : P → P be a monotone endofunction.
Then a natural way to try to construct a fixed point is to consider the sequence
⊥, F (⊥), F (F (⊥)), . . . and to hope that ‘in the limit’ we arrive at a fixed point.
To make this precise, we let, recursively, x0 = ⊥ and xn+1 := F (xn) for n � 0.
Then an easy proof by induction shows that we have a chain

x0 � x1 � . . . � xn � xn+1 � . . . ,

each member of which is half way to being a fixed point. Make the assumptions

(a) α :=
∨{ xn : n = 0, 1, 2, . . .} exists, and

(b) F (
∨

C) =
∨

F (C) for any non-empty chain C.
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Then

F (α) =
∨

n�0
F (xn) (by (b), with C as {xn})

=
∨

n�0
xn+1 (by definition of xn+1)

=
∨

n�0
xn (since x0 = ⊥)

= α (by definition of α).

So our assumptions allow us to assert that F has a fixed point. Note that infima
play no role in the argument. The condition on F is stronger than monotonicity
(recall 4.11); the condition on P is strictly weaker than lattice completeness (look
at IN⊥). This suggests that we should look at posets in which suprema exist for
all chains (the supremum of the empty chain supplies ⊥; see 4.7). It turns out
to be no more restrictive, and in some ways more natural, to consider sets more
general than chains.

8.7 A Sense of Direction

In the context of information orderings, an element is frequently the supremum
of approximations below it: partial maps approximating total maps, finite strings
approximating infinite strings, and so on. Take the example of a map F : IN→ IN.
We may obtain F as the supremum of the partial maps which are the restrictions
of F to finite subsets of IN. These approximations are mutually compatible, in
the sense that any two of them give consistent information about F at any k ∈ IN
at which both are defined. Conversely, suppose we have a family D of elements
of IN�→IN with the property that, for any pair π1 and π2 in D, we have π ∈ D
with π1 � π and π2 � π in the ordering of IN �→ IN (so π extends both of
π1, π2). Then the union of the graphs of the elements of D defines a partial map,
which is

∨
D.

Let S be a non-empty subset of a poset P . Then S is said to be directed if
each pair of elements x, y ∈ S has an upper bound lying in S. An easy induction
shows that S is directed if and only if, for each non-empty finite subset F of S,
there exists z ∈ S such that z � y for all y ∈ F , that is, z ∈ Fu. This definition
should be compared with another which naturally arises in computer science
contexts, namely that of a consistent set: S is consistent if for every non-empty
finite subset F of S there exists z ∈ P such that zinFu.

Clearly any non-empty chain in a poset is directed. In a poset P satisfying
(ACC) (as defined in 4.10) a non-empty subset D of P is directed if and only
if D has a greatest element. We leave the easy verification as a Mini-exercise.

8.8 Exercise (Sups and Directed Sups Related)

Let P be a complete lattice. Assume that ∅ �= S ⊆ P . Prove that∨
S =

⊔ {∨
F : ∅ �= F ⊆ S, F finite

}
.
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8.9 CPOs

We say that a poset P is a CPO (an abbreviation for complete partially
ordered set) if

(i) P has a bottom element, ⊥,
(ii)

∨
D exists for each directed subset D of P .

We shall write
⊔

D in place of
∨

D when D is directed, as a reminder of the
directedness.

An appropriate setting for the fixed point existence proof in 8.6 can now
be seen to be a CPO. The need for ⊥ in that proof is clear. In other contexts
posets in which directed sups exist, but which do not necessarily possess ⊥, are
important. Often, such a poset is called a dcpo (and a CPO given the name
dcppo, the extra ‘p’ signifying ‘pointed’).

Here are some simple examples.

(1) Any complete lattice is a CPO.
(2) Let S be an antichain. Then S⊥ is a CPO. In particular, IN⊥ is a CPO.

Indeed, this example is a motivation for the introduction of the lifting con-
struction. More generally, any poset P with ⊥ satisfying (ACC) is a CPO.

(3) Any closure system which is closed under directed unions is a CPO, with
⊔

coinciding with
⋃

(recall reflat-sets).

Our examples justify the introduction of directed sets. However it turns out,
highly non-trivially, that a poset with ⊥ is a CPO if and only if it is chain-
complete (that is,

⊔
C exists for every non-empty chain C).

8.10 Directed Sets and Continuity

It is natural to regard
∨

S as the limit of S precisely when S is directed. Ac-
cordingly a map F between CPOs preserving directed sups is called continuous:
this means that

⊔
F (D) = F (

⊔
D) for any directed set D. The following facts

are elementary: if D is a directed subset in P and if F is monotone then the set
F (D) is directed and

⊔
F (D) � F (

⊔
D) (see 4.11). Also, since {x, y} is directed

when x � y, it is easily seen that every continuous function is monotone.

Mini-exercise Define F : ℘(IN)→ ℘(IN) by

F (S) =

{
∅ if S is finite,
IN otherwise.

Prove that F is monotone but fails to preserve the (directed) supremum of the
family of finite subsets of IN. So not every monotone map is continuous.
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Mini-exercise Prove that a monotone endofunction F : P → P is continuous
whenever P satisfies (ACC).

The topological connotations of continuity are more than superficial analo-
gies. The symbiotic relationship between topology and order has been extensively
researched and exploited; see Gierz et al. [9], and Abramsky & Jung [2] and the
references therein.

8.11 New CPOs from Old

A significant virtue of CPOs as a class in which to work is that it has excellent
closure properties. Given CPOs P and Q the following are also CPOs:

(P
·∪ Q)⊥, P ×Q, [P → Q];

Here [P → Q] denotes the set of of all continuous maps from P to Q, with the
customary pointwise ordering. There is an alternative to the separated sum
above. We can also form the coalesced sum) by taking P

·∪Q and identifying
⊥P and ⊥Q. The proofs that all these constructions do indeed yield CPOs are
notation chases, of varying difficulty. See ILO2, Chapter 8, for guidance on the
harder ones.

8.12 Fixed Point Theorem for a Continuous Function on a CPO

With the appropriate terminology in place we can record as a theorem what we
proved in 8.6, and claim a bit more.

Let P be a CPO, let F : P → P be a continuous map and let

α :=
⊔

n�0 F
n(⊥).

Then the least fixed point µ(F ) exists and equals α. Mini-exercise: prove the
leastness assertion.

8.13 From Continuity to Monotonicity

Continuity is often an undesirably strong assumption. Relaxing continuity to
monotonicity is feasible but requires more powerful mathematical machinery.
One approach builds on the elementary proof in 8.6, using ordinals and trans-
finite induction. Several other approaches to proving that any monotonic end-
ofunction on a CPO has a least fixed point have been devised, most notably
the recent elegant proof obtained by D. Pataraia. This proof is presented, with
Pataraia’s permission, in ILO2. Unlike earlier proofs it does not rely on first
proving the independently interesting result that a fixed point exists for any in-
creasing endofunction on a CPO (F being increasing if x � F (x) for all x). The
method we adopt below is much simpler, but necessitates calling on a property
of CPOs which we shall take as an axiom: it says that any CPO has a maximal
element.
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8.14 An Assumption: Zorn’s Lemma (ZL), CPO Form

Let P be a CPO. Then MaxP �= ∅.
To indicate that this is very plausible, we consider first the special case that

the CPO P satisfies (ACC). Let x0 = ⊥. If x0 /∈ MaxP , pick x1 > x0. If x1 /∈
MaxP , pick x2 > x1, and so on. This process terminates, at a maximal element,
because we cannot have an infinite strictly ascending chain in P ; the maximal
element is the largest element of our chain, and necessarily its supremum. Thus
for CPOs satisfying (ACC) we cannot climb for ever strictly upwards via a chain.
For a general CPO the existence of suprema for directed sets, and in particular
for non-empty chains, suggests that every non-empty chain is ‘capped’ by a
maximal element of P . Those content to accept (ZL) for CPOs may without
detriment skip over the next paragraph.

Replacing the informal ‘and so on’ above by a rigorous argument requires
invocation of what is known as the Axiom of Choice. This famous optional add-
on to ZF set theory is one of a cluster of equivalent statements. One of these is
Zorn’s Lemma in the form it is most often stated, another is (ZL) for CPOs. We
do not wish to digress to present this background material here. A self-contained
account of the equivalences most useful in the context of posets and lattices is
given in ILO2, Chapter 10. Mathematics, and in particular order theory and
algebra, are considerably impoverished if we deny ourselves (AC) and (ZL).
However it can be proved that a set-theoretic world in which the negation of
(AC) operates is not internally inconsistent.

8.15 The Fixed Point Theorem
for a Monotone Endofunction on a CPO

Assume that P is a CPO and that F : P → P is monotone. Then F has a least
fixed point.

Proof. (with (ZL); due to A.W. Roscoe, [15], p. 175) Let

Q := { x ∈ P : x � F (x) & (∀y ∈ fixF )x � y }.

It is important to realize that in the definition of Q we are not claiming that
F has a fixed point: The second clause in the definition is satisfied vacuously if
fixF = ∅. It serves to ensure that a fixed point of F in Q is the least fixed point
of F .

We first claim that Q is a CPO (in the inherited order). Certainly ⊥P ∈ Q.
Now let D ⊆ Q be directed and denote

⊔
P D by α. Then, because F (D) is

directed and
⊔

F (D) � F
( ⊔

D
)

(recall the remarks in 8.9),

x ∈ D =⇒ x � F (x) (by the definition of Q)
=⇒ x �

⊔
F (D) (the join existing as F (D) is directed)

=⇒ x � F
( ⊔

D
)

= F (α) (by (po3))).
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Hence α � F (α). Also

y ∈ F =⇒ (∀x ∈ D)x � y (since D ⊆ Q)
=⇒ α � y (by definition of α).

Therefore α ∈ Q. This proves that Q is a CPO. (Compare this with the proof
in 5.6).

By (ZL) for CPOs, Q has a maximal element, β say. By definition of Q we
have β � F (β). Clearly
(a) F (β) � F (F (β)) (since F is monotone), and
(b) y ∈ fixF =⇒ β � y, so that F (β) � F (y) = y.
Hence F (β) ∈ Q, so maximality of β gives β = F (β). By the definition of Q, we
must have β = µ(F ). *+

8.16 Exercise

This exercise indicates a proof that the set of fixed points fixF of a monotone
endofunction F on a CPO P is itself a CPO; compare with 8.4).)

Let D be a directed set in fixF and let α :=
⊔

D. Prove, with the aid of 8.2,
that F maps ↑α to ↑α. Deduce that G, the restriction of F to ↑α, has a least
fixed point, which is given by

⊔
fixF D.

8.17 Exercise

We have used (ZL) for CPOs to prove the fixed point theorem in 8.15. This
exercise gives another application of (ZL) within order theory. Let X be a set.
Let

S := {R< ∈ ℘(X ×X) : < is a strict partial order on X }.

(i) Prove that S is a CPO.
(ii) Prove that any maximal element of S is a linear order (that is, it makes X

a chain).
(iii) Deduce that any strict partial order is contained in a strict linear order.

(This is hard. Part (iii) is a well-known result from order theory (Szpilrajn’s
Theorem) whose proof requires Zorn’s Lemma in some form.

8.18 Concluding Remarks

The theorems in 8.3 and 8.15 are in a sense optimal. The following converses
exist. Both are difficult to prove; see Markowsky [13].

(i) Let L be a lattice and assume that every monotone endofunction F : L→
L has a fixed point. Then L is a complete lattice.

(ii) Let P be a poset and assume that every monotone endofunction F : P →
P has a least fixed point. Then P is a CPO.
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9 Speaking Categorically

9.1 Categories

It is uncommon for a class of structures of a given type to be introduced without
an associated class of structure-preserving maps following hard on its heels.
Posets + monotone maps is one example. Others are complete lattices + maps
preserving

∨
and

∧
, groups + group homomorphisms, topological spaces +

continuous maps, etc., etc., etc. The recognition that an appropriate unit for
study is a class of structures all of the same type, together with a class of
structure-preserving maps between these, leads to category theory. Computer
scientists have embraced this with such enthusiasm that it seems unnecessary to
repeat the formal definitions here. Loosely, a category C consists of a collection
Obj(C) of objects and a collection Arr(C) of arrows (also called morphisms).
Each arrow f ∈ Arr(C) has a source A ∈ Obj(C) and a target B in Obj(C), and
there is an operation of composition of arrows satisfying a rudimentary set of
conditions demanding

(cat1) the existence of an identity arrow id A : A→ A for each object A,
(cat2) arrows can be composed in the same way that maps between sets can

be.

The set of arrows in C with source A and target B will be denoted by Arr(A,B).
Commuting diagrams of objects and arrows expressing properties of categories
and their structure-preserving maps (called functors) form the basis of category
theory. Natural constructs within categories—products, limits, and so on—can
be described in terms of commuting diagrams, with the philosophy ‘everything
is an arrow’ perhaps sometimes taken to excess.

Every poset (or more generally pre-ordered set) P gives rise to a category
we shall call Cp: the objects are just the elements of P , and, for p, q ∈ P , there
is an arrow from p to q if and only if p � q, and just such arrow; so we identify
arrows with inequality statements. The existence of the arrow id p for each p is
just the reflexivity condition, (po1); the composition law on arrows is guaranteed
by transitivity, (po3). Figure 12 indicates the interpretations in categories CP of
some fundamental categorical notions.

To illustrate, we consider the most complicated of these correlations: Galois
connections as adjunctions. An adjunction is a symmetric relation between cate-
gories A and X set up by a pair of covariant functors F : A → X and G : X → A
which are ‘mutually inverse’. Explicitly, suppose that for each A ∈ A and each
X ∈ X there are arrows

eA : A→ GF (A) and εX : X → FG(X).

It is said that 〈F,G, e, ε〉 sets up an adjunction between A and X if:

(adj1) for u : A → B in A and ϕ : X → Y in X , the two square diagrams in
Figure 13 commute;
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P CP

⊥ initial object
� terminal object
dual poset opposite category
product product
disjoint sum coproduct
inf limit
sup colimit
monotone map functor
order-embedding monomorphism
Galois connection adjunction

(∀p) p 6 p� � unit

(∀q) q� �
6 q counit

closure operator monad

Fig. 12. From posets to categories

(adj2) for A ∈ A and X ∈ X there is a bijection between ArrA(A,G(X)) and
ArrX (X,F (A)) associating u and ϕ as given in the two commuting
triangle diagrams of Figure 13.

Of course, idA : A → A and GF : A → A are covariant functors and the left-hand
square of Figure 13 says precisely that e : idA → GF is a natural transforma-
tion. Similarly for the right-hand square.

All this may look complicated to beginners. But in the special case of a Galois
connection ( � ,� ) between posets P and Q it just sums up the basic calculus
for Galois connections: put

objects arrows functors

A := p1 u := p1 � p2 F :=�

B := p2 F := q1 � q2 G :=�

X := q1 eA := p1 � p1
� �

Y := q2 εX := q1 � q1
� �

and relabel the diagrams!

Mini-exercise (For those more at home with categories than with posets)

(i) Convince yourself that disjoint sums in P correspond to coproducts in CP .
(ii) Convince yourself that the notion of supremum in a poset P corresponds

to the notion of colimit in the category CP .

All this is well-trodden territory, mapped out in Maclane [12], for example.
Less familiar is the way in which Table 9.1 can be extended by observing that the
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✲

✲
❄ ❄

u
A B

GF (A)
GF (u)

GF (B)

eBeA

✲

✲

✻ ✻

F
X Y

FG(X)
FG(F )

FG(Y )

εYεX

✲

❄

❅
❅

❅
❅❘

eA
A GF (A)

G(X)

G(F )u

✲

❄

❅
❅

❅
❅❘

εX
X FG(X)

F (A)

F (u)F

Fig. 13. An adjunction

poset concepts of prefix points and postfix points, match up in the categorical
setting with algebras and coalgebras. Fixed point calculus in posets lifts to a
fixed point calculus in categories whose calculational rules (the Fusion Rule,
and so on) are highly useful in the context of coalgebras; Backhouse et al. [3]
show how the transition from posets to categories can be made.

There is another way in which adjunctions enter into the theory of lattices.
A particularly profitable kind of adjunction between categories A and X is one
in which the categories A and X are of different types and we are able to use
the adjunction as a tool for studying A by exploiting its properties as a category
and the way that the adjunction mirrors these in X . The most famous such
adjunctions are dual adjunctions (set up by contravariant rather than covariant
functors) and are dual equivalences rather than just adjunctions. They include
those which set up dualities between

Boolean algebras and Boolean spaces (Stone)
Finite distributive lattices and Finite posets (Birkhoff; see 6.2)
Distributive lattices and Priestley spaces (Priestley)

in each case with a natural class of morphisms. For the second of these, the func-
tor from finite posets to finite distributive lattices is, on objects, simply the map
taking a poset P to its up-set lattice U(P ). Because of the way that distributive
lattices with additional operations provide algebraic models for them, these du-
alities give a useful means of studying logics of various kinds; for a recent survey
see Davey & Priestley [6].
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Chapter 3

Algebras and Coalgebras

Peter Aczel

Departments of Mathematics and Computer Science, University of Manchester

1 Introduction

This chapter introduces the notion of a final coalgebra relative to an endofunctor
and corecursion on a final coalgebra via the paradigm examples of a particular
kind of tree. The notion is dual to the more familiar notion of an initial alge-
bra and structural recursion on an initial algebra. The chapter starts with the
paradigm syntactic examples of initial algebras, the term algebras.

Given a signature of function symbols the variable free terms form an induc-
tively generated set and determine an initial algebra. Given a set of colours and
a set of index sets there is a notion of tree, whose nodes are labelled with colours
and where the children of any node are indexed by the elements of an index
set. The set of such trees form a final coalgebra. These will be our paradigm
examples. We will use these examples to introduce the ideas of recursion and
corecursion. We will allow function symbols to be infinitary and allow index sets
to be infinite so as to get a greater level of generality. We will enrich these exam-
ples by allowing terms and trees to depend on variables which can be substituted
for. Substitution into terms and trees give us good examples of recursion and
corecursion.

It will be convenient to introduce some notation and definitions. We shall
make use of class terminology—however, readers familiar only with basic set
theory will be able to understand the majority of this chapter. Classes are col-
lections of objects (of the set theoretic universe) that may not themselves be
objects of the set theoretic universe. The sets are just those classes that are
such objects. Much of the set theoretic notation can usefully be carried over to
classes.

If A is a set and X is a class then we write f : A → X if f is a function with
domain A and range a subset of X . We let XA be the class of such functions,
which is a set when X is a set. Also, if A is a set of sets we write f : ∈A → X if
f : A→ X for some set A in A and write X∈A for the class of all such functions,
which is also a set when X is. Finally, for each class X , we let Pow(X) be the
class of all subsets of X , which is the powerset of X when X is a set.

If A,B are classes then A is a subclass of B, written A ⊆ B, if every object
in A is an object in B. Classes are extensional; i.e. if classes A,B are subclasses
of each other then they are equal. If A,B are classes then a subclass F of A×B
is an operator F : A → B if for every a ∈ A there is a unique b ∈ B such that
(a, b) ∈ F . This unique b will be written F (a).

R. Backhouse et al. (Eds.): Algebraic and Coalgebraic Methods . . . , LNCS 2297, pp. 79–88, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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Let Set be the class of all sets. This class is partially ordered by the subset
relation ⊆. So we may naturally call Set, with ⊆, a poclass. We call an operator
F : Set → Set a set operator. It is a monotone set operator if, for all sets
a, b, a ⊆ b implies that F (a) ⊆ F (b). A monotone set operator F is a bounded
set operator if there is a set B of sets such that whenever x ∈ F (a) there is a
set b ∈ B and a function f : b → a such that x ∈ F (ran(f)). One can prove

Theorem 1 Every bounded set operator has a least fixed point.

2 Terms

2.1 Variable-Free Terms

We assume given a signature consisting of a set sym of (function) symbols, each
symbol p having an arity |p|, which can be any set. In the case when p is an
ordinary predicate calculus function symbol its arity is |p| = {1, . . . , n} for some
natural number n. When n = 0 so that |p| is the empty set then p is an ordinary
predicate calculus constant symbol.

Given the set sym we introduce the set Tsym as the set of objects called terms
inductively generated using the following rule.

– If p ∈ sym and ti is a term for each i ∈ |p| then p[ti]i∈|p| is a term.

When |p| = {1, . . . , n} then p[ti]i∈|p| can be written p(t1, . . . , tn) and just p when
n = 0 as usual in the syntax of the predicate calculus. Note that there has to be
at least one such symbol p, with |p| = ∅, in order to get generated any terms at
all.

It is implicit in this inductive specification of the set of terms that every term
must have been generated using the rule from previously generated terms. This
is made explicit as the following principle.

Structural Induction Let T be any set of terms such that for all p ∈ sym,

if ti ∈ T for all i ∈ |p| then p[ti]i∈|p| ∈ T .

Then every term is in T .

It is also implicit in the inductive specification of terms that every term has the
form p[ti]i∈|p| in at most one way, so that the symbol p and the subterm ti for
each i ∈ |p| are uniquely determined. This is made explicit as follows.

Structural Recursion Let A be a set and let αp : A|p| → A for each p ∈ sym.
Then there is a unique function π : Tsym → A such that if p ∈ sym and ti ∈ Tsym

for i ∈ |p| then
π(p[ti]i∈|p|) = αp({π(ti)}i∈|p|).
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Following the ideas of universal algebra we combine a set A with functions αp :
A|p| → A for each p ∈ sym to form a sym-algebra A = (A, {αp}p∈sym), where
the notation {αp}p∈sym means the family of functions αp indexed by p ∈ sym.
Moreover the set of terms can be made into a sym-algebra in a natural way. We
let Tsym = (Tsym, {τp}p∈sym), where for each p ∈ sym we let τp : T |p|

sym → Tsym be
given by

τp({ti}i∈|p|) = p[ti]i∈|p|.

This is the term-algebra for sym. By introducing the natural notion of ho-
momorphism between sym-algebras we can express the principle of structural
recursion on terms very concisely as follows.

For every sym-algebra A there is a unique homomorphism Tsym → A.

This requires the following definition.

Definition 2 If A = (A, {αp}p∈sym) and B = (B, {βp}p∈sym) are sym-algebras
then a function f : A → B is a homomorphism f : A → B if whenever p ∈ sym
and ai ∈ A for i ∈ |p| then

f(αp({ai}i∈|p|) = βp({f(ai)}i∈|p|).

Exercise 3 Show that the sym-algebras form the objects of a category, sym-
Alg, whose maps are the homomorphisms between sym-algebras. Show that the
principle of structural recursion gives a characterisation of the term algebra as
the unique up to isomorphism initial sym-algebra, that is, the term algebra is an
initial object of the category sym-Alg.

2.2 Terms as Set Theoretical Objects

So far we have not needed to state exactly what object a term is. It will now
be convenient to do so. We will take the term p[ti]i∈|p| to be (1, (p, {ti}i∈|p|)).
Then the inductive specification of Tsym becomes the definition of Tsym as the
least fixed point of the bounded set operator Fsym, where for each set X we let

Fsym(X) = {1} ×Σp∈symX
|p|.

This set operator can be made into a functor on the category SET as follows. If
f : A→ B in SET then we define Fsym(f) : Fsym(A) → Fsym(B) by

Fsym(f)((1, (p, {ai}i∈|p|))) = (1, (p, {f(ai)}i∈|p|),

if p ∈ sym and ai ∈ A for i ∈ |p|.

Exercise 4 Show that Fsym is indeed an endofunctor on SET.

Any sym-algebra A = (A, {αp}p∈sym) can be made into a Fsym-algebra (A,α) by
defining α : F (A) → A so that

α((1, (p, {ai}i∈|p|))) = αp({ai}i∈|p|)
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for all p ∈ sym and ai ∈ A for i ∈ |p|. In particular the term-algebra Tsym =
(Tsym, {τp}p∈sym) becomes the Fsym-algebra (Tsym, τ) where

τ((1, (p, {ti}i∈|p|))) = p[ti]i∈|p|

for all p ∈ sym and ti ∈ Tsym for i ∈ |p|. Moreover it is easy to see that every Fsym-
algebra arises in a unique way from some sym-algebra.

Exercise 5 Given sym-algebras A and B with corresponding Fsym-algebras
(A,α) and (B, β) show that a function f : A → B is a map f : A → B of
sym-Alg iff it is a map f : (A,α) → (B, β) of Fsym-Alg.

It follows from this exercise that the two categories, the category of sym-algebras
and the category of Fsym-algebras, are essentially the same. From now on we will
usually prefer to work with the notion of Fsym-algebra.

Summary

Associated with the set Tsym of variable-free terms we can associate the endo-
functor Fsym : SET → SET. We can make the set Tsym into the Fsym-algebra
Tsym = (Tsym, τ), which can be characterised up to isomorphism as the ini-
tial Fsym-algebra; i.e. an initial object in the category Fsym-Alg. This characteri-
sation encapsulates the method of definition by structural recursion for defining
functions on the set Tsym.

2.3 Terms with Variables

So far we have only considered the set of variable-free terms for sym. We now
want to consider terms that may have variables occurring in them. We introduce
a flexible setting where any object x can be used as a (name of a) variable and
will write 〈x〉 for the variable as a term. So for each set X we let Tsym(X) be the
set of terms generated using the following rules.

– If p ∈ sym and ti is a term for each i ∈ |p| then p[ti]i∈|p| is a term.
– If x ∈ X then 〈x〉 is a term.

As before it is implicit in this inductive specification that every term is either
generated from previously generated terms using the first rule or else is generated
using the second rule. It is also implicit that which rule is used is uniquely
determined, so that no term can have both the forms p[ti]i∈|p| and 〈x〉 and if
it has the first form then p and the ti are uniquely determined and if it has
the second form then x is uniquely determined. As with variable-free terms
there is a principle of structural induction for Tsym(X). But it will be more
important for us to focus on the principle of structural recursion on Tsym(X).
First note that we can form the Fsym-algebra Tsym(X) = (Tsym(X), τ), where
τ : F (Tsym(X)) → Tsym(X) is defined using the same equation as used when
defining τ : Fsym(Tsym) → Tsym in Tsym = (Tsym, τ). Also let ηX : X → Tsym(X)
be given by ηX(x) = 〈x〉 for all x ∈ X .
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Structural Recursion Let A = (A,α) be an Fsym-algebra and let αX : X → A.
Then there is a unique map π : Tsym(X) → A of Fsym-Alg such that π◦ηX = αX .

In universal algebra terminology this principle characterises this term algebra
up to isomorphism as the free sym-algebra with set X of (names of) generators.
Once again we can capture these ideas using categorical terminology.

2.4 Initial (F, X)-Algebras

We generalise our previous discussion to any endofunctor F on an arbitrary
category C.

Definition 6 Let F : C → C be an endofunctor on C and let X be an object
of C. An (F,X)-algebra is a pair (A, αX) where A = (A,α) is an F -algebra
and αX : X → A in C. The category (F,X)-Alg of (F,X)-algebras is defined by
defining a map f : A→ B in C to be a map f : (A, αX) → (B, βX) of (F,X)-Alg
if f : A → B and f ◦ αX = βX .

We can thus express the principle in category theoretic terminology as char-
acterising Tsym(X) as forming an initial (Fsym, X)-algebra. Here such an algebra
is a pair (A, αX) where A = (A,α) is a Fsym-algebra and αX : X → A.

Exercise 7 Show that the above principle of structural recursion can be reformu-
lated to state that (Tsym(X), ηX) is an initial object of the category (Fsym, X)-Alg
of (Fsym, X)-algebras.

2.5 Substitution

One of the main roles in syntax for a variable is to act as a marker of places
in an expression where certain other expressions can be inserted to replace the
variable. The operation of making such replacements is called a substitution.
Given arbitrary sets X and Y we may use any function s : X → Tsym(Y ) to
determine a substitution function ŝ : Tsym(X) → Tsym(Y ). The idea is that if
t ∈ Tsym(X) then ŝ(t) should be the result of simultaneously replacing each
occurrence of 〈x〉 in t by s(x). We characterise this function as follows.

Substitution If s : X → Tsym(Y ) then there is a unique homomorphism ŝ :
Tsym(X) → Tsym(Y ) such that ŝ ◦ ηX = s. This is just the unique homomor-
phism from the initial (Fsym, X)-algebra (Tsym(X), ηX) to the (Fsym, X)-algebra
(Tsym(Y ), s).

The following result generalises substitution on terms to our abstract setting.

Theorem 8 (Substitution Theorem) Let F be an endofunctor on C and for
each object X of C let (T (X), ηX) be an initial object of (F,X)-Alg. Then for
each s : X → T (Y ) there is a unique map ŝ : T (X) → T (Y ) of F -Alg such that
ŝ ◦ ηX = s.
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Proof. We define ŝ : T (X) → T (Y ) to be the unique map ŝ : (T (X), ηX) →
(T (Y ), s) in (F,X)-Alg.
Definition 9 Given an endofunctor F on a category C, we call an assignment
of an (F,X)-algebra (T (X), ηX) to each object X of C a substitution system
if for each map s : X → T (Y ) there is a unique map ŝ : T (X) → T (Y ) of F -Alg
such that ŝ ◦ ηX = s.

3 Trees

3.1 Variable-Free Trees

We assume given a set col of colours and a set ind of index sets. We will be
concerned with labelled trees of the following kind. As usual a tree will have a
root node and associated with each node will be a set of its children nodes and
there will be an edge from the node to each of its children nodes. A node that
has no children nodes is called a leaf node. Each node of the tree will be labelled
with a colour. The edges from a node to its children will be labelled with indices
from an index set so that each index from the index set is used exactly once. We
let T(col,ind) be the set of such trees.

Each node of a tree determines the subtree consisting of the node itself as
root and its descendents; i.e. its children, their children and so on. If t is a tree
and i labels an edge from the root of t to one of its children then let ti be the
subtree determined by that child. If I is the index set of such indices and p is
the colour of the root node then we will write

t = p[ti]i∈I .

Note the special case when the index set I is empty, when the tree consists only
of its root node and we can write just t = p.

A finite or infinite sequence of nodes of a tree is called a branch of the tree
if the sequence starts with the root node, continues with one of its children if
there are any, followed by one of its children if there are any and so on, either
ending with a leaf node when the branch is finite or else continuing indefinately
when the branch is infinite. If a tree has no infinite branches then the tree is
well-founded.

3.2 Representing Terms as Well-Founded Trees

From the notation that we have been using it should be clear how each term
of Tsym can be represented as a well-founded tree of T(col,ind) provided that every
symbol p ∈ sym is a colour and |p| ∈ ind for each p ∈ sym. But note that not
all such trees will represent terms. In fact with this representation the set Tsym

can be characterised as the least fixpoint of a function. Let F : Pow(T(col,ind)) →
Pow (T(col,ind)) where, for each set T ⊆ T(col,ind), F (T ) is the set of trees

p[ti]i∈|p|

where p ∈ col and ti ∈ T for each i ∈ |p|. Note that F is a monotone function
on the complete lattice Pow(T(col,ind)) so that the least fixed point does exist.
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3.3 Corecursion

This is a method for specifying trees. More precisely it is a method to define a
function π that associates a tree π(a) with each a ∈ A, when given functions
αcol : A → col and αind : A → A∈ind. The idea is that αcol(a) should be the
colour of π(a) and if αind(a) = {ai}i∈I , where I ∈ ind, then π(ai) should be the
immediate subtree of π(a) whose root is the child of the root of π(a) given by
index i ∈ I. So the nodes and edges of each tree π(a) are built up starting with
its root, the root’s children, their children and so on, so that in the limit the
whole tree π(a) gets determined.

Corecursion Lemma Let αcol : A → col and αind : A → A∈ind. Then there is a
unique function π : A→ T(col,ind) such that for all a ∈ A

π(a) = p[π(ai)]i∈I

where αcol(a) = p and αind(a) = {ai}i∈I ∈ AI .

As with structural recursion for terms we can package this result in a convenient
way. We call a triple A = (A,αcol, αind), as in the lemma, a (col, ind)-coalgebra,
and given another such triple B = (B, βcol, βind) a homomorphism f : A → B
is a function f : A→ B such that for each a ∈ A, if αind(a) = {ai}i∈I , then

βcol(f(a)) = αcol(a) and βind(f(a)) = {f(ai)}i∈I .

The set T(col,ind) naturally forms a (col, ind)-coalgebra

T(col,ind) = (T(col,ind), τcol, τind)

where if t = p[ti]i∈I ∈ T(col,ind) then

τcol(t) = p and τind(t) = {ti}i∈I .

Exercise 10 Show that the (col, ind)-coalgebras and the homomorphisms be-
tween them form a category and show that the corecursion lemma characterises
T(col,ind) as the unique up to isomorphism final object in this category.

3.4 Set Theoretical Representation of Trees

The set of well-founded trees can be represented in a similar way to the way
we have used to represent terms. But this method will not work in axiomatic
set theory for all trees including the non-well-founded trees unless we modify
the set theory to allow for non-well-founded sets, see [1]. Another approach that
keeps to the standard axiomatic set theory is to make a subtle change to the
way that ordered pairs and functions are represented in set theory to define a
modified bounded set operator having a largest fixed point that represents the
set T(col,sym), see [3].
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Here we follow yet another approach. We represent trees as functions t : S →
{1}× col where S is a non-empty prefix-closed set of finite sequences of indices.
The elements of S are to be the nodes of the tree, with the empty sequence ()
being the root of the tree and if a sequence σ is a node and an index i labels an
edge from that node to one of its children then σ�(i) is that child. So, for each
node σ, {i | σ�(i) ∈ S} must be an index set; i.e. a set in ind. If t(σ) = (1, p)
then the node σ has the colour p.

Proposition 11 Let t : S → {1} × col be a tree. If p is a colour and ti : Si →
{1}× col is a tree for each i ∈ I, where I is an index set in ind, then t = p[ti]i∈I

iff
both

S = {()} ∪ {(i)�σ | i ∈ I & σ ∈ Si}
and {

t(()) = (1, p)
t((i)�σ) = ti(σ) for all i ∈ I & σ ∈ Si.

We have seen that the set of trees, T(sym,col), can be made into the (col, ind)-
coalgebra T(col,ind). We now show how to represent (col, ind)-coalgebras as
F(col,ind)-coalgebras for a suitable endofunctor F(col,ind) : SET → SET. For each
set A let

F(col,ind)(A) = {1} × (col × (A∈ind))

and if f : A → B in SET let F(col,ind)(f) : F(col,ind)(A) → F(col,ind)(B) where, if
p ∈ col and {ai}i∈I ∈ A∈ind then

F(col,ind)(f)((1, (p, {ai}i∈I))) = (1, (p, {f(ai)}i∈I)).

Given a (col, ind)-coalgebra A = (A,αcol, αind) define α : A → F(col,ind)(A) as
follows. If a ∈ A let

α(a) = (1, (αcol(a), αind(a))).

So we get an F(col,ind)-coalgebra (A,α). In particular the (col, ind)-coalgebra
T(col,ind) = (T(col,ind), τcol, τind) determines the F(col,ind)-coalgebra (T(col,ind), τ),
where for each t ∈ T(col,ind), if t = p[ti]i∈I then

τ(t) = (1, (p, {ti}i∈I)).

Moreover every F(col,ind)-coalgebra (A,α) arises uniquely in this way. This means
that instead of working with the category of (col, ind)-coalgebras we can work
with the equivalent category of F(col,ind)-coalgebras.

Summary

We can associate with the set T(col,ind) of trees the endofunctor F(col,ind) : SET →
SET. We can make the set into an F(col,ind)-coalgebra T(col,ind) = (T(col,ind), τ),
which can be characterised up to isomorphism as the final F(col,ind)-coalgebra;
i.e. a final object in the category F(col,ind)-CoAlg. This characterisation encap-
sulates the method of definition by corecursion for defining functions into the
set T(col,ind).
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3.5 Trees with Variables

As with terms that may involve variables we want to extend our notion of tree
to one that may involve variables; i.e. we want to allow trees to have a new
kind of leaf node, called a variable node that is labelled with a (name of) a
variable. As before we will write a tree whose root node is of the standard kind
as p[ti]i∈I . Such a tree will be called a colour tree. We now also have trees
that only consist of their root node that is also a leaf node of the new kind,
labelled with a (name of) a variable x. Such a tree will be written 〈x〉 and called
a variable tree. For each set X we write T(col,ind)(X) for the set of all such
trees involving (names of) variables x only for x ∈ X . The trees t in T(col,ind)(X)
will be represented set theoretically as the functions t : S → (col +X), where S
is a non-empty prefix-closed set of finite sequences such that for each σ ∈ S if
t(σ) = (1, p) then {i | σ�i ∈ S} is an index set in ind and if t(σ) = (2, x) then
{i | σ�i ∈ S} = ∅.

Theorem 12 (Corecursion) Let F be the endofunctor F(col,ind) + X on the
category SET and let T = (T, τ) where T = T(col,ind)(X) and τ : T → F (T ) is
given by 


τ(p[ti]i∈I) = (1, (p, {ti}i∈I)) if p ∈ col, I ∈ ind

and ti ∈ T for i ∈ I,
τ(〈x〉) = (2, x) if x ∈ X.

Then T is a final F -coalgebra.

3.6 Substitution

As with terms we have a substitution operation for trees. But the substitution
functions ŝ can no longer be defined by structural recursion. This is because the
non-well-founded trees are not inductively generated. Nevertheless the substitu-
tion process for trees is highly intuitive. For example the result of substituting a
tree t′ for a variable x in a tree t is the tree obtained from t by replacing every
variable node, labelled with x, with the tree t′.

Theorem 13 (Substitution) Assigning the (F(col,ind), X)-algebra (T (X), ηX)
to each set X yields a substitution system, where T (X) = (T (X), τX) with
T (X) = T(col,ind)(X) and τX : F(col,ind)(T (X)) → T (X) given by

τX((1, (p, {ti}i∈I))) = p[ti]i∈I ,

for p ∈ col, I ∈ ind and ti ∈ T (X) for i ∈ I, and ηX : X → T (X) is given by
ηX(x) = 〈x〉 for each x ∈ X.

3.7 Solution Property

A fundamental feature of trees that does not hold for terms is that suitable
systems of equations have unique solutions. We explain the idea in the general
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context of a substitution system, X �→ (T (X), ηX), for an endofunctor F on a
category C that has binary coproducts. Here, for each object X of C we have
an F -algebra T (X) = (T (X), τX) and a map ηX : X → T (X). In this context a
system of equations (soe) is a map e : X → T (X + Y ). The soe is guarded
if it factors through the map

[τX+Y , ηX+Y ◦ in2] : F (T (X + Y )) + Y → T (X + Y );

i.e. e = e0 ◦ [τX+Y , ηX+Y ◦ in2] for some e0 : X → F (T (X+Y )). Here in2 : Y →
X+Y is the canonical injection. A solution to the soe e is a map s : X → T (Y )
such that s = [̂s, ηY ] ◦ e.
Definition 14 A substitution system has the solution property if every
guarded soe has a unique solution.

Theorem 15 (Solution Theorem) The substitution system given by theorem
12 has the solution property.

The key to proving this result as well as the substitution theorem for trees is
corecursion. In fact these results are instances of a very general category theoretic
result about final coalgebras.

4 The Monad of a Substitution System

Recall that a substitution system, X �→ (T (X), ηX), for a functor F : C → C
associates to each object X of C an algebra T (X) = (TX, τX) for F and a
map ηX : X → TX such that for each s : X → TY there is a unique algebra
homomorphism ŝ : (TX, τX) → (TY, τY ) such that s = ŝ ◦ ηX .

For those readers familiar with the notion of a monad we here observe the
following result. A proof may be found in [2].

Theorem 16 Every substitution system, X �→ (T (X), ηX) for a functor F :
C → C determines a monad (T, η, µ) on C in the following way.

1. If f : X → Y then Tf : TX → TY is defined to be η̂Y ◦ f . This makes T
into a functor and η into a natural transformation IdC → T .

2. Let µX = îdTX : T 2X → TX for each X. Then µ is a natural transfor-
mation T 2 → T and, for each X, µX ◦ ηTX = idTX = µX ◦ TηX and
µX ◦ µTX = µX ◦ TµX.
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Chapter 4

Galois Connections and Fixed Point Calculus

Roland Backhouse

School of Computer Science and Information Technology, University of Nottingham

Abstract. Fixed point calculus is about the solution of recursive equa-
tions defined by a monotonic endofunction on a partially ordered set.
This tutorial presents the basic theory of fixed point calculus together
with a number of applications of direct relevance to the construction of
computer programs. The tutorial also summarises the theory and appli-
cation of Galois connections between partially ordered sets. In particular,
the intimate relation between Galois connections and fixed point equa-
tions is amply demonstrated.

1 Introduction

1.1 Fixed Point Equations

Formulating and solving equations is a fundamental mathematical activity and
whole areas of mathematics are devoted to the methods for solving particular
classes of equations — think, for example, of the differential calculus developed
in order to solve differential equations. This chapter is about a class of equations
called fixed point equations that is particularly important in computing.

Fixed point equations have a very simple form, namely

x= f.x ,

where f is a given function and x is the unknown. A solution to the equation
is called a “fixed point” of the function f because applying f to a solution
leaves the value “fixed”, i.e. unchanged.

1.2 Languages

In the literature on computing science, fixed point equations are most often
called recursive equations because the unknown x “recurs” on the right side of
the equation. Recursion was first used extensively in computing science in the
now-classic Algol 60 report [18] which defined the programming language Algol
60. The Algol 60 report introduced so-called “Backus-Naur Form” to define the
syntax of the language. Here is a small, simplified extract from the language
definition.

〈Expression〉 ::= 〈Expression〉 + 〈Expression〉 | ( 〈Expression〉 )
| 〈V ariable〉

R. Backhouse et al. (Eds.): Algebraic and Coalgebraic Methods . . . , LNCS 2297, pp. 89–150, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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This defines (arithmetic) expressions by recursion. The symbol “ ::= ” can
be read simply as “is” or, indeed, as an equality symbol. The symbol “ | ” is
read as “or”. Terms enclosed within angle brackets (thus 〈Expression〉 and
〈V ariable〉 ) are called “non-terminals” —these are the entities being defined—
and the remaining symbols (here “+” and the two parentheses “(” and “)”) are
called the “terminal” symbols —these are the symbols that form words in the
language being defined— . In this way the definition of 〈Expression〉 is read
as:

An expression is either an expression followed by the symbol “+” fol-
lowed by an expression, or a parenthesised expression, or a variable.

Assuming that x and y are variables, the following are examples of expressions:

x+y , (x) , x , x+x+y , y+(x+y) .

The definition of 〈Expression〉 is an example of a fixed point equation in which
the unknown x is 〈Expression〉 and the function f is a function from lan-
guages (sets of words) to languages. Language theory provides many good ex-
amples of fixed point calculus; we use it frequently as a source of examples.

1.3 Functions

Recursion is used extensively in mathematics for the definition of functions. An
elementary example is the factorial function, which is specified by the equation
in fac ,

fac.0 = 1
fac.n = n∗ fac.(n−1), for n> 0.

(1)

The definition of the factorial function also has the form of a fixed point equation
although this is not so easy to see as in the previous example. To verify that this
is indeed the case we need to rewrite the definition in the form

fac = · · · .

Using the notation 〈x:x∈Type:Exp〉 for a function that maps a value x of
type Type to the value given by expression Exp , we have:

fac = 〈n:n∈IN: if n=0 then 1 else n∗fac.(n−1)〉 .

Now, abstracting from fac on the right side of this equation, define the func-
tion F by

F = 〈f :f ∈ IN←IN: 〈n:n∈IN: if n=0 then 1 else n∗f.(n−1)〉〉 .

This defines F to be an endofunction1 on functions of type IN←IN , the type
of the factorial function. That is, the function F maps a function to natural
1 An endofunction is a function whose target and source are the same.
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numbers from natural numbers to a function to natural numbers from natural
numbers. For example, applying F to the successor function 〈n::n+1〉 we get

F .〈n::n+1〉 = 〈n:: if n=0 then 1 else n∗((n−1)+1)〉 .

(For brevity we have omitted the type information on n .) Simplifying,

F .〈n::n+1〉 = 〈n:: if n=0 then 1 else n2〉 .

The characteristic feature of the factorial function is that its definition demands
that

fac = F .fac .

That is, fac is a fixed point of F .

1.4 Datatypes

Recursion is also used in the definition of datatypes in programming languages.
A definition of, for example, lists in a functional programming language looks
like the following:

List a = Nil | Cons a (List a)

This states that a list of a ’s (where a stands for an arbitrary type) is either Nil
or the operator Cons applied to a value of type a and a list of a ’s.

The definition of List is not strictly a fixed-point equation. Rather than ex-
pressing the equality of List a and Nil | Cons a (List a) (misleadingly sug-
gested by the equals sign) the declaration expresses an isomorphism between
the type List a and the type 11+a×(List a) , the disjoint sum (“ + ”) of the
unit type (a set containing exactly one element, here denoted by “ 11 ”) and the
cartesian product (“× ”) of the type a and the type List a .

1.5 Galois Connections

Fixed point calculus is only of value to computing science if many of the things
we want to compute are specified by fixed point equations. Fortunately, this
is very much the case. Indeed, many specifications are directly expressed in
terms of the solution of a fixed point equation. Moreover, a large number of
additional problems have specifications that involve a fixed point equation, albeit
less directly. In such cases it is often the case that the specification can be
transformed to one that expresses the solution to the specification directly in
terms of a fixed point equation. The key to such transformations is the notion
of a Galois connection.

Galois connections are of interest in their own right, even when not related to
the theory of fixed point equations. Their typical use is to define one, relatively
complex, function in terms of another, relatively simple, function. A number
of the examples we present are of very elementary and well-known functions;
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even so, readers not familiar with Galois connections may find our calculations
delightfully refreshing!

The basic theory of Galois connections is discussed by Priestley elsewhere
in this volume. Here we emphasise how the theory helps to identify instances of
Galois connections. Galois connections are also basic to the fundamental notions
of infimum and supremum. Section 4.1 discusses these notions; in particular, the
notion of suprema and infima of a certain “shape” is discussed in detail.

1.6 Basic Assumptions

The simple form of a fixed-point equation means that it is a very general notion
which captures a very broad range of computational problems. But a theory
that is too general is usually also too weak to be of practical value. In devel-
oping a useful fixed-point calculus we need to impose some non-trivial mathe-
matical properties on the fixed point equations we consider. Here we require two
properties. The first property we demand is that the domain of solutions be a
complete lattice. That is the domain of solutions is a partially ordered set such
that suprema and infima of any shape always exist. This requirement clearly
holds in the case of languages. When a language is being defined it is required
that the “alphabet” of the language is clearly stated. The alphabet of a language
is just a finite set of symbols, and words in the language are finite sequences
of symbols in the alphabet. If Σ denotes an alphabet then Σ∗ is the notation
used to denote the set of all words in that alphabet (that is, the set of all finite
sequences —including the empty sequence— of symbols in the alpahabet). A
language is thus a subset of Σ∗ and, as is well known, the set of all subsets of
a given set is a complete lattice under the subset ordering.

Although there is no ordering relation explicitly mentioned in the definition
of fac (other than the equality relation, which is pretty uninteresting as an
ordering relation) the theory we develop still applies by the simple device of
viewing functions as special cases of binary relations. A binary relation between
two sets A and B is a subset of the cartesian product A×B and the set of
all subsets of A×B forms a complete lattice. This will be our solution domain
when solving a fixed-point equation that is intended to define a function to set A
from set B .

The second requirement we impose is that the function f in the given fixed
point equation be monotonic in the ordering on the solution domain. This re-
quirement is also clearly met in the case of language definitions. The function
〈X :: {b}∪{a}·X ·{c}〉 is typical of the sort of functions that are used in language
definitions. (A raised infix dot denotes the concatenation operator extended to
sets.) It is the composition of three functions, the function 〈X :: {b}∪X〉 , which
adds the word b to a language, the function 〈X :: {a}·X〉 , which concatenates a
at the beginning of every word in a given language, and 〈X :: X ·{c}〉 , which con-
catenates c at the end of every word in a given language. These functions are
all clearly monotonic, and thus so is their composition.
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1.7 Issues and Applications

An arbitrary fixed point equation may have no solutions, it may have exactly
one solution, or it may have more than one solution. An important consequence
of our two assumptions is that the fixed point equations we consider always have
at least one solution. Indeed, the set of solutions is itself a complete lattice. In
particular, a monotonic function on a complete lattice has a least and a greatest
fixed point. Moreover, it has a unique fixed point if (and only if) the least and
great fixed points coincide.

A major element of these lecture notes is how to manipulate fixed point
equations. Finding out how to express the same quantity by different equations
is important to understanding. Another important element is providing general,
practical, sufficient conditions for a fixed point equation to have a unique solu-
tion. These foundational elements of fixed point calculus are discussed in depth
in section 6.

An example of the sort of issue tackled in section 6 is the use of recursion to
define a number of values simultaneously. The terminology “mutual recursion”
is used. In the definition of Algol 60, for example, this is what the definition of
〈Expression〉 really looks like:

〈Expression〉 ::= 〈Expression〉 + 〈Term〉 | 〈Term〉
〈Term〉 ::= 〈Term〉 × 〈Factor〉 | 〈Factor〉
〈Factor〉 ::= ( 〈Expression〉 ) | 〈V ariable〉

This is still a fixed point equation, but it is an equation in the triple of languages

( 〈Expression〉 , 〈Term〉 , 〈Factor〉 ) .

An important issue is whether a fixed point equation in a vector of values can
be solved piecewise and, if so, how. This is the content of theorem 80.

Section 5.1 is introductory; section 5.3 is also introductory but, even so, con-
siders an important application of fixed point calculus, namely Kleene algebra,
which is the algebra of choice, composition and iteration, three indispensible
ingredients of any programming language.

2 Galois Connections — Introductory Examples

This section begins our discussion of “Galois connections”, a concept first intro-
duced by Oystein Ore in 1944 [19].

The importance of Galois connections lies in their ubiquity and their simplic-
ity. Mathematics and, in particular, computing science abounds with instances of
Galois connections. Some simple examples are presented in subsection 2.1 whilst
subsection 2.2 continues with a more detailed analysis of the floor and ceiling
functions. Later sections discuss more abstract properties of Galois connections.
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2.1 Simple Examples

A Galois connection involves two preordered sets2 (A , ≤ ) and ( B ,� ) and two
functions, F ∈A←B and G∈B←A . These four components together form a
Galois connection iff for all x∈B and y∈A the following holds

F.x≤ y ≡ x�G.y . (2)

This compact definition of a Galois connection was first introduced in [20]. We
refer to F as the lower adjoint and to G as the upper adjoint. (Many texts use
the names “left” and “right” where we use “lower” and “upper”. Our terminology
is in line with [8] which is a standard reference on the theory presented here.)

Lots of examples of Galois connections can be given. In the first instance,
examples can be given by observing that two inverse functions are Galois con-
nected. Suppose A and B are two sets and F ∈A←B and G∈B←A are
inverse functions. Then their being inverse can be expressed by the equivalence,
for all x∈B and y∈A ,

F.x= y ≡ x=G.y .

This is a Galois connection in which we view A and B as ordered sets where the
ordering relation is identical to the equality relation. (Two elements are ordered
if and only if they are equal.)

That inverse functions are Galois connected is a useful observation — not
because a study of Galois connections will tell us something we didn’t already
know about inverse functions, but because we can draw inspiration from our
existing knowledge of properties of inverse functions to guide us in the study of
Galois-connected functions.

Further examples of Galois connections are not hard to find although some-
times they are not immediately evident. One is the connection between conjunc-
tion and implication in the predicate calculus:

p∧ q⇒ r ≡ q⇒ (p⇒ r) .

Here p , q and r denote predicates and the connection is between the functions
( p∧ ) and ( p⇒ ). To be more precise, both sets A and B in the definition of a
Galois connection are taken to be the set of predicates, and the ordering relation
is implication (⇒ ). The above formula describes a family of Galois connections,
one for each instance of the variable p .

An interesting example is provided by negation (not) in the predicate calcu-
lus. We have:

¬p⇒ q ≡ p⇐¬q .

The example is interesting because it involves two different orderings on the same
set. Specifically, we can order predicates by implication (⇒ ) or by the converse

2 The pair (A , ≤ ) is a preordered set if ≤ is a binary relation on A that is reflexive
(i.e. x≤ x for all x ) and transitive (i.e. x≤ y∧ y≤ z ⇒ x≤ z for all x , y and z ).
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ordering follows-from (⇐ ). Predicates ordered by implication and predicates or-
dered by follows-from are quite different partially ordered sets. The point is that
there are four elements to the definition of a Galois connection: two ordered sets
and two functions between the ordered sets. All four elements form an integral
part of the definition and mistakes in the exploitation of the properties of Galois
connections may occur if one is not clear about all four.

One elementary example of a Galois connection that is not immediately ev-
ident is afforded by the binary maximum operator, max , on real numbers. De-
noting it by the infix operator ↑ , we have:

x↑y ≤ z ≡ x≤ z ∧ y≤ z .

At first sight this doesn’t look like a Galois connection principally on account of
the conjunction on the righthand side of the equation. We can however identify
it as such as follows. First note that max is a binary function, i.e. a function
from the cartesian product IR×IR (the set of pairs of real numbers) to the set
IR . Now IR is ordered by the at-most relation (≤ ), and this relation can be
extended pointwise to an ordering relation on IR×IR . Specifically, denoting the
relation by ≤2 , we define

(u, v)≤2 (x, y) ≡ u≤x ∧ v≤ y .

Finally, we define the doubling function, denoted by � , by

�z=(z, z) .

Having done so we can rewrite the definition of max as follows:

max(x, y)≤ z ≡ (x, y) ≤2 �z .

Thus max is a function mapping IR×IR , ordered pointwise by the relation ≤2 ,
to IR , ordered by the at-most relation (≤ ), and is defined by a Galois-connection
connecting it to the doubling function.

Many predicates are themselves adjoints in a Galois connection, but the fact
is rarely recognised. An example is the predicate even on integers (which is true
when its argument is divisible by 2 ). Specifically, the nonnegative integers are
partially ordered3 by the “is-divisible-by” relation, which we denote here by “ / ”
(so m / n should be read as “m is divisible by n ” or, more precisely, as “there
is an integer k such that n×k = m ”) and, for all integers m and booleans b ,

even.m ⇐ b ≡ m / (if b then 2 else 1) .

This is an instance of the general result that a predicate p on the elements
of a poset (A , ≤ ) with greatest element �� is a lower adjoint in a Galois
connection (between (A , ≤ ) and (Bool ,⇐ )) if there is some constant a such
that p.x≡x≤ a . Specifically, the Galois connection is, for all x∈A and b∈Bool ,

p.x⇐ b ≡ x≤ if b then a else �� .

3 When extended to include all integers the ordering is a preordering.
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It is quite surprising how many predicates fulfill this condition. The “is-empty”
test on a set is an example (a set S is empty if S⊆φ ). Another example is the
membership test on a set. Fix some value a in a universe of values and consider
the predicate p that given a subset S of the universe returns the value of a∈S .
Then, since a∈S ≡ {a}⊆S , the general result says that p is a lower adjoint
in a Galois connection. Indeed,

a∈S⇐ b ≡ S ⊇ if b then {a} else φ .

2.2 The Floor Function

This section discusses a simple but illuminating example of a Galois connection.
The floor function from reals to integers is described in words as follows: for
all real x we take �x� (read “floor x ”) to be the greatest integer that is at
most x . Formally, this is captured by a simple equivalence.

Definition 3 (Floor Function) For all real x , �x� is an integer such that,
for all integers n ,

n≤ �x� ≡ n≤x .

✷

In the definition of the floor function we use the mathematical convention of
not denoting the conversion from integers to reals. It is implicit in the inequality
n≤x which seems to compare an integer with a real. In fact, what is meant
is the comparison of the real value corresponding to n with the real value x .
On the right side of the equivalence the at-most relation (“≤ ”) is between reals
whereas on the left side it is between integers.

Making explicit both conversions, temporarily adopting a Java-like casting
notation, reveals the two adjoint functions in a Galois connection. We have, for
all real x , (floor)x is an integer such that for all integers n ,

n ≤ (floor)x ≡ (real)n ≤ x .

So the floor of x is defined by connecting it to the conversion from integers to
reals in a simple equivalence.

The floor function is an instance of a common phenomenon, namely that
many functions are defined to be adjoint to an embedding of one partially or-
dered set in another. The functions so defined are closure operators4. Examples
include the reflexive closure, symmetric closure and transitive closure of a rela-
tion. These are adjoints of the embeddings of, respectively, all reflexive relations,
all symmetric relations and all transitive relations in the ordered set of relations
(of an appropriate type).

4 Formally, it is not the adjoint that is a closure operator but the composition of the
adjoint with the embedding function. This said, it is useful to adopt the mathematical
convention of omitting explicit mention of the embedding function and this is what
we do from now on.
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Properties of Floor The first time that one encounters a definition like defi-
nition 3 it can be difficult to see how it is used. This section illustrates the basic
techniques for exploiting Galois connections.

The first thing we can do is to try to identify some special cases that simplify
the definition. Two possibilities present themselves immediately; both exploit
the fact that the at-most relation is reflexive. The equation

n≤ �x� ≡ n≤x

is true for all integers n and reals x . Also, �x� is by definition an integer. So
we can instantiate n to �x� . We get

�x� ≤ �x� ≡ �x� ≤x .

The lefthand side that is obtained — �x� ≤ �x�— is true, and so the righthand
side is also true. That is,

�x� ≤x .

This tells us that the floor function rounds down. It returns an integer that is
at most the given real value.

The second possibility is to instantiate x to n . This is allowed because
every integer is a real. Strictly, however, we are instantiating x to the real value
obtained by converting n . We get

n≤ �n� ≡ n≤n .

In this case it is the right side of the equivalence that is true. So we can simplify
to

n≤ �n� .

Earlier we determined that �x� ≤x for all real values x . Instantiating x to n ,
we get

�n� ≤n .

So, as the at-most relation is anti-symmetric, we have derived that for all inte-
gers n

�n� =n .

A good understanding of the equivalence operator suggests something else we can
do with the defining equation: use the rule of contraposition. The contrapositive
of the definition of the floor function is, for all integers n and real x ,

¬(n≤ �x�) ≡ ¬(n≤x) .

But ¬(n≤m) ≡ m<n . So

�x� <n ≡ x<n .

Equally, using that for integers m and n , m<n ≡ m+1≤n ,

�x�+1≤n ≡ x<n .
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Now we can exploit reflexivity of the at-most relation again. Instantiating n
with �x�+1 and simplifying we deduce:

x< �x�+1 .

Recalling that �x� ≤x , we have established

�x� ≤ x < �x�+1 .

In words, �x� is the (unique) integer such that �x� is at most x and x is less
than �x�+1 .

We now ask whether the floor function is monotonic. That is, we want to
show that

�x� ≤ �y� ⇐ x ≤ y .

Here we calculate:

�x� ≤ �y�
= { definition 3, x,n := �y� , �x� }

�x� ≤ y

⇐ { transitivity of ≤ }
�x� ≤x≤ y

= { �x� ≤x }
x≤ y .

Thus the floor function is indeed monotonic.

Rounding Off Let us now demonstrate how to derive more complicated prop-
erties of the floor function. In the process we introduce an important technique
for reasoning with Galois connections called the rule of indirect equality.

The definition of the language Java prescribes that integer division rounds
towards zero. This causes difficulties in circumstances when it is required to
round away from zero. Had the definition been that integer division rounds
down then it is easy to implement rounding up, towards zero or away from zero.
Rounding up, for example, corresponds to negating, then rounding down, and
then negating again. (See exercise 7(a).)

The problem is thus how to implement rounding up integer divisions suppos-
ing that our programming language always rounds down.

In order to express the problem we need the ceiling function. The definition
is a dual of the definition of the floor function.

Definition 4 For all real x , �x� is an integer such that, for all integers n ,

�x� ≤n ≡ x≤n .
✷
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We leave it as an exercise to the reader to derive properties of the ceiling
function dual to the properties of the floor function derived in section 4.

Rounding down an integer division of positive numbers m and n is expressed
by ⌊m

n

⌋

where
m

n
is the real division of m and n . Dually, rounding up is expressed by

⌈m
n

⌉
.

Implementing rounding up given an implementation of rounding down amounts
to finding suitable values p and q so that

⌊
p

q

⌋
=

⌈m
n

⌉
.

The values p and q should be expressed as arithmetic functions of m and n
(that is, functions involving addition and multiplication, but not involving the
floor or ceiling functions).

The rule of indirect equality is

m=n ≡ ∀〈k:: k≤m ≡ k≤n〉

where k , m and n all range over the same poset. Using this rule, we can derive
suitable expressions for p and q . Specifically, for arbitrary integer k , we aim
to eliminate the ceiling function from the inequality

k≤
⌈m
n

⌉

obtaining an inequality of the form

k≤ e

where e is an arithmetic expression in m and n. We may then conclude that

�e� =
⌈m
n

⌉
.

The first step in the calculation is perhaps the most difficult. This is because
the definition of the ceiling function, definition 4, provides a rule for dealing
with inequalities where a ceiling value is on the lower side of an at-most relation
but not when it is on the higher side (which is the case we are interested in).
However, recalling our discussion of the floor function, the solution is to consider
the contrapositive of the defining equation. Specifically we have, by negating both
sides of 4,

n< �x� ≡ n<x . (5)
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We can now proceed with the derivation:

k≤
⌈m
n

⌉
≡ { integer arithmetic }

k−1<
⌈m
n

⌉
≡ { contrapositive of definition of ceiling (rule (5)) }

k−1< m

n
≡ { arithmetic, n>0 }

n(k−1)<m

≡ { integer inequalities }
n(k−1)+1 ≤ m

≡ { arithmetic, n>0 }
k ≤ m+n−1

n
≡ { definition of floor function: (3) }

k ≤
⌊
m+n−1

n

⌋
.

Here k is arbitrary. So, by indirect equality, we get

⌈m
n

⌉
=

⌊
m+n−1

n

⌋
. (6)

In Java, for example, if it is required to round up the result of dividing m by n
one should compute (m+n-1)/n .

Exercise 7 Prove the following properties. (Hint: use indirect equality.)

(a) −�x� = �−x� ,
(b) �x+m� = �x�+m ,
(c) �x/m� = ��x� /m� (assuming m is a positive integer),
(d)

⌊√�x�
⌋
= �√x� .

✷

3 Identifying Galois Connections

In order to exploit the theory of Galois connections it is necessary to be able
to identify them. The different but equivalent formulations of the definition of a
Galois connection discussed by Priestley elsewhere in this volume are particularly
helpful. Here we will quickly summarise those formulations whilst discussing
some additional examples in more detail.
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3.1 Symmetric Definitions

In what follows we take (A , "A ) and (B , "B ) to be partially ordered sets.
We assume that F ∈A←B and G∈B←A . For such an F and G we recall
the following definition.

Definition 8 (Galois Connection) ( F ,G ) is a Galois connection between
the posets (A , "A ) and (B , "B ) means that, for all x∈B and y∈A ,

F.x "A y ≡ x "B G.y .

✷

In order to make the formulae more readable, we will often drop the subscripts
from the orderings. This can be confusing, even though it can usually be deduced
which ordering is meant from type considerations. Thus, occasionally we will
reintroduce the subscripts.

Recall also that F is referred to as the lower adjoint, since it is on the lower
side of an ordering, and G as the upper adjoint, since it is on the upper side of
an ordering.

Definition 8, proposed by J. Schmidt [20], is easy to remember since it con-
tains only one clause, and lends itself to compact calculation. It is a form of
“shunting rule”: the game that one plays with it is to shunt occurrences of func-
tion F in an expression out of the way in order to expose the function’s argu-
ment. After performing some manipulations on the argument, F is shunted back
into the picture. (Or, of course, the other way around: function G is shunted
temporarily out of the way.) It’s an attractive strategy, requiring little creativity,
that is particularly useful in inductive proofs.

An alternative definition, the one originally proposed by Ore [19], is captured
by the following theorem.

Theorem 9 ( F ,G ) is a Galois connection between the posets (A , "A ) and
( B , "B ) iff the following two conditions hold.

(a) For all x∈B and y∈A ,

x"G.(F.x) and F.(G.y)" y .

(b) F and G are both monotonic.

✷

Ore’s definition is most useful when expressed at function level. Let us define
the relation "̇ on functions of the same type by

f "̇ g ≡ ∀〈x:: f.x" g.x〉 .

Then we can eliminate the dummies x and y in the cancellation laws to obtain

IB "̇ G•F and F •G "̇ IA . (10)

Schmidt’s definition can also be lifted to function level and, in combination with
(10), can be used to construct elegant theorems. Specifically, we have:
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Lemma 11 ( F ,G ) is a Galois connection between the posets (A , "A )
and ( B , "B ) equivales, for all functions h and k with the same (arbitrary)
domain, and ranges respectively B and A ,

F •h "̇ k ≡ h "̇ G•k .

✷

In words,

(F,G) forms a Galois connection ≡ (F • , G•) forms a Galois connection.
(12)

A property that is somewhat weaker but in a sense dual to this one is the
following:

(F,G) forms a Galois connection ⇒ (•G, •F ) forms a Galois connection.
(13)

(Take care to note the switch in the order of F and G .) Specifically, we have:

Lemma 14 If ( F ,G ) is a Galois connection between the posets (A , "A )
and ( B , "B ) then, for all monotonic functions h and k with the same range,
and domains respectively B and A ,

h•G "̇ k ≡ h "̇ k•F .

✷

3.2 Universal Property

Standard mathematical definitions of functions like, for example, the floor func-
tion often do not take the form of either Schmidt’s or Ore’s definition even
though a Galois connection is indeed involved. Rather, they correspond to a
hybrid of the two. The hybrid definition is given in the following lemma.

Lemma 15 ( F ,G ) is a Galois connection between the posets (A , ≤ ) and
( B ,� ) iff the following conditions hold.

(a) G is monotonic.
(b) For all x∈B , x�G.(F.x) .
(c) For all x∈B and y∈A , x�G.y ⇒ F.x≤ y .

✷

The hybrid definition of a Galois connection is the least elegant of the three
alternatives because the symmetry between the adjoint functions is hidden. An
explanation for why it is nevertheless commonly used is that Galois connections
are often used to define a function, F , in terms of a known function, G . The
hybrid definition focuses on the requirements on F . Indeed, we can put the
hybrid definition into words as follows.
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Given a monotonic function G , the lower adjoint, F , of G is defined by
the requirement that, for all x , F.x is the least y such that x�G.y .

(Note that requirement (b) in lemma 15 requires that F.x be a y such that
x�G.y and requirement (c) that it be the least such y .) The requirement “for
all x , F.x is the least y such that x�G.y ” is often referred to as the universal
property of F .

Examples of this form of definition can be found in Gentzen’s [7] formalisa-
tion of what he called “natural deduction”. Gentzen defined the logical operators
(conjunction, implication, etc.) systematically by giving introduction and elimi-
nation rules for each operator. An example is his definition of disjunction. There
are two introduction rules, namely:

p⇒ p∨ q

and
q⇒ p∨ q .

There is one elimination rule for disjunction:

(p⇒r)∧ (q⇒r) ⇒ (p∨ q⇒ r) .

To see that Gentzen’s rules conform to properties (a), (b) and (c) of lemma 15 we
first rewrite the elimination rule in the same way as we did for maximum above.
Doing so and comparing with requirement (c), we identify G as the doubling
function and F as disjunction:

((p, q)⇒2 (r, r)) ⇒ (∨.(p, q)⇒ r) .

(The relation ⇒2 is defined in just the same way as we defined ≤2 earlier. That
is, (p, q)⇒2 (r, s) equivales (p⇒r)∧ (q⇒s) .) We now check that the required
cancellation law ( x"G.(F.x) ) corresponds to the introduction rules. Formally,
it is:

(p, q) ⇒2 (p∨ q , p∨ q)

which is indeed the same as the conjunction of p⇒ p∨ q and q⇒p∨ q . Finally,
it is obvious that the doubling function is monotonic.

3.3 Commutativity Properties

In our discussion of elementary examples of Galois-connected functions we ob-
served that inverse functions are Galois connected. A vital property of inverse
functions is that they have “inverse” algebraic properties. The exponential func-
tion, for instance, has as its inverse the logarithmic function; moreover,

exp (−x) =
1

expx
and exp (x+ y) = expx · exp y

whereas

−(lnx) = ln (
1
x
) and lnx+ ln y = ln (x · y) .
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In general, if θ and φ are inverse functions then, for any functions f and g
of appropriate type,

∀〈x:: θ.(f.x)= g.(θ.x)〉 ≡ ∀〈y:: f.(φ.y)=φ.(g.y)〉 .

More generally, and expressed at function level, if (θ0 , φ0) and (θ1 , φ1) are
pairs of inverse functions, then for all functions f and g of appropriate type,

θ0•f = g•θ1 ≡ f•φ1=φ0•g . (16)

In general, our goal is to try to predict algebraic properties of functions previ-
ously unknown to us. Many such properties have the form of “commutativity
properties”. Among such properties are, for example, the property −(2·x)=
2·(−x) which expresses the fact that multiplication by 2 commutes with nega-

tion. In addition we include properties like ln
1
x
=− (lnx) in which the order of

application of the logarithmic function is “commuted” but in so doing a change
occurs in the function with which it is commuted (in this case the reciprocal
function becomes negation). In this way distributivity properties also become
commutativity properties. For instance the property that x·(y+z)= (x·y)+(x·z)
is a commutativity property of addition. Specifically, multiplication by x after
addition commutes to addition after the function (y, z) $→ (x·y , x·z) .

In general, for a given function F we are interested in discovering func-
tions g and h for which F •g=h•F . In the case that F is defined by a Galois
connection we can often answer this question most effectively by translating it
into a question about the commutativity properties of its adjoint — especially
in the case that the adjoint is a known function with known properties, or a
“trivial” function whose algebraic properties are easily determined. The latter is
the case with the floor function: the adjoint function is the function embedding
integers into reals.

The rule that is the key to this strategy is the following. Suppose, for num-
bers m and n , 0≤m and 0≤n , and for all i , 0≤ i<m+n , (Fi, Gi) is a
Galois-connected pair of functions. Then, assuming the functions are so typed
that the compositions and equalities are meaningful,

F0• . . . •Fm−1 = Fm• . . . •Fm+n−1 ≡ Gm+n−1• . . . •Gm = Gm−1• . . . •G0 .
(17)

(Note that the cases m=0 and n=0 are included; the composition of zero
functions is of course the identity function.) In particular, if for i=0..1 , (hi, ki)
is a Galois-connected pair of functions and so too is (F,G) then

h0•F =F •h1 ≡ k1•G=G•k0 . (18)

The rule (17) captures the strategy used to discover algebraic properties of an
unknown function F , namely to translate to the discovery of properties of the
adjoint function.

The proof of (17) is this: the m -fold composition Gm−1• . . . •G0 is an upper
adjoint of F0• . . . •Fm−1 and the n -fold composition Gm+n−1• . . . •Gm is an
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upper adjoint of Fm• . . . •Fm+n−1 . Thus, (17) is the statement that adjoint
functions are unique.

Exercise 19 A property that combines (11) and (14) is the following. Suppose,
for i = 0, 1 , (Ai,"Ai) and (Bi,"Bi) are posets and (Fi ∈ Ai ← Bi, Gi ∈
Bi ← Ai) are Galois-connected pairs of functions. Let h ∈ B0 ← B1 and
k ∈ A0 ← A1 be arbitrary monotonic functions. Then

F0•h "̇ k•F1 ≡ h•G1 "̇G0•k . (20)

Prove this rule.

✷

Exercise 21 A pattern that you may have observed in the properties of the
floor function is that if f is an arbitrary function from reals to reals such that

– it is the upper adjoint in a Galois connection, and
– its (lower) adjoint maps integers to integers.

then f commutes with the floor function in the sense that, for all real x ,

�f.x� = �f. �x�� .

Show how this is an instance of (17). In other words, state precisely how to
instantiate m , n and the functions F0 , . . . , Fm+n−1 and G0 , . . . , Gm+n−1

in order to obtain the law.

✷

4 Pair Algebras

In this section we delve deeper into the theory of Galois connections. The goal
is to discuss a number of theorems that predict the existence of adjoint func-
tions. These theorems are all intimately tied up with extremum preservation
properties of functions, which in turn depend on the notions of supremum and
infimum. There are four sections. Section 4.1 defines suprema and infima of a
given “shape”, section 4.2 then defines preservation properties and section 4.3
presents the existence theorems.

In order to better motivate what is to follow, let us begin with a brief outline.
We recall that a Galois connection is a connection between two functions F
and G between two posets (A,") and ( B ,� ) of the form

F.x" y ≡ x�G.y .

Typical accounts of the existence of Galois connections focus on the properties
of these functions. For example, given a function F , one may ask whether F
is a lower adjoint in a Galois connection. The question we want to ask is subtly
different.
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Note that the statement F.x" y defines a relation between B and A . So
too does x�G.y . The existence of a Galois connection states that these two
relations are equal. A natural question is therefore: under which conditions does
an arbitrary (binary) relation between two posets define a Galois connection
between the sets?

Exploring the question in more detail leads to the following question. Sup-
pose R is a relation between posets B and A (i.e. R⊆B×A ). What is a
necessary and sufficient condition that there exist a function F such that

(x, y)∈R ≡ F.x" y ?

Such a relation is called a pair algebra. If we know the answer to this question
then we can answer the question of whether a given function G has a lower
adjoint — by defining R to be the relation x�G.y on x and y . We can also
answer the dual question of whether there exists a function G such

(x, y)∈R ≡ x�G.y .

If, for a given relation R , the answer to both these questions (the original and
its dual) is positive, then the relation R clearly defines a Galois connection.

In order to simplify the question, we make an abstraction step. We are re-
quired to find —for each x— a value F.x such that (x, y)∈R ≡ F.x" y .
Suppose we fix x and hide the dependence on x . Then the problem becomes
one of determining, for a given predicate p , necessary and sufficient conditions
guaranteeing that

p.y ≡ a" y (22)

for some a . If we can solve this simplified problem, we have also solved the
original problem by defining p.y to be (x, y)∈R and F.x to be a .

It is easy to identify a necessary condition for (22) to hold: a must be the
least y satisfying p . That is, p.a must hold (since a"a ) and for all y such
that p.y holds, a" y . The question thus becomes: when is there a least element
satisfying a given predicate p , and when does this least element a (say) satisfy
(22) for all y ?

The least element satisfying a given property (if it exists) is characterised
by two properties. First, it itself satisfies the property and, second, it is the
“infimum” of all values satisfying the property. Section 4.1 defines the notion
of an infimum via a Galois connection. The dual notion of “supremum” is also
discussed in this section. Infima and suprema are collectively called “extrema”.

Among the properties of extrema that we study, the question studied in
section 4.2 of whether a function preserves infima is particularly important. The
question is of importance in its own right, but we shall also see that it is vital to
answering our question about the existence of Galois connections. Indeed, the
basic insight is that a predicate p on a (complete) poset preserves infima if and
only if there is an a such that, for all y , p.y is a" y . We see in section 4.3 how
this simple observation is the basis of the “fundamental theorem” (theorem 36)
on the existence of Galois connections.
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4.1 Infima and Suprema

Infima and Completeness In this section we formulate the notion of an
extremum (an infimum or a supremum) of a certain “shape” (for example, the
infimum of a finite set, or the infimum of a countably infinite set) via a Galois
connection. The notions of completeness and cocompleteness, relative to a given
shape, are also defined.

Suppose (A,") and (B,�) are partially ordered sets and f ∈A←B is a
monotonic function. Then an infimum of f is a solution of the equation:

x :: ∀〈a:: a"x ≡ ∀〈b:: a" f.b〉〉 . (23)

As an example, consider the function 〈b: c" b: b〉 where c is some given constant.
This has infimum c since

∀〈a:: a" c ≡ ∀〈b: c" b:a" b〉〉 .

There are two ways in which this definition differs from the most common defi-
nition of an infimum. The first is that it is more common to define the infimum
of a set rather than of a function. That the two notions are equivalent is not
difficult to see. The infimum of a set is the infimum of the identity function on
that set, and the infimum of a function can be thought of as the infimum of
the range of the function. (The range of a function is a set.) Defining infima on
functions is an elegant way of being able to talk about different kinds of infima
as we shall see very shortly. The second difference is that an infimum is often
defined as a greatest lower bound . That is, x is an infimum of f if it is a lower
bound:

∀〈b:: x" f.b〉 ,

and it is greatest among such lower bounds

∀〈a:: a"x⇐∀〈b:: a" f.b〉〉 .

This is entirely equivalent to (23), as is easily verified.
As mentioned, equation (23) need not have a solution. If it does, for a

given f , we denote its solution by &f . By definition, then,

∀〈a:: a"&f ≡ ∀〈b:: a" f.b〉〉 . (24)

Suppose we fix the posets A and B and consider all functions of type A←B .
Suppose that there is a function & mapping all such functions to their infima.
Then we recognise (24) as a Galois connection. Specifically,

∀〈b:: a" f.b〉
≡ { • define the function K∈ (A←B)←A by (K.a).b= a }

∀〈b:: (K.a).b" f.b〉
≡ { definition of "̇ (pointwise ordering on functions) }

K.a "̇ f .
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Thus, our supposition becomes that there is a function & that is the upper
adjoint of the so-called “constant combinator” of type (A←B)←A defined by

(K.a).b= a

for all a∈A and b∈B . That is, for all a∈A and f ∈A←B ,

a"&f ≡ K.a "̇ f . (25)

If this is the case we say that the poset A is B -complete. If a poset A is
B -complete for all B we say that it is complete.

Shape Posets The poset B is called the shape poset . By varying B we can
consider different “types” or “shapes” of infima. For instance, if we take B to
be 2 , the two-point set {0,1} ordered by equality, then the set of functions
to A from B is in (1–1) correspondence with pairs of elements (a0,a1 ) (to be
precise: f $→( f.0 , f.1 ) and (a0,a1 )$→f where f.0=a0 and f.1=a1 ). Via this
correspondence, the function K is the doubling function: (K.a).b=�a=(a,a ) ,
and writing f.0& f.1 instead of &f , the Galois connection (25) simplifies to

a"x&y ≡ (a,a )" (x,y ) .

That is,
a"x&y ≡ a"x∧a" y .

This is the Galois connection defining the infimum of a bag of two elements (of
which the Galois connection defining the minimum of two numbers is a special
case).

If B is the empty poset, φ , then there is exactly one function of type A←B .
The right side of (25) is vacuously true and, thus, for all a∈A and f ∈A←φ ,

a"&f .

In words, the poset A is φ -complete equivales A has a greatest element.
If B equals A then the set of functions of type A←B includes the identity

function. The infimum of the identity function is a solution of the equation

x :: ∀〈a:: a"x ≡ ∀〈b::a" b〉〉 .

and thus, by instantiating a to x , a solution of

x :: ∀〈b::x" b〉 .

The infimum of the identity function is thus the least element in the set A .
A final example is the case that B is (IN,≥) (the natural numbers or-

dered by the at-least relation). Functions in A←B are then in (1–1) correspon-
dence with so-called (descending) chains — sets of elements ai ( 0≤ i ) such
that a0)a1)a2) ... . To say that A is (IN,≥) -complete is equivalent to all
such chains having an infimum in A .
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Suprema and Cocompleteness The notion dual to infimum is “supremum”
and the notion dual to completeness is “cocompleteness”. Suppose (A,") and
(B,�) are partially ordered sets and f ∈A←B is a monotonic function. Then
a supremum of f is a solution of the equation:

x :: ∀〈a:: x" a ≡ ∀〈b:: f.b"a〉〉 . (26)

As for infima, equation (26) need not have a solution. If it does, for a given f ,
we denote its solution by *f . By definition, then,

∀〈a:: *f "a≡∀〈b:: f.b"a〉〉 . (27)

The poset A is B -cocomplete if there is a function * that is the lower ad-
joint of the constant combinator of type (A←B)←A . That is, for all a∈A and
f ∈A←B ,

*f "a ≡ f "̇K.a . (28)

If a poset A is B -cocomplete for all B we say that it is cocomplete. It can
be shown, using the techniques developed here, that completeness and cocom-
pleteness of a poset are equivalent. So the term “cocomplete” (used without
qualifying shape poset) is redundant.

The fact that extrema are defined via Galois connections immediately sug-
gests a number of useful calculation properties. We mention just two. First, both
extremum operators are monotonic. That is,

f "̇ g ⇒ &f "&g ∧ *f "*g .

Second, instantiating a to &f in (24) we get the cancellation property:

∀〈b:: &f " f.b〉 .

In words, &f is a lower bound on (the range of ) f . Dually,

∀〈b:: f.b"*f〉 .

That is, *f is an upper bound (on the range of) f .

4.2 Extremum Preservation Properties

Suppose A and B are partially ordered sets and suppose f ∈A←B . An im-
portant consideration is whether f preserves infima (or suprema) of a certain
shape. If f preserves infima of shape C we say that f is C -inf-preserving. If f
preserves suprema of shape C we say that f is C -sup-preserving. The precise
formulation that we use in calculations is as follows.

Definition 29 Suppose A , B and C are partially ordered sets such that B
is C -complete. Then function f ∈A←B is C -inf-preserving if, for all functions
g∈B←C ,

∀〈a:: a" f.(&g) ≡ K.a "̇ f•g〉 . (30)
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Dually, suppose that B is C -cocomplete. Then function f ∈A←B is said to
be C -sup-preserving if, for all functions g∈B←C ,

∀〈a:: f.(*g)"a ≡ f•g "̇K.a〉 . (31)

If B is complete, we say that f is inf-preserving if it satisfies (30) for all C and
all g . Sup-preserving is defined dually.

✷

The definition of inf-preserving does not require that A be complete. If that
is the case, and we abuse notation by using & to denote the infimum operator
for both A and B , then f ∈A←B is inf-preserving if for all functions g with
range B

f.(&g) = &(f•g) . (32)

Although more complicated, we are obliged to use equation (30) if we want to
establish properties of inf-preservation, whereas the less complicated equation
(32) is the equation we will use when we want to establish properties of a func-
tion f that is known to be inf-preserving, and the posets concerned are known
to be complete.

A predicate is a function with range Bool , the two element set with ele-
ments true and false . Ordering Bool by implication (⇒ ) the infimum of a
(monotonic) predicate p is the universal quantification ∀p (that is ∀〈x::p.x〉 ).
Also that predicate p is C -inf-preserving means that p.(&g) ≡ ∀(p•g) for all
functions g with range the domain of p and domain C . Formally,

p∈Bool←B is C -inf-preserving
≡ { definition }

∀〈g: g∈B←C: ∀〈a: a∈Bool: a⇒ p.(&g) ≡ ∀〈x:: a⇒ p.(g.x)〉〉〉
≡ { simplification using true⇒ q ≡ q

and false⇒ q ≡ true }
∀〈g: g∈B←C: p.(&g)≡∀〈x:: p.(g.x)〉〉 .

That is, for predicate p with domain B ,

p is C-inf-preserving ≡ ∀〈g: g∈B←C: p.(&g) ≡ ∀〈x:: p.(g.x)〉〉 . (33)

The dual of (33) is:

p is C-sup-preserving ≡ ∀〈g: g∈B←C: p.(*g) ≡ ∀〈x:: p.(g.x)〉〉 . (34)

Just as for (co)completeness properties, various terminology exists for specific
instances of C . Taking C to be (Bool,⇒) , the booleans ordered by implication,
a C -(inf or sup)-preserving function, f , is a function that maps values x and y
such that x" y to values f.x and f.y such that f.x" f.y . Thus a function is
(Bool,⇒) -(inf and/or sup)-preserving if and only if it is monotonic.
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If C is the empty set then f is C -sup-preserving means that f maps the
least element of B to the least element of A . The terminology that is often
used in the computing science literature is “ f is strict”. Sometimes one says f
is bottom-strict, “bottom” being a common name in the computing science lit-
erature for the least element in a set. “Top-strict” then means preserving the
greatest element, i.e. empty set-inf-preserving.

If C is the set of natural numbers ordered by the usual at-most relation then
C -sup-preservation of a function is often called ω -continuity.

If C is a non-empty finite set then C -inf-preservation of f is equivalent to f
preserving binary infima (i.e. f.(x&y) = f.x& f.y ). This is sometimes referred
to as positive inf-preservation of f .

Several examples of finite preservation properties have already been dis-
cussed. All of these examples are instances of a fundamental extremum preser-
vation property of adjoint functions which we present in the next section.

4.3 Existence Theorem

In this section we derive a fundamental theorem on the existence of Galois con-
nections. To simplify matters we often make the assumption that we are dealing
with complete posets, particularly in the beginning of the discussion. The section
ends with a discussion of properties of adjoint functions when this assumption
is not valid.

Pair Algebra Theorem We are now in a position to answer the question
posed at the beginning of section 4, namely, given a relation R , when is there a
function F such that (x, y)∈R ≡ F.x" y . This is followed by several examples.

Theorem 35 (Pair Algebras) Suppose B is a set and (A,") is a complete
poset. Suppose R⊆B×A is a relation between the two sets. Then the following
two statements are equivalent.

– The function F defined by

F.x = &〈y: (x, y)∈R:y〉

satisfies, for all x∈B and all y∈A ,

(x, y)∈R ≡ F.x" y .

– For all x∈B , the predicate 〈y:: (x, y)∈R〉 is inf-preserving.

✷

A simple example of the pair-algebra theorem is provided by the membership
relation. For all sets S and all x (in a given universe of which S is a subset)
we have:

x∈S ≡ {x}⊆S .
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This statement has the form

(x, S)∈R ≡ F.x⊆S

where the relation R is the membership relation. We thus deduce that the
predicate ( x∈ ) is inf-preserving. That is, for all bags of sets S ,

x∈∩S ≡ ∀〈S:S∈S:x∈S〉 .

A common way to exploit the pair algebra theorem is to take a function or
relation and extend it to a relation between sets in such a way that the infimum
and supremum preserving properties are automatically satisfied. In fact this is
the basis of the so-called “Galois correspondence” between groups and fields put
forward by Évariste Galois in 1832. That example involves too much background
terminology to usefully include it here. A simpler example is the following.

Consider a relation R on two sets A and B . (Thus R⊆A×B .) These sets
need not be ordered. Define the relation R on subsets X and Y of A and B ,
respectively, by

(X,Y )∈R ≡ X×Y ⊆R .

Now, the functions 〈X ::X×Y 〉 and 〈Y ::X×Y 〉 preserve arbitrary unions of
sets, and hence so do the predicates 〈X :: X×Y ⊆R〉 and 〈Y :: X×Y ⊆R〉 .
Thus, by the pair-algebra theorem (taking care with the direction of the or-
derings) there are functions FR and GR such that for all subsets X and Y
of A and B , respectively,

FR.X ⊇ Y ≡ X×Y ⊆R ≡ X ⊆ GR.Y .

In words, FR.X is the largest set Y such that every element of X is related
by R to every element of Y . Similarly, GR.Y is the largest set X such that
every element of X is related by R to every element of Y . The functions FR

and GR are called polarities ; FR is the left polar and GR is the right polar of
relation R . This Galois connection is the basis of so-called concept lattices [3,10].
In this application area, the set A is a set of objects, and the set B is a set of
attributes (or “concepts”). For example, we may take A to be the set of planets
of the sun (Mars, Venus, Jupiter, etc.) and B to be attributes like “has a moon”
and “is nearer to the sun than the Earth”. The relation R is then “satisfies the
predicate”. We may then ask for all the planets that both have a moon and are
nearer to the sun than the Earth.

A more substantial example of the pair-algebra theorem, that stands out in
the computing science literature, is provided by conditional correctness asser-
tions of program statements.

Suppose S is a program statement and p and q are predicates on the
state space of S. Then, one writes {p}S{q} if after successful execution of
statement S beginning in a state satisfying the predicate p the resulting state
will satisfy predicate q. In such a case one says that statement S is conditionally
correct with respect to precondition p and postcondition q. (“Conditional”
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refers to the fact that satisfying predicate q is conditional on the termination
of statement S .)

In this way each program statement S defines a relation on state predicates.
This relation is such that, for all bags of predicates P ,

{∃〈p: p∈P :p〉}S{q} ≡ ∀〈p: p∈P : {p}S{q}〉 .

That is, for each state predicate q the predicate 〈p:: {p}S{q}〉 preserves suprema
in the poset of predicates ordered by implication (equivalently, preserves infima
in the poset of predicates ordered by follows-from). Thus, by the dual of the
pair-algebra theorem with implication as the ordering on predicates, for each
statement S and predicate q there is a predicate wlp(S, q) satisfying

{p}S{q} ≡ p⇒wlp(S, q) .

The abbreviation “wlp” stands for “weakest liberal precondition”.
Before leaving this example, let us note that it is also the case that, for all

bags of predicates Q ,

{p}S{∀〈q:q∈Q: q〉} ≡ ∀〈q: q∈Q: {p}S{q}〉 .

There is thus also a predicate slp(S, p) satisfying

{p}S{q} ≡ slp(S, p)⇒ q .

Combining this equation with the equation for the weakest liberal precondition,
we thus have the Galois connection: for all predicates p and q ,

slp(S, p)⇒ q ≡ p⇒wlp(S, q) .

The abbreviation “slp” stands for “strongest liberal postcondition”.

The Existence Theorem Now that we have seen several concrete examples,
let us state the fundamental theorem.

Theorem 36 (Fundamental Theorem) Suppose that B is a poset and A
is a complete poset. Then a monotonic function G∈B←A is an upper adjoint
in a Galois connection equivales G is inf-preserving.

Dually, a monotonic function F ∈A←B is a lower adjoint in a Galois con-
nection equivales F is sup-preserving.

✷

We mentioned a couple of instances of theorem 36 immediately prior to its
derivation. There are many other instances we could give. The predicate calculus
is a source of several. We saw earlier that for all predicates p the function ( p∧ )
is a lower adjoint. Specifically,

(p∧ q ⇒ r) ≡ (p⇒ (q⇒r)) .
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The supremum operator in the lattice of predicates ordered by implication is
existential quantification since

(∃〈x:: p.x〉⇒ q) ≡ ∀〈x:: p.x⇒ q〉 .

Instantiating theorem 36 we thus conclude that ( p∧ ) commutes with existential
quantification. That is,

p∧∃〈x:: q.x〉 ≡ ∃〈x:: p∧ q.x〉 .

The dual theorem is that ( p⇒ ) commutes with universal quantification:

(p⇒∀〈x:: q.x〉) ≡ ∀〈x:: p⇒ q.x〉 .

A more enlightening example is afforded by negation. Recall that

(¬p⇒ q) ≡ (p⇐¬q) .

Now, in order to instantiate the fundamental theorem we need to be very clear
about the partially ordered sets involved: instantiate A to the predicates ordered
by implication and C to the predicates ordered by follows-from. Observe that
the supremum operator in A is existential quantification, and in C is universal
quantification. Thus by application of the lemma:

¬∀〈x:: p.x〉 ≡ ∃〈x::¬(p.x)〉 .

This example illustrates why in general it is necessary to take great care with
the precise definitions of the orderings on the posets A and B when applying
theorem 36.

The above examples all illustrate the fact that, given a Galois connection,
we can infer that the lower adjoint preserves suprema (and the upper adjoint
preserves infima). The converse property is most often used to ascertain that a
function is a lower adjoint (or is an upper adjoint) without it being necessary to
know what the corresponding upper adjoint of the function is. Indeed it is often
the case that the upper adjoint has a clumsy definition that one wishes to avoid
using explicitly at all costs.

Exercise 37 Consider an arbitrary set U . For each x in U the predicate
( x∈ ) maps a subset P of U to the boolean value true if x is an element
of P and otherwise to false . The predicate ( x∈ ) preserves set union and set
intersection. That is, for all bags S of subsets of U ,

x∈∪S ≡ ∃〈P :P∈S:x∈P 〉
and

x∈∩S ≡ ∀〈P :P∈S:x∈P 〉 .

According to the fundamental theorem and its dual, the predicate ( x∈ ) thus
has a lower and an upper adjoint. Construct a closed formula for the upper and
lower adjoints of ( x∈ ).
✷
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Exercise 38 Consider the predicate ( 0=φ ) (where φ denotes the empty
set) on subsets of a given set U . Construct a Galois connection in which the
predicate is the lower adjoint.

✷

5 Fixed Points

5.1 Prefix Points

We begin our study of fixed points by introducing the notion of a “prefix” point.
As an instance of where the notion commonly occurs, consider the following
example from language theory. The set L={n: 0≤n: anbcn} over the alphabet
{a,b,c} is sometimes specified in the following way.

– The word b is in the set L .
– If w is in the set L then so is the word awc .
– Nothing else is in the set L .

Expressing the first two clauses in terms of set inclusion we see that L is required
to satisfy the equation:

X :: {b}⊆X ∧ {a}·X ·{c}⊆X ,

which is equivalent to the equation:

X :: {b}∪{a}·X ·{c} ⊆ X .

Now consider the function f mapping sets of words to sets of words defined by:

f.X = {b}∪{a}·X ·{c} .

Then the requirement is that L be a so-called “prefix point” of f , i.e. L should
satisfy the equation:

X :: f.X⊆X .

What about the third clause: “Nothing else is in the set L ”? Note that this
clause is necessary to specify L since, for example, the set of all words over the
alphabet {a,b,c} is a prefix point of the function f . One way to understand this
clause is as the requirement that L be the least prefix point of the function f .
Thus the complete specification of L is the equation

X :: f.X⊆X ∧ ∀〈Y : f.Y ⊆Y : X⊆Y 〉 .

Here, the first conjunct is the requirement that X be a prefix point of f , and
the second conjunct that f be at most all prefix points Y of f .

In this section we define the notions of least prefix point and least fixed point
in a general setting, and we establish the most basic properties of these notions.
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You are recommended to instantiate the properties we establish on the example
just discussed as you read in order to confirm your understanding.

Suppose A=(A,") is a partially ordered set and suppose f is a monotonic
endofunction on A . Then a prefix point of f is an element x of the carrier
set A such that f.x"x . A least prefix point of f is a solution of the equation

x:: f.x"x ∧ ∀〈y: f.y" y: x" y〉 .

A least prefix point of f is thus a prefix point of f that is smaller than all
other prefix points of f. A least fixed point of f is a solution of the equation

x:: f.x=x ∧ ∀〈y: f.y=y: x" y〉 . (39)

Rather than study fixed points of f we are going to study prefix points of f
since the latter are mathematically more manageable than the former.

Exercise 40 Relations are often defined by just saying which pairs are in the
relation. Implicitly the relation in question is defined to be the least solution of
a certain equation. (Recall that relations are sets of pairs and thus ordered by
set inclusion.)

An example is the following definition of the “at-most” relation on natural
numbers (denoted as usual by the infix operator ≤ ). The “at-most” relation is
the least relation satisfying, first, that for all natural numbers n ,

0≤n

and, second, for all natural numbers m and n ,

m+1≤n+1 ⇐ m≤n .

This defines the “at-most” relation as a least prefix point of a function from
relations to relations. What is this function?

✷

It is easy to see that a least prefix point of f is unique. Let x and x′ be
least prefix points of f . Then,

x=x′

≡ { anti-symmetry }
x"x′ ∧x′"x

⇐ { ∀〈y: f.y" y: x" y〉 with the instantiation y := x′

∀〈y: f.y" y: x′" y〉 with the instantiation y := x }
f.x′"x′ ∧ f.x"x

≡ { x and x′ are prefix points of f }
true .
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A similar argument establishes that a least fixed point of f is unique.
Nothing is lost by studying least prefix points rather than least fixed points

since, by the following calculation, a least prefix point of a monotonic function f
is a fixed point of f .

x= f.x

≡ { • f.x"x }
x" f.x

⇐ { • ∀〈y: f.y" y: x" y〉 , y := f.x }
f.(f.x)" f.x

⇐ { f is monotonic }
f.x"x

≡ { • f.x"x }
true .

Since all fixed points are also prefix points it follows that a least prefix point
of f is also a least fixed point of f.

Dual to the notion of least prefix point we can define the notion of “greatest
postfix point”: a greatest postfix point of endofunction f ∈ (A, ")← (A, ") is
a least prefix point of the function f ∈ (A, ))← (A, )) . Spelling this out in
detail, a postfix point of f is an element x of the carrier set A such that
x" f.x and a greatest postfix point of f is a solution of the equation

x:: x" f.x ∧ ∀〈y: y" f.y: y"x〉 . (41)

A greatest fixed point of f is a solution of the equation

x:: f.x=x ∧ ∀〈y: f.y= y: y"x〉 .

Since a least prefix point is a least fixed point, we immediately have the dual
result that a greatest postfix point is also a greatest fixed point. A simple but
important corollary is that function f has a unique fixed point if and only if
the least prefix point of f equals the greatest postfix point of f .

Let us summarise what has been learnt in this section. Introducing the nota-
tion µf for a solution of the equation (39) and νf for a solution of the equation
(41) we have:

Theorem 42 (Least Prefix Point) Suppose (A,") is an ordered set and
the function f of type (A,")← (A,") is monotonic. Then f has at most one
least prefix point, µf , characterised by the two properties:

f.µf " µf (43)

and, for all x∈A ,
µf "x ⇐ f.x"x . (44)
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Moreover, the least prefix point of f is a fixed point of f :

f.µf = µf . (45)

✷

Note that least fixed points are characterised by the combination of (43) and
(44) or (45) and (44). Because (43) is weaker than (45) it is usual to use the
former characterisation when it is required to establish that a particular value is
a least prefix point, and the latter characterisation when it is required to exploit
the fact that a particular value is a least prefix point.

Theorem 46 (Greatest Postfix Point) Suppose (A,") is an ordered set.
Suppose, also, that the function f of type (A,")← (A,") is monotonic. Then f
has at most one greatest postfix point, νf , characterised by the two properties:

νf " f.νf (47)

and, for all x∈A ,
x" νf ⇐ x" f.x . (48)

Moreover, the greatest postfix point of f is a fixed point of f :

f.νf = νf . (49)

✷

Use of the rules (44) or (48) corresponds to using induction. We therefore refer
to their use in calculations as fixed point induction. (Strictly we should say least
fixed point induction or greatest fixed point induction but it will invariably be
clear which of the two rules is meant.) Rules (45) and (49) are called computation
rules because they are often used in programs as left-right rewrite rules, repeated
application of which is used to compute a fixed point.

Both induction rules can of course be written as an implication rather than
a follows-from. For example, (44) can be written as

f.x"x ⇒ µf "x .

This is the way many would write the rule. We deviate from this practice because
in almost all our calculations we will apply the rule from left to right in the form
given in (44). This is independent of whether our goal is to verify a statement of
the form µf "x or, given x , to construct an f satisfying µf "x , or, given f ,
to construct an x satisfying µf "x . The benefit of proceeding in this way is
the replacement of complification steps by simplification steps.

Exercise 50 Show that µf " νf .

✷
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5.2 A First Example

In this section we present a simple example of the Least Prefix Point theorem
(theorem 42). The example illustrates why (44) really is an induction rule. It also
illustrates the use of the computation rule (45) in a simple example of algorithm
design.

Let L be the least solution of the equation

X :: {a}∪{b}·X ·X ⊆ X .

This corresponds to a grammar having two productions X ::= a and X ::=
bXX . We first use (44) to prove that, for all words w in L , the number

of a ’s in w is one more than the number of b ’s in w .
Let M be the set of all words w such that the number of a ’s in w is one

more than the number of b ’s in w . Let #aw denote the number of a ’s in w ,
and #bw denote the number of b ’s in w . We have to show that L⊆M . We
use fixed point induction:

L⊆M

⇐ { by definition L=µf where f = 〈X :: {a}∪{b}·X ·X〉 ,
induction: (44) }

{a}∪{b}·M ·M ⊆ M

≡ { set theory, definition of concatenation }
a∈M ∧ ∀〈x, y: x∈M ∧ y∈M : bxy∈M〉

≡ { definition of M }
#aa = #ba+1

∧ ∀ 〈 x, y

: #ax = #bx+1 ∧ #ay = #by+1

: #a(bxy) = #b(bxy)+1

〉
≡ { definition of #a and #b }

true

∧ ∀ 〈 x, y

: #ax = #bx+1 ∧ #ay = #by+1

: #ax+#ay = 1+#bx+#by+1

〉
≡ { arithmetic }

true .
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Note that this proof is not a proof by induction on the length of words in L .
Introducing the length of words in L into the proof is spurious and only obscures
the properties that are truly vital to the proof.

Now let us illustrate the use of the computation rule. The problem we consider
is how to write a simple loop that determines whether a given word W is in the
language L . At the same time we illustrate one of the most basic elements of
the mathematics of program construction, namely the use of loop invariants.

For the purposes of the discussion we need two functions on words, fst
and rest . The fst function returns the first symbol of a word of length at
least one, and the rest function returns the remainder of the word. For exam-
ple, fst.(aba)= a and rest.(aba)= ba . We also use ε to denote the empty word
(the word of length zero).

The problem is to determine the truth or falsity of W∈L . As L is a fixed
point of its defining equation, we can expand this requirement as follows:

W ∈L

≡ { by (45), L = {a}∪{b}·L·L }
W ∈ {a}∪{b}·L·L

≡ { set calculus }
W =a ∨ (fst.W = b ∧ rest.W ∈ L·L) .

The two tests W =a and fst.W = b can, of course, easily be implemented. This
then leaves us with the task of implementing the test rest.W ∈ L·L . Were we
to repeat the same small calculation beginning with the latter then we would
end up with the task of implementing the test rest.(rest.W ) ∈ L·L·L . This
clearly suggests a generalisation of the original problem, namely, given natural
number n and word w determine the truth or falsity of the statement w∈Ln

where, by definition, L0={ε} and Ln+1=L·Ln .
With this generalised problem we begin our calculation again. First, by def-

inition of L0 ,
w∈L0 ≡ w= ε . (51)

Second,

w∈Ln+1

≡ { Ln+1=L·Ln and, by (45), L = {a}∪{b}·L·L }
w ∈ ({a}∪{b}·L·L)·Ln

≡ { concatenation distributes through union,

concatenation is associative }
w ∈ {a}·Ln ∪ {b}·L·L·Ln

≡ { set calculus }
(fst.w=a ∧ rest.w ∈ Ln) ∨ (fst.w= b ∧ rest.w ∈ Ln+2) .
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This calculation provides enough information to construct the required loop.
The loop uses two variables, a word w and a natural number k , satisfying the
loop invariant

W ∈L ≡ w∈Lk .

This invariant is established by the assignment:

w ,k := W ,1 .

Also, by the above calculation, it is maintained when k=n+1 for some num-
ber n by the assignment

if fst.w=a → w ,k := rest.w , k−1
✷ fst.w= b → w , k := rest.w , k+1

fi .

(Here we make the implicit assumption that the given word W is a string of a ’s
and b ’s and contains no other characters, thus avoiding stipulating the semantics
of the statement when neither of the two tests evaluates to true .) This statement
also makes progress by reducing the length of w by 1 at each iteration. Finally,
if we impose the termination condition w= ε ∨ k=0 , then the conjunction of
the termination condition and the invariant

(w= ε ∨ k=0)∧ (W ∈L ≡ w∈Lk)

implies, using (51) and the calculation immediately following it, that

W∈L ≡ w= ε ∧ k=0 .

This then is the complete program:

w , k := W ,1

{ Invariant: W ∈L ≡ w∈Lk .

Bound function: length of w }
; do ¬(w= ε ∨ k=0) → if fst.w=a → w , k := rest.w , k−1

✷ fst.w= b → w , k := rest.w , k+1

fi

od

{ (w= ε ∨ k=0)∧ (W ∈L ≡ w∈Lk) }
{ W ∈L ≡ w= ε ∧ k=0 }
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5.3 Kleene Algebra

The purpose of this section is to provide some practice in the use of the char-
acterising properties of least fixed points, in particular the induction rule. For
this purpose we consider an algebraic structure called a “Kleene algebra” by
Kozen [15].

A Kleene algebra has two constants 0 and 1 , two binary operators + and ·
, and a unary operator ∗ . These operators satisfy a number of axioms which we
shall give shortly. The name “Kleene algebra” is a tribute to S. C. Kleene [14] who
postulated an algebraic structure as a basis for studying the behaviour of finite
state machines. He called it the “algebra of regular events”, which nowadays is
most commonly abbreviated to “regular algebra”.

Regular algebra is central to the mathematics of program construction be-
cause the three operators capture the essential properties of the three main
ingredients of programming languages, choice ( + ), sequencing ( · ) and itera-
tion ( ∗ ). The axioms of a Kleene algebra are not sufficient to capture all the
properties of choice, sequencing and iteration in programming languages and
we shall need to add to the axioms later on. Any Kleene algebra is thus also a
regular algebra but it is not necessarily the case that any regular algebra is a
Kleene algebra. See sections 6.3 and 6.4 for further discussion.

The Axioms It is convenient to discuss the axioms of a Kleene algebra in two
stages, first the axiomatisation of the + and · operators, and then the axioma-
tisation of the ∗ operator. In presenting the axioms we use variables a , b , x , y
and z to range over the carrier set of the algebra. These variables are universally
quantified in the usual way.

The notation “ + ” and “ · ” is chosen to suggest a connection with addition
and multiplication in ordinary arithmetic. Indeed, the + operator of a Kleene
algebra is required to be associative and symmetric and to have 0 as unit ele-
ment:

(x+y)+z = x+(y+z) ,
x+y = y+x ,

and x+0 = x = 0+x .

Also, just as in arithmetic, multiplication is required to be associative, to dis-
tribute over addition, and to have 1 as unit and 0 as zero element:

x·(y·z) = (x·y)·z ,
x · (y+z) = (x·y)+ (x·z) ,
(y+z) ·x = (y·x)+ (z·x) ,
x·0 = 0 = 0·x ,

and 1·x = x = x·1 .

Use of these rules in calculations will be referred to simply as “arithmetic”.
The addition and multiplication operators of a Kleene algebra deviate from

the operators of normal arithmetic in two respects. First, multiplication is not
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assumed to be commutative. Second, addition is assumed to be idempotent.
That is,

x+x = x

for all x . (Equivalently, 1+1 = 1 .)
Because addition is idempotent, associative and symmetric, the relation ≤

defined by
x≤ y ≡ x+y = y

is reflexive, transitive and anti-symmetric. In short, it is a partial ordering rela-
tion. Moreover, because 0 is the unit of addition, it is the least element in the
ordering:

0≤x

for all x . Finally, addition and multiplication are both monotonic with respect
to the ≤ ordering.

Exercise 52 Verify all the claims made in the last paragraph. Prove also that
+ is the binary supremum operator. That is,

x+y≤ z ≡ x≤ z∧ y≤ z .

✷

The ∗ operator will be the focus of our attention. The axioms for ∗ require
that a∗ · b be the least prefix point of the (monotonic) function mapping x to
b+a·x and that b ·a∗ be the least prefix point of the (monotonic) function map-
ping x to b+x·a . Formally, a∗ · b is a prefix point of the function mapping x
to b+a·x :

b+a·(a∗·b) ≤ a∗·b , (53)

and is the least among all such prefix points:

a∗·b ≤ x ⇐ b+a·x ≤ x . (54)

That is,
a∗·b = µ〈x:: b+a·x〉 . (55)

Similarly, b ·a∗ is a prefix point of the function mapping x to b+x·a :

b+(b·a∗)·a ≤ b·a∗ , (56)

and is the least among all such prefix points:

b·a∗ ≤ x ⇐ b+x·a ≤ x . (57)

That is,
b·a∗ = µ〈x:: b+x·a〉 . (58)

The axioms (53) and (56) are thus instances of (43) and the axioms (54) and
(57) are instances of (44), the two properties characterising least prefix points.
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An immediate corollary is that a∗·b and b·a∗ are fixed points of the relevant
functions:

b+a·(a∗·b) = a∗·b , (59)

b+(b·a∗)·a = b·a∗ . (60)

This concludes the axiomatisation of a Kleene algebra. There are several
interpretations of the operators in a Kleene algebra that fulfill the axioms. Ta-
ble 5.3 summarises a few. The first interpretation in the table, in which the carrier
consists of sets of words over a given, fixed alphabet, is the original application
of Kleene algebra. Here the addition operation is set union, the multiplication
operation is concatenation of sets of words, 0 is the empty set, 1 is the set
whose sole element is the empty word, and a∗ is the set of words formed by
concatenating together an arbitrary number of words in the set a .

The second interpretation is the one we will return to most often in these
lecture notes. In this interpretation the carrier set of the algebra is the set of
binary relations over some state space, the addition operator is set union, multi-
plication is the composition operator on relations, 0 is the empty relation, 1 is
the identity relation, and the iteration operator is the reflexive, transitive closure
operator on relations.

The remaining three interpretations all concern path-finding problems; in
each case the iteration operator ( ∗ ) is uninteresting. These interpretations only
become interesting when one considers graphs with edge labels drawn from these
primitive Kleene algebras, the crucial theorem being that it is possible to define
a Kleene algebra of graphs given that the edge labels are elements of a Kleene
algebra [1,15].

Table 1. Kleene algebras

carrier + · 0 1 a∗ ≤

Languages sets of ∪ · φ {ε} a∗ ⊆
words

Programming binary ∪ ◦ φ id a∗ ⊆
relations

Reachability booleans ∨ ∧ false true true ⇒
Shortest paths nonnegative max + ∞ 0 0 ≥

reals

Bottlenecks nonnegative max min 0 ∞ ∞ ≤
reals
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Reflexive, Transitive Closure It is common to call a∗ the reflexive, transitive
closure of a . This is because a∗ is reflexive, in the sense that

1≤a∗ ,

transitive, in the sense that
a∗ = a∗·a∗ ,

and ∗ is a closure operator, i.e.

a≤ b∗ ≡ a∗≤ b∗ .

In this section we shall verify, from the axioms given above, that a∗ does in-
deed have these and other related properties. The main tool will be fixed point
induction, i.e. axioms (54) and (57).

The reflexivity of a∗ is immediate from (59) or (60). Instantiating b to 1
in both these rules and using 1·x=x=x·1 we get

1 + a ·a∗ = a∗ = 1 + a∗ ·a .

Thus, since + is the binary supremum operator, 1≤a∗ . It then follows that
a≤a∗ since

a∗ = 1 + a·a∗ = 1+a·(1+a·a∗) = 1+a·1+a·(a·a∗) = 1 + a + a·a·a∗ .

Now for the transitivity of a∗ we use a ping-pong argument:

a∗ = a∗·a∗
≡ { antisymmetry }

a∗ ≤ a∗·a∗ ∧ a∗·a∗ ≤ a∗ .

The first inequality does not involve induction:

a∗ ≤ a∗·a∗
⇐ { transitivity }

a∗ ≤ 1·a∗ ≤ a∗·a∗
≡ { arithmetic for the first inequality;

1≤a∗ and product is monotonic for the second }
true .

The second inequality is where we need to use induction:

a∗·a∗ ≤ a∗

⇐ { (54) with a,b,x := a , a∗ , a∗ }
a∗ + a·a∗ ≤ a∗
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≡ { + is the binary supremum operator }
a∗≤a∗ ∧ a·a∗ ≤ a∗

≡ { reflexivity of ≤ ; a∗ = 1 + a·a∗ }
true .

Thus we have established that a∗ = a∗·a∗ .
We establish that ∗ is a closure operator by the following ping-pong argu-

ment.

a∗≤ b∗

⇐ { (54) with a,b,x := a , a , b∗ }
1 + a·b∗ ≤ b∗

≡ { + is the binary supremum operator }
1≤ b∗ ∧ a·b∗ ≤ b∗

⇐ { b∗ = 1 + b·b∗ , b∗ = b∗·b∗ , · is monotonic }
a≤ b∗

⇐ { a≤ a∗ }
a∗≤ b∗ .

Exercise 61 Prove the following properties :

(a) a · b∗ ≤ c∗ ·a ⇐ a·b≤ c·a
(b) c∗ ·a ≤ a · b∗ ⇐ c·a≤a·b
(c) a · (b·a)∗ = (a·b)∗ ·a
(d) (a+b)∗ = b∗ · (a · b∗)∗ = (b∗ ·a)∗ · b∗
(e) (a∗)∗=a∗

Properties (a) and (b) are called leapfrog rules (because a “leapfrogs” from
one side of a star term to the other). Both have the immediate corollary that
∗ is monotonic (by taking a to be 1 ). Properties (c) and (d) are called the
mirror rule and star decomposition rule, respectively. Property (e) states that ∗

is idempotent.

✷

Exercise 62 The goal of this exercise is to show that a∗ is the least reflexive
and transitive element of the algebra that is at least a .

Let a+ denote a ·a∗ . We call a+ the transitive closure of a . Prove the
following properties of a+ .

(a) a≤a+

(b) a+ = a ·a∗ = a∗ ·a
(c) a+ ·a+ ≤ a+

(d) a+≤x ⇐ a+x·x ≤ x
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Note that the combination of (a), (c) and (d) expresses the fact that a+ is the
least prefix point, and hence the least fixed point, of the function 〈x:: a+x·x〉 .
That is, a+ is the least transitive element that is at least a .

(e) Show that a∗ is the least fixed point of the function 〈x:: 1+a+x·x〉 .

✷

6 Fixed Point Calculus

The least fixed point of a monotonic function is, as we have seen in theorem 42,
characterised by two properties. It is a fixed point, and it is least among all
prefix points of the functions. This gives us two calculational rules for reasoning
about the least fixed point µf of monotonic function f : the computation rule

µf = f.µf

and the induction rule: for all x ,

µf "x ⇐ f.x"x .

In principle these are the only rules one needs to know about least fixed points.
Every calculation can be reduced to one involving just these two rules (together
with the rules pertaining to the specific problem in hand). This indeed is com-
monly what happens. Many postulates are verified by induction. But this is often
not the most effective way of reasoning about fixed points.

The problem is that this basic characterisation of least fixed points typically
invites proof by mutual inclusion. That is, given two expressions, E and F ,
involving fixed points (or prefix points) the obvious strategy to determine con-
ditions under which they are equal is to determine conditions under which the
two inclusions E"F and F "E hold. This can lead to long and clumsy calcu-
lations. To avoid this we state a number of equational properties of least fixed
points. Their proofs, which are mostly straightforward, are left as exercises. We
conclude the section with the mutual recursion theorem, which expresses the
solution of mutually recursive fixed point equations in terms of the successive
solution of individual equations. The proof, which we do include, is a fine illus-
tration of the earlier properties.

Unless otherwise stated, we assume throughout this section that f and g are
monotonic endofunctions on the complete lattice A=(A, ") . (The assumption
of completeness can be avoided but is convenient and practical.) The set of such
functions also forms a complete lattice under the pointwise ordering "̇ defined
by

f "̇ g ≡ ∀〈x:: f.x" g.x〉 .

The set of prefix points of f is denoted by Pre.f and its set of postfix points
is denoted by Post.f . The set Pre.f is also a complete lattice, as is Post.f .
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6.1 Basic Rules

The most basic fixed point rule is that the least-fixed-point operator is mono-
tonic:

µf "µg ⇐ f "̇ g . (63)

The second rule is called the rolling rule:

g.µ(f•g) = µ(g•f) (64)

(where f ∈ (A, ")← (B , �) and g∈ (B , �)← (A, ") for some posets (A, ")
and (B , �) ). Note that the rolling rule subsumes the rule that a least prefix
point is also a fixed point. Just instantiate f to the identity function. The proof
we gave of this fact in the previous section can be adapted to give a proof of the
rolling rule.

An immediate corollary of the rolling role is that, for a monotonic endofunc-
tion f , µ(f2) = f.µ(f2) where f2 denotes f•f . This suggests that µ(f2) and
µf are equal. This is indeed the case, and is called the square rule:

µf = µ(f2) . (65)

Consider now a monotonic, binary function ⊕ on the poset A . Then, for
each x , the function ( x⊕ ) (which maps y to x⊕y ) is monotonic and so has
a least fixed point µ(x⊕) . Abstracting from x , the function 〈x::µ(x⊕)〉 is a
monotonic endofunction on A and its least fixed point is µ〈x:: µ〈y:: x⊕y〉〉 .
The diagonal rule removes the nesting in this expression:

µ〈x::x⊕x〉 = µ〈x:: µ〈y:: x⊕y〉〉 . (66)

The diagonal rule is a very important rule because it is the basis of methods
for finding fixed points step by step. Suppose one wants to solve a fixed point
equation x:: x=x⊕x where “ x⊕x ” is a large expression involving several oc-
currences of the identifier x . The diagonal rule allows one to eliminate the x ’s
one-by-one. This is what happens when one solves a number of equations defin-
ing a set of values by mutual recursion (sometimes called a set of “simultaneous
equations”). Such a set of equations can be viewed as one equation of the form
x= f.x where x is a vector of values. Each occurrence of an element xi in
the set of equations is in fact an occurrence of Πi.x , where Πi denotes the
function that “projects” the vector x onto its i th component. It is thus an oc-
currence of “ x ” itself and the standard practice is to eliminate such occurrences
individually. Mutual recursion is discussed further in section 6.5.

Exercise 67 For arbitrary elements a and b of a Kleene algebra , prove
the following properties. Use only equational reasoning. (That is, do not prove
any of the properties by mutual inclusion.) (Hint: Take advantage of exercises 61
and 62.)
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(a) µ〈X :: a·X∗〉 = a+ ,
(b) µ〈X :: (a+X)∗〉 = µ〈X :: (a·X)∗〉 = µ〈X :: a+X∗〉 = a∗ ,
(c) µ〈X :: a+X ·b·X〉 = a·(b·a)∗ ,
(d) µ〈X :: 1+a·X ·b·X+ b·X ·a·X〉 = µ〈X :: 1+a·X ·b+ b·X ·a+X ·X〉 .

✷

Exercise 68 Verify each of the rules given in this subsection.

✷

6.2 Fusion

This section is about perhaps the most important fixed point rule of all, the
fusion rule. In words, the fusion rule provides a condition under which the ap-
plication of a function to a least fixed point can be expressed as a least fixed
point. The rule is important because many computational problems are initially
specified as such a function application, but are solved by computing the (least
or greatest) solution to an appropriate fixed point equation.

Several examples arise as path-finding problems. Given a graph with
“weighted” edges (formally, a function from the edges to the real numbers),
the length of a path is defined to be the sum of the edge weights, and the width
of a path is defined to be the minimum of the edge weights. The shortest dis-
tance between two nodes is the minimum, over all paths between the nodes, of
the length of the path whilst the largest gap between two nodes is the maxi-
mum, over all paths between the nodes, of the width of the path. Thus both the
shortest distance and the largest gap are defined as functions applied to the set
of all paths between two given nodes; in the case of shortest distance, the func-
tion is “minimize the length”, and, in the case of the largest gap, the function
“maximize the width”. However, both these problems are typically solved not by
first enumerating all paths (an impossible task in the general case because there
are infinitely many of them) but by solving directly recursive equations defining
the shortest distance and largest gap functions. The formal justification for this
process relies on the fusion theorem below.

The most powerful of the two rules characterising least prefix points is the
induction rule. Its power is, however, somewhat limited because it only allows
one to calculate with orderings in which the µ operator is the principal operator
on the lower side of the ordering (i.e. orderings of the form µf " · · · ). Formally
the fusion rule overcomes this restriction on the induction rule by combining the
calculation properties of Galois connections with those of fixed points.

Theorem 69 ( µ -fusion) Suppose f ∈A←B is the lower adjoint in a Ga-
lois connection between the posets (A, ") and (B , �) . Suppose also that
g∈ (B , �)← (B , �) and h∈ (A, ")← (A, ") are monotonic functions. Then
(a) f.µg " µh ⇐ f•g "̇h•f ,
(b) f.µg = µh ⇐ f•g=h•f .
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Indeed, if the condition
f•g=h•f

holds, f is the lower adjoint in a Galois connection between the posets (Pre.h,
") and (Pre.g , �) .
✷

We call this theorem µ -“fusion” because it states when application of func-
tion, f , can be “fused” with a fixed point, µg , to form a fixed point, µh . (The
rule is also used, of course, to “defuse” a fixed point into the application of a
function to another fixed point.) Another reason for giving the rule this name
is because it is the basis of so-called “loop fusion” techniques in programming:
the combination of two loops, one executed after the other, into a single loop.
The rule is also called the transfer lemma because it states when function f
“transfers” the computation of one fixed point ( µg ) into the computation of
another fixed point ( µh ).

Exercise 70 Prove the fusion rule. (Hint: first show that the function k∈B
←A maps prefix points of h into prefix points of g if g•k "̇k•h . Use this
to show that f is the lower adjoint in a Galois connection between the posets
(Pre.h , ") and (Pre.g , �) .)
✷

Note that in order to apply µ -fusion we do not need to know the upper
adjoint of function f , we only need to know that it exists. The fundamental
theorem of Galois connections is the most commonly used tool to establish the
existence of an upper adjoint.

As an aid to memorising the µ -fusion theorems note that the order of f , g,
" or =, and h is the same in the consequent and the antecedent, be it that in the
antecedent the lower adjoint occurs twice, in different argument positions of • .

The conclusion of µ -fusion — µh = f.µg— involves two premises, that f be
a lower adjoint, and that f•g=h•f . The rule is nevertheless very versatile since
being a lower adjoint is far from being uncommon, and many algebraic properties
take the form f•g=h•f for some functions f , g and h . The next lemma also
combines fixed points with Galois connections. We call it the exchange rule
because it is used to exchange one lower adjoint for another. Its proof is left as
an exercise. (Hint: for part (a) use induction followed by the rolling rule.)

Lemma 71 (Exchange Rule) Suppose f has type (A, ")← (B , �) , and g
and h both have type (B , �)← (A, ") . Then, if g is a lower adjoint in a Galois
connection,

(a) µ(g•f)"µ(h•f) ∧ µ(f•g)"µ(f•h) ⇐ g•f•h "̇h•f•g .

Furthermore, if both g and h are lower adjoints, then

(b) µ(g•f)=µ(h•f) ∧ µ(f•g)=µ(f•h) ⇐ g•f•h=h•f•g .

✷
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The two conclusions of (b), µ(g•f)=µ(h•f) and µ(f•g)=µ(f•h) , say that g
and h can be exchanged within a µ term in which they are composed after or
before an arbitrary function f .

Exercise 72 Prove the exchange rule.
The two conjuncts in the consequent of 71(b) can be combined into one

equation. The resulting lemma states when lower adjoint g can be replaced by
lower adjoint h in an arbitrary context. The lemma has four variables rather
than three. Find the lemma and prove its validity.

✷

Applications We mentioned path-finding problems earlier as an example of
the use of fusion. Space does not allow us to expand this in detail. Instead, this
section illustrates the use of the rule by some examples involving languages.

Shortest Word As explained earlier, a context-free grammar defines a function
from languages to languages. The language defined by the grammar is the least
fixed point of this function. There is a number of computations that we may
wish to perform on the grammar. These include testing whether the language
generated is nonempty or not, and determining the length of a shortest word
in the grammar. Let us consider the latter problem. (In fact, the problem is
intimately related to the shortest path problem on graphs.) For concreteness we
will demonstrate how to solve the problem using the grammar with productions

S ::= aS | SS | ε .

The language defined by the grammar is thus

µ〈X :: {a}·X ∪X ·X ∪{ε}〉

(Of course the problem is very easily solved for a specific example as simple as
this one. Try to imagine however that we are dealing with a grammar with a
large number of nonterminals and a large number of productions.)

Given a language L defined in this way, the general problem is to find #L
where the function # is defined by extending the length function on words to a
shortest length function on languages. Specifically, letting length.w denote the
length of word w (the number of symbols in the word),

#L = ⇓〈w:w∈L: length.w〉

(where ⇓ denotes the minimum operator — the minimum over an empty set is
defined to be infinity). Now, because # is the infimum of the length function
it is the lower adjoint in a Galois connection. Indeed,

#L≥k ≡ L⊆Σ≥ k
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where Σ≥ k is the set of all words (in the alphabet Σ ) whose length is at
least k . Noting the direction of the ordering on the left-hand side of this Galois
connection, we get that

#(µ⊆f) = µ≥g ⇐ # • f = g •# .

Applying this to our example grammar, we fill in f and calculate g :

# • 〈X :: {a}·X ∪X ·X ∪{ε}〉 = g •#

≡ { definition of composition }
∀〈X :: #({a}·X ∪X ·X ∪{ε}) = g.(#X)〉

≡ { # is a lower adjoint and so distributes over ∪ ,

definition of # }
∀〈X :: #({a}·X)↓#(X ·X)↓#{ε} = g.(#X)〉

≡ { #(Y ·Z) = #Y +#Z , #{a}=1 , #{ε}=0 }
(1+#X)↓(#X+#X)↓0 = g.(#X)

⇐ { instantiation }
∀〈k:: (1+k)↓(k+k)↓0 = g.k〉 .

In this way we have determined that, for the language L defined by the above
grammar,

#L = µ≥〈k:: (1+k)↓(k+k)↓0〉 .

That is, the length of a shortest word in the language defined by the grammar
with productions

S ::= aS | SS | ε

is the greatest value k satisfying

k = (1+k) ↓ (k+k) ↓ 0 .

Note how the structure of the equation for k closely follows the structure of the
original grammar — the alternate operator has been replaced by minimum, and
concatenation of languages has been replaced by addition. What the example
illustrates is that the length of the shortest word in the language generated by
a context-free grammar can always be computed by determining the greatest
fixed point (in the usual ≤ ordering on numbers — that is, the least fixed
point if numbers are ordered by ≥ ) of an equation (or system of simultaneuous
equations) obtained by replacing all occurrences of alternation in the grammar
by minimum and all occurrences of concatenation by addition. Moreover, the
key to the proof of this theorem is the fusion rule.
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Membership of a language To illustrate the use of fusion yet further we consider
two examples. The first is an example of how the fusion theorem is applied; the
second illustrates how the fusion theorem need not be directly applicable. We
discuss briefly how the second example is generalised in such a way that the
fusion theorem does become applicable.

Both examples are concerned with membership of a set. So, let us consider
an arbitrary set U . For each x in U the predicate ( x∈ ) maps a subset P of U
to the boolean value true if x is an element of P and otherwise to false . The
predicate ( x∈ ) preserves set union. That is, for all bags S of subsets of U ,

x∈∪S ≡ ∃〈P :P∈S:x∈P 〉 .

According to the fundamental theorem, the predicate ( x∈ ) thus has an upper
adjoint. Indeed, we have, for all booleans b ,

x∈S⇒ b ≡ S ⊆ if b→U ✷ ¬b → U\{x} fi .

Now suppose f is a monotonic function on sets. Let µf denote its least fixed
point. The fact that ( x∈ ) is a lower adjoint means that we may be able to apply
the fusion theorem to reduce a test for membership in µf to solving a recursive
equation. Specifically

(x∈µf ≡ µg) ⇐ ∀〈S:: x ∈ f.S ≡ g.(x∈S)〉 .

That is, the recursive equation with underlying endofunction f is replaced by
the equation with underlying endofunction g (mapping booleans to booleans)
if we can establish the property

∀〈S:: x ∈ f.S ≡ g.(x∈S)〉 .

An example of where this is always possible is testing whether the empty word
is in the language defined by a context-free grammar. For concreteness, consider
again the grammar with just one nonterminal S and productions

S ::= aS | SS | ε

Then the function f maps set X to

{a}·X ∪ X ·X ∪ {ε} .

We compute the function g as follows:

ε ∈ f.S

= { definition of f }
ε ∈ ({a}·S ∪ S·S ∪ {ε})

= { membership distributes through set union }
ε ∈ {a}·S ∨ ε ∈ S·S ∨ ε∈{ε}
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= { ε ∈ X ·Y ≡ ε∈X ∧ ε∈Y }
(ε∈{a} ∧ ε∈S) ∨ (ε∈S ∧ ε∈S) ∨ ε∈{ε}

= { • g.b = (ε∈{a} ∧ b) ∨ (b∧ b) ∨ ε∈{ε} ,

see below for why the rhs has not been

simplified further }
g.(ε∈S) .

We have thus derived that

ε ∈ µ〈X :: {a}·X ∪ X ·X ∪ {ε}〉 ≡ µ〈b:: (ε∈{a} ∧ b) ∨ (b∧ b) ∨ ε∈{ε}〉 .

Note how the definition of g has the same structure as the definition of f .
Effectively set union has been replaced by disjunction and concatenation has
been replaced by conjunction. Of course, g can be simplified further (to the
constant function true ) but that would miss the point of the example.

Now suppose that instead of taking x to be the empty word we consider
any word other than the empty word. Then, repeating the above calculation
with “ ε∈ ” replaced everywhere by “ x∈ ”, the calculation breaks down at the
second step. This is because the empty word is the only word x that satisfies
the property

x ∈ X ·Y ≡ x∈X ∧ x∈Y

for all X and Y . Indeed, taking x to be a for illustration purposes, we have

a ∈ µ〈X :: {a}·X ∪ X ·X ∪ {ε}〉 ≡ true

but
µ〈b:: (a∈{a} ∧ b) ∨ (b∧ b) ∨ a∈{ε}〉 ≡ false .

This second example emphasises that the conclusion of µ -fusion — µh =
f.µg— demands two properties of f , g and h , namely that f be a lower
adjoint, and that f•g=h•f . The rule is nevertheless very versatile since being
a lower adjoint is far from being uncommon, and many algebraic properties take
the form f•g=h•f for some functions f , g and h . In cases when the rule is
not immediately applicable we have to seek generalisations of f and/or g that
do satisfy both properties. For the membership problem above, this is achieved
by generalising the problem of applying the function ( x∈ ) to the language but
the matrix of functions ( u∈ ) where u is a segment of x . This is the basis of the
Cocke-Younger-Kasami algorithm for general context-free language recognition.

6.3 Uniqueness

An important issue when confronted with a fixed point equation is whether or
not the equation has a unique solution.

Uniqueness is a combination of there being at least one solution and at most
one solution. In a complete lattice every monotonic function has a least and a
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greatest fixed point, so the question is whether the least and greatest fixed points
are equal.

A very important special case is when the equation

x:: x = a+ b·x
has a unique solution in a Kleene algebra.

In order to give a general answer to this question, it is necessary to make a
further assumption about the partial ordering relation on elements in the algebra.
The assumption we make is that the elements in the algebra form a complete
lattice under the partial ordering relation and, furthermore, this ordering is such
that, for each a , the section ( a+ ) is the upper adoint in a Galois connection.
This important property is one that distinguishes a regular algebra from a Kleene
algebra. The other additional property of a regular algebra (which we do not need
to consider until later) is that each section ( b· ) is a lower adjoint in a Galois
connection.

An ordering relation that is complete and is such that sections of the binary
supremum operator are upper adjoints in a Galois connection is called a com-
plete, completely distributive lattice. (It is called completely distributive because
being an upper adjoint is equivalent to being universally distributive over all
infima.) A regular algebra is thus a Kleene algebra for which underlying poset is
a complete, completely distributive lattice and such that each section ( b· ) is a
lower adjoint in a Galois connection.

The assumption of being completely distributive clearly holds for languages
and relations, since in both cases the ordering relation is the subset relation and
addition is set union and we have the shunting rule:

b⊆a∪c ≡ ¬a∩ b ⊆ c .

The assumption that ( a+ ) is the upper adoint in a Galois connection allows us
to use fusion as follows:

Theorem 73 If ( y+ ) is an upper adjoint, then we have, for all a and b ,

ν〈x:: a+x·b〉 = y+ ν〈x::x·b〉 ⇐ y = a+ y·b .

Proof

ν〈x:: a+x·b〉 = y+ ν〈x::x·b〉
⇐ { ( y+ ) is upper adjoint: ν -fusion }

∀〈x:: a+(y+x)·b = y+x·b〉
⇐ { ( ·b ) distributes over + , associativity of + }

a+ y·b = y .

✷

As a consequence, in a regular algebra, the largest solution of the equation
x:: x = a+x·b is the sum (i.e. supremum) of an arbitrary solution and the
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largest solution of the equation x:: x=x·b . Note that a special choice for y in
theorem 73 is y = a · b∗ .

An immediate corollary of theorem 73 is that if ν〈x::x·b〉=0 , function
〈x:: a+x·b〉 has a unique fixed point. This is the rule we call the unique ex-
tension property (UEP) of regular algebra.

Theorem 74 (The unique extension property (UEP)) Suppose b is an
element of a regular algebra. If ν〈x::x·b〉=0 , then, for all a and x ,

a+x·b = x ≡ x = a · b∗ .

✷

The UEP draws attention to the importance of property ν〈x::x·b〉=0 . In
language theory it is equivalent to ε 0∈b since if, on the contrary, x is a non-
empty set such that x=x·b then the length of the shortest word in x must
be equal to the length of the shortest word in b plus the length of the shortest
word in x. That is, the length of the shortest word in b is zero. The terminology
that is often used is “ b does not possess the empty-word property”. In relation
algebra we say “ b is well-founded”: the property expresses that there are no
infinite sequences of b -related elements (thus, if relation b represents a finite
directed graph, ν〈x::x·b〉=0 means that the graph is acyclic).

Exercise 75 Consider the final three instances of a Kleene algebra shown in
table 5.3. In each of these instances, suppose b is a square matrix with entries
drawn from the carrier set of the relevant instance. (Equivalently, suppose b is
a graph with edge labels drawn from the carrier set. If the ( i,j )th matrix entry
is 0 then there is no edge from i to j in the graph.)What is the interpretation
of ν〈x::x·b〉=0 in each case?

✷

6.4 Parameterised Prefix Points

Often fixed point equations are parameterised, sometimes explicitly, sometimes
implicitly. An example of implicit parameters is the definition of the star operator
discussed in section 5.3. In the defining equations given there (see for example
equation (53)) a and b are parameters; the equations do not depend on how a
and b are instantiated. The equations define the function mapping a to a∗ .
The rules we present in this section are concerned with such parameterised fixed
point equations.

The first rule we present, the abstraction rule, is rarely given explicitly al-
though it is very fundamental. The second rule, called the “beautiful theorem”
because of its power and generality, is well-known in one particular form —its
application to proving continuity properties of functions defined by fixed point
equations— but is less well known at the level of generality given here.
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The Abstraction Rule The definition of a∗ in section 5.3 is a very good
example of the “abstraction rule”. Recall that a∗ is defined to be the least
prefix point of the function mapping x to 1+a·x . Thus a is a parameter
in the definition of the star operator. The remarkable, and very fundamental,
property is that the star operator is itself a least prefix point. Indeed, suppose
we consider the function

〈g:: 〈a:: 1 + a · g.a〉〉 .

(Note that this function maps an endofunction g on the Kleene algebra to an
endofunction on the Kleene algebra and so is a (higher order) endofunction.)
Then the star operator is the least fixed point of this function. That is,

〈a:: a∗〉 = µ〈g:: 〈a:: 1 + a · g.a〉〉 .

We leave the verification of this fact as an exercise. (We prove a more general
theorem shortly.)

The general theorem that this illustrates is obtained in the following way.
We begin by making explicit the fact that a is a parameter in the definition of
the star operator. This we do by considering the binary operator ⊕ defined by

a⊕x = 1+a·x .

Then, by definition, a∗ = µ〈x:: 1+a·x〉 . So
〈a:: a∗〉 = 〈a:: µ〈x:: a⊕x〉〉 .

This is just a repetition of the definition in section 5.3 but slightly more round-
about. But now we consider the function F from functions to functions defined
by

F = 〈g:: 〈a:: a⊕ g.a〉〉 .

(That is, (F.g).a = a⊕ g.a .) So for the particular definition of ⊕ given above,

F = 〈g:: 〈a:: 1 + a · g.a〉〉 .

Then the theorem is that

〈a:: µ〈x:: a⊕x〉〉 = µF

for all (monotonic) binary operators ⊕ and all F defined as above. That is, for
all monotonic binary operators ⊕ ,

〈a:: µ〈x:: a⊕x〉〉 = µ〈g:: 〈a:: a⊕ g.a〉〉 . (76)

This rule we call the abstraction rule.
In order to verify the validity of the rule we have to verify that〈a:: µ〈x:: a⊕x〉〉

is a prefix point of the function F , and that it is at most any prefix point of F.
This turns out to be straightforward. First, it is a prefix point by the following
argument:
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F.〈a:: µ〈x:: a⊕x〉〉 "̇ 〈a:: µ〈x:: a⊕x〉〉
≡ { pointwise ordering, definition of (F.g).a }

∀〈a:: a⊕〈a:: µ〈x:: a⊕x〉〉.a " µ〈x:: a⊕x〉〉
≡ { µ〈x:: a⊕x〉 is a prefix point of ( a⊕ ) }

true .

Second, it is at most any prefix point. Suppose g is a prefix point of F , i.e.
F.g "̇ g . Then

〈a:: µ〈x:: a⊕x〉〉 "̇ g

≡ { pointwise ordering }
∀〈a:: µ〈x:: a⊕x〉 " g.a〉

⇐ { fixed point induction: (44) }
∀〈a:: a⊕ g.a " g.a〉

≡ { pointwise ordering, definition of (F.g).a }
F.g "̇ g

≡ { g is a prefix point of F }
true .

This concludes the proof.

Exercise 77 Suppose the operator ⊕ is defined by x⊕y= f.y .What property
does one then obtain by instantiating the abstraction rule?

✷

The Beautiful Theorem A very important application of the abstraction
rule in combination with fixed point fusion is a theorem that has been dubbed
“beautiful” by Dijkstra and Scholten [4, p. 159].

As observed precisely above, a parameterised least-fixed-point equation de-
fines a function in terms of a binary operator. The beautiful theorem is that this
function enjoys any kind of supremum-preserving property enjoyed by the binary
operator. Thus supremum-preserving properties are preserved in the process of
constructing least fixed points.

Dijkstra and Scholten formulate the “beautiful theorem” in the context of
the predicate calculus. In terms of poset theory the theorem is stated as fol-
lows. Suppose that A=(A,") and B=(B,�) are ordered sets and suppose
⊕∈ (A←A)←B . (Thus ⊕ is a monotonic function mapping elements of the
set B into monotonic endofunctions on the set A .) As in section 6.4 denote
application of ⊕ to x by x⊕ . Assume µ(x⊕) exists for each x and consider
the function 〈x::µ(x⊕)〉 , which we denote by † . The “beautiful theorem” is
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that † enjoys any type of supremum-preserving property that is enjoyed by the
(uncurried binary) function ⊕ . More precisely,

∀〈f :: *(†•f)= †(*f)〉 ⇐ ∀〈f, g:: *(f⊕̇g) = (*f)⊕ (*g)〉 ,

where, by definition, f⊕̇g is the function mapping x to f.x⊕ g.x , • denotes
function composition and * denotes the supremum operator on functions of the
shape of f and g .

The supremum operator, if it exists for a class of functions of a certain shape,
is the lower adjoint in a Galois connection. This is the key to the proof of the
beautiful theorem. In order to make this explicit we formulate the theorem yet
more abstractly. The theorem is that for arbitrary function G that is the lower
adjoint in a Galois connection, and arbitrary function H (G and H having of
course appropriate types),

∀〈f :: G.(†•f)= †(H.f) ⇐ ∀〈g:: G.(f⊕̇g) = H.f ⊕G.g〉〉 .

The proof is very short. We first note that (†•f).x= †(f.x)=µ((f.x)⊕) , by
definition of † . Thus, by the abstraction rule, †•f =µ(f⊕̇) . This is just what
we need in order to apply the fusion theorem.

G.(†•f)= † .(H.f)

≡ { above }
G.µ(f⊕̇) = µ((H.f)⊕)

⇐ { by assumption, G is a lower adjoint.

fusion: theorem 69 }
∀〈g:: G.(f⊕̇g) = H.f ⊕G.g〉 .

Cocontinuity of Iteration We conclude the discussion of parameterised fixed
points by considering the implications of the beautiful theorem for the iteration
operator. Specifically, we show that in a regular algebra the iteration operator is
cocontinuous5. Specifically, this is the property that for an ascending sequence
f.0≤f.1≤ . . .≤f.n≤ . . .

(Σ〈n: 0≤n: f.n〉)∗ = Σ〈n: 0≤n: (f.n)∗〉 .

A property of a regular algebra that we need to complete the proof is that, for
all such sequences f and for all z ,

z ·Σ〈n: 0≤n: f.n〉 = Σ〈n: 0≤n: z ·f.n〉
5 There is a disturbing confusion between the standard terminology in the computing
science literature and the literature on category theory in this respect. What is called
a “continuity” property in the computing science literature is called a “cocontinuity”
property in the category theory literature. We use the category theory terminology
here.
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and Σ〈n: 0≤n: f.n〉 · z = Σ〈n: 0≤n: f.n · z〉
The property of iteration is thus that in a Kleene algebra in which the sections
( ·z ) and ( z· ) are cocontinuous, for all z , the iteration operator ∗ is also
cocontinuous. (This proviso is satisfied in a regular algebra and thus in all Kleene
algebras of interest to us.)

Recalling the discussion in the introduction to this section, the instantiation
of the beautiful theorem we wish to consider is as follows: the function † is the
operator ∗ (i.e. the function 〈a:: a∗〉 ; correspondingly the binary operator ⊕
is defined by a⊕x = 1+a·x . The functions G and H are both taken to be the
supremum operator of ascending functions on the natural numbers to the carrier
of a regular algebra, which we denote by Σ .

The instantiation of the beautiful theorem (with G,H,† := Σ,Σ,∗ ) gives us,
for all ascending sequences f :

Σ〈n:: (f.n)∗〉=(Σf)∗ ⇐ ∀〈f, g:: Σ〈n:: 1 + f.n · g.n〉 = 1+(Σf)·(Σg)〉

where the dummies n range over the natural numbers, and the dummies f
and g range over ascending sequences. We try to simplify the antecedent of this
theorem. First, we have:

Σ〈n:: 1 + f.n · g.n〉 ≤ 1+(Σf)·(Σg)

≡ { definition of supremum }
∀〈n:: 1 + f.n · g.n ≤ 1+(Σf)·(Σg)〉

⇐ { + is the binary supremum operator }
∀〈n:: f.n · g.n ≤ (Σf)·(Σg)〉

≡ { property of suprema }
true .

So it is the opposite inclusion that is crucial. Now,

(Σf)·(Σg)

= { • assume, for all z , ( ·z ) is cocontinuous }
Σ〈n:: f.n · (Σg)〉

= { • assume, for all z , ( z· ) is cocontinuous }
Σ〈n:: Σ〈m:: f.n · g.m〉〉 .

So,

Σ〈n:: 1 + f.n · g.n〉 ≥ 1+(Σf)·(Σg)

≡ { + is the binary supremum operator }
Σ〈n:: 1 + f.n · g.n〉 ≥ 1 ∧ Σ〈n:: 1 + f.n · g.n〉 ≥ (Σf)·(Σg)
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⇐ { Σ〈n:: 1+c〉 ≥ 1 , for all c ,

and 1 + f.n · g.n ≥ f.n · g.n }
Σ〈n:: f.n · g.n〉 ≥ (Σf)·(Σg)

≡ { above }
Σ〈n:: f.n · g.n〉 ≥ Σ〈n:: Σ〈m:: f.n · g.m〉〉

≡ { suprema, dummy change }
∀〈n,m:: Σ〈p:: f.p · g.p〉 ≥ f.n · g.m〉

⇐ { Σ〈p:: f.p · g.p〉 ≥ f.(n↑m) · g.(n↑m)

where ( n↑m ) denotes the maximum of m and n }
∀〈n,m:: f.(n↑m) · g.(n↑m) ≥ f.n · g.m〉

≡ { f and g are ascending sequences,

product is monotonic }
true .

This completes the proof.

6.5 Mutual Recursion

In all but the simplest cases, recursive functions are defined by mutual recursion.
For example, the BNF definition of the syntax of a programming language uses
mutual recursion to simultaneously define the syntax of expressions, statements,
declarations etc. A definition by mutual recursion can be seen as a single fixed
point equation where there is one unknown —a vector of values— and the func-
tion defining the unknown maps a vector to a vector. On the other hand, one
also wishes to view a definition by mutual recursion as a collection of individual
equations, defining several unknown values, and which may be solved on an in-
dividual basis. In this section we show that these two views are compatible with
each other. We present one theorem to the effect that least prefix points can be
calculated by solving individual equations and back-substituting.

Without loss of generality we can confine ourselves to fixed point equations
involving two unknowns: a fixed point equation with n+1 unknowns can always
be viewed as an equation on two unknowns, one of which is a vector of length n .

Any fixed point of a function mapping pairs of values to pairs of values is, of
course, a pair. We show how to calculate the individual components of the least
fixed point of such a function, given that it is possible to calculate least fixed
points of functions mapping single elements to single elements. The fixed-point
equation to be dealt with is the following.

x, y:: x=x6y ∧ y=x⊗y . (78)

We first consider two special cases in which 6 and ⊗ depend on one of
their arguments only.
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Lemma 79

(a) ( µf , µg )=µ〈x, y:: (f.x,g.y)〉
(b) ( µ(f•g) , µ(g•f) )=µ〈x, y:: (f.y,g.x)〉 .

Proof of (a). This is an instance of the abstraction rule. To see this, rename
the functions to f0 and f1 and their arguments to x0 and x1 . Then (76) says
that

〈i:: µ〈x:: fi.x〉〉 = µ〈g:: 〈i:: fi.(g.i)〉〉
Identifying the pair ( x0,x1 ) with the function 〈i:: x.i〉 ,

µ〈g:: 〈i:: fi.(g.i)〉〉 = µ〈x0,x1 :: (f0.x0 , f1.x1)〉 .

So
〈i:: µ〈x:: fi.x〉〉 = µ〈x0,x1 :: (f0.x0 , f1.x1)〉

as required.
Proof of (b)

( µ(f•g) , µ(g•f) ) = µ〈x, y:: (f.y,g.x)〉
⇐ { (a) on lhs }

µ〈x, y:: (f.g.x , g.f.y)〉 = µ〈x, y:: (f.y,g.x)〉
≡ { define φ : φ(x,y)= (f.y , g.x) }

µ(φ•φ)=µφ

≡ { square rule }
true .

✷

With the aid of lemma (79), we now compute the least solution of (78), viz.
we prove

Theorem 80

( µ〈x:: x6 p.x〉 , µ〈y:: q.y⊗ y〉 ) = µ〈x, y:: (x6y,x⊗y)〉

where p.x=µ〈v::x⊗v〉 and q.y=µ〈u::u6y〉 , i.e. p.x and q.y are the least
fixed points of the individual equations.

Proof

µ〈x, y:: (x6y,x⊗y)〉
= { diagonal rule (66) }

µ〈x, y:: µ〈u, v:: (u6y,x⊗v)〉〉
= { lemma (79a) and definition of p and q }
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µ〈x, y:: (q.y,p.x)〉
= { lemma (79b) }

( µ〈x:: q.(p.x)〉 , µ〈y:: p.(q.y)〉 )
= { definition q , p }

( µ〈x:: µ〈u:: u6p.x〉〉 , µ〈y:: µ〈v:: q.y⊗ v〉〉 )
= { diagonal rule (66) twice: u := x , v := y }

( µ〈x:: x6 p.x〉 , µ〈y:: q.y⊗ y〉 ) .

✷

This concludes the presentation of the calculus. The corresponding calculus
of greatest fixed points is obtained by the interchanges µ↔ ν , "↔) , and
lower adjoint ↔ upper adjoint.

Exercise 81 Suppose f is a (unary) function and ⊗ is a binary operator.
Prove the following:

(a) µ〈x, y:: (f.x , x⊗y)〉 = (µf , µ〈y:: µf ⊗ y〉 )
(b) µ〈x, y:: (f.y , x⊗y)〉 = µ〈x, y:: (f.(x⊗y) , x⊗y)〉 .

Hint : Use theorem 80 for (a). Use the diagonal rule and lemma 79 for (b).

✷

6.6 An Illustration — Arithmetic Expressions

The Algol 60 definition of arithmetic expressions, restricted to just multiplication
and addition, has the following form. The nonterminals 〈Term〉 and 〈Factor〉
serve to introduce a precedence of multiplication over addition, and the use of
left recursion (for example, “ 〈Expression〉 ” is repeated as the leftmost symbol
on the right of the production 〈Expression〉 ::= 〈Expression〉 + 〈Term〉 )
serves to define a left-to-right evaluation order on repeated occurrences of the
same operator.

〈Expression〉 ::= 〈Expression〉 + 〈Term〉 | 〈Term〉
〈Term〉 ::= 〈Term〉 × 〈Factor〉 | 〈Factor〉
〈Factor〉 ::= ( 〈Expression〉 ) | 〈V ariable〉

A much simpler grammar for such arithmetic expressions takes the following
form.

〈Expression〉 ::= 〈Expression〉 + 〈Expression〉
| 〈Expression〉 × 〈Expression〉
| ( 〈Expression〉 )
| 〈V ariable〉

This grammar imposes no precedence of multiplication over addition and is
ambivalent about the order in which repeated additions or multiplications are
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evaluated. (The former is clearly undesirable but the latter is of no consequence
because addition and multiplication are associative.)

We want to prove that the languages defined by 〈Expression〉 in the two
grammars above are equal. The proof is a combination of the fixed point calculus
presented in this section and Kleene algebra presented in chapter 5.3.

To avoid confusion, let us rename the nonterminal and terminal symbols in
the grammars. (We need to rename the nonterminals in order not to confuse the
two instances of 〈Expression〉 ; we need to rename the terminal symbols because
of the use of “ + ” and the parentheses “(” and “)” in both regular expressions
(the meta language) and in arithmetic expressions (the object language).)

Choosing letters a , b , c , d and e for “ + ”, “× ”, “(”, “)” and 〈V ariable〉 ,
and renaming 〈Expression〉 , 〈Term〉 and 〈Factor〉 as E , T and F , respec-
tively, the first grammar is transformed to the following.

E ::= E a T | T
T ::= T b F | F
F ::= c E d | e

Using the same renaming for the terminal symbols but renaming 〈Expres-
sion〉 as D , we get the following for the second grammar.

D ::= D a D | D b D | c D d | e

The task is now to prove that the languages generated by E and D are
equal. Note that the proof does not rely on a , b , c , d and e being terminal
symbols. They may denote arbitrary languages.

We begin with an informal calculation. Then we show how the informal
calculation is justified using the rules of the fixed point calculus.

The informal calculation treats the grammars as systems of simultaneous
equations. We have four equations:

E = E·a·T + T , (82)

T = T ·b·F + F , (83)

F = c·E·d + e , (84)

D = D·a·D + D·b·D + c·D·d + e . (85)

The first step is to “solve” the equations for E and T . That is, we eliminate E
and T from, respectively, the right sides of equations (82) and (83). We get:

E = T ·(a·T )∗ (86)

and
T = F ·(b·F )∗ . (87)



4. Galois Connections and Fixed Point Calculus 145

Now we substitute the right side of the equation for T in the right side of the
equation for E . We get:

E = F ·(b·F )∗·(a·F ·(b·F )∗)∗

which can be simplified using star decomposition (exercise 61(e)) to

E = F ·(b·F +a·F )∗ .

This can in turn be simplified, using the “arithmetic” rules of Kleene algebra,
to

E = F ·((a+b)·F )∗ .

So, applying exercise 67(c),

E = µ〈X :: F +X ·(a+b)·X〉 .

Now we substitute the right side of equation (84) into this last equation, in order
to eliminate F . We obtain

E = µ〈X :: c·E·d+ e+X ·(a+b)·X〉 .

“Solving” this equation by eliminating E on the right side:

E = µ〈Y :: µ〈X :: c·Y ·d+ e+X ·(a+b)·X〉〉 .

The last step is to apply the diagonal rule, together with a little “arithmetic”:

E = µ〈X :: X ·a·X+X ·b·X+ c·X ·d+ e〉 .

That is, E solves the equation (85) for D .
Let us now conduct this calculation formally using the fixed point calculus.

The first two steps combine the use of the diagonal rule with exercise 81(a)
to justify the derivation of equations (86) and (87). The third step uses exer-
cise 81(b) to justify the substitution of F · (b·F )∗ for T in the informal proof.

µ〈E, T, F :: (E·a·T + T , T ·b·F + F , c·E·d + e)〉
= { diagonal rule }

µ〈E, T, F :: µ〈X,Y, Z:: (X ·a·T + T , Y ·b·F + F , c·E·d + e)〉〉
= { exercise 81(a) and definition of ∗ (twice) }

µ〈E, T, F :: (T ·(a·T )∗ , F · (b·F )∗ , c·E·d + e)〉
= { exercise 81(b) }

µ〈E, T, F :: ((F · (b·F )∗·(a·F · (b·F )∗)∗) , F · (b·F )∗ , c·E·d + e)〉 .

The remaining steps in the calculation do not alter the subexpressions “F ·(b·F )∗”
and “ c·E·d + e ”. We therefore introduce abbreviations for these subexpressions.
Note how formally all elements of the system of equations being solved have to
be carried along whereas it is only the equation for E that is being manipulated,
just as in the informal calculation.



146 Roland Backhouse

µ〈E, T, F :: ((F · (b·F )∗·(a·F · (b·F )∗)∗) , F · (b·F )∗ , c·E·d + e)〉
= { introduce the abbreviation Φ for F · (b·F )∗

and Ψ for c·E·d + e }
µ〈E, T, F :: (F · (b·F )∗·(a·F · (b·F )∗)∗ , Φ , Ψ)〉

= { star decomposition (exercise 61(e)), arithmetic }
µ〈E, T, F :: (F ·((a+b)·F )∗ , Φ , Ψ)〉

= { exercise 67(c) }
µ〈E, T, F :: (µ〈X :: F +X ·(a+b)·X〉 , Φ , Ψ)〉

= { exercise 81(b), definition of Ψ }
µ〈E, T, F :: (µ〈X :: c·E·d + e+X ·(a+b)·X〉 , Φ , Ψ)〉 .

In the final part of the calculation, we again use exercise 81(a) in combination
with the diagonal rule.

µ〈E, T, F :: (µ〈X :: c·E·d + e+X ·(a+b)·X〉 , Φ , Ψ)〉
= { exercise 81(a) }

µ〈E, T, F :: µ〈X,Y, Z:: (X ·a·X+X ·b·X+ c·E·d+ e , Φ , Ψ)〉〉
= { diagonal rule }

µ〈E, T, F :: (E·a·E+E·b·E+ c·E·d+ e , Φ , Ψ)〉
= { exercise 81(a)

where Θ = µ〈E:: E·a·E+E·b·E+ c·E·d+ e〉 }
(µ〈E:: E·a·E+E·b·E+ c·E·d+ e〉 , µ〈T, F :: (F · (b·F )∗ , c·Θ·d + e)〉) .

No use has been made of the mutual recursion rule, theorem 80, in this calcula-
tion although it is applicable to several steps. This is often the case. Theorem 80
is a combination of the diagonal rule and lemma (79) and exercise 81 is another
combination. Often it is easier to use the simpler rules, or some straightforward
combination of them, than it is to apply the more complicated rule.

7 Further Reading

In spite of the name, the general concept of a “Galois” connection was not
invented by the famous mathematician Évariste Galois, but an instance of a
“Galois connection” is the “Galois correspondence” between groups and exten-
sion fields to which Galois owes his fame. The term “adjoint function” used here
(and in category theory texts) is derived from the original terminology used by
Galois. (Extending a field involves “adjoining” new values to the field.) Detailed
discussion of the Galois correspondence can be found in [21,6].
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Feijen [5] has written a delightful article on the Galois connection defining
the maximum of two numbers. The source of several of the properties of the
floor and ceiling functions discussed in section (2) is [9]. The Galois connections
defining the floor and ceiling function are mentioned in [9] but never used because
the authors “can never remember which inequality to use”! Further elementary
examples of Galois connections can be found in [17].

The idea of extracting a Galois connection from a relation would appear to
be due to Hartmanis and Stearns [12,13]. The same idea appears in [16]. In
that paper Lambek gives several mathematical examples of polarities. Further
examples in the areas of geometry and the theory of rings and groups can be
found in Birkhoff’s classic text [2]. The notion of concept analysis is discussed in
detail in [10]. Conditional correctness assertions were introduced Hoare in [11]
and are called Hoare triples .
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Chapter 5

Calculating Functional Programs

Jeremy Gibbons

Computing Laboratory, University of Oxford

Abstract. Functional programs are merely equations; they may be ma-
nipulated by straightforward equational reasoning. In particular, one can
use this style of reasoning to calculate programs, in the same way that
one calculates numeric values in arithmetic. Many useful theorems for
such reasoning derive from an algebraic view of programs, built around
datatypes and their operations. Traditional algebraic methods concen-
trate on initial algebras, constructors, and values; dual co-algebraic meth-
ods concentrate on final co-algebras, destructors, and processes. Both
methods are elegant and powerful; they deserve to be combined.

1 Introduction

These lecture notes on algebraic and coalgebraic methods for calculating func-
tional programs derive from a series of lectures given at the Summer School on
Algebraic and Coalgebraic Methods in the Mathematics of Program Construction
in Oxford in April 2000. They are based on an earlier series of lectures given at
the Estonian Winter School on Computer Science in Palmse, Estonia, in 1999.

1.1 Why Calculate Programs?

Over the past few decades there has been a phenomenal growth in the use of
computers. Alongside this growth, concern has naturally grown over the cor-
rectness of computer systems, for example as regards human safety, financial
security, and system development budgets. Problems in developing software and
errors in the final product have serious consequences; such problems are the
norm rather than the exception. There is clearly a need for more reliable meth-
ods of program construction than the traditional ad hoc methods in use today.
What is needed is a science of programming, instead of today’s craft (or perhaps
black art). As Jeremy Gunawardena points out [15], computation is inherently
more mathematical than most engineering artifacts; hence, practising software
engineers should be at least as familiar with the mathematical foundations of
software engineering as other engineers are with the foundations of their own
branches of engineering.
By ‘mathematical foundations’, we do not necessarily mean obscure aspects

of theoretical computer science. Rather, we are referring to simple properties
and laws of computer programs: equivalences between programming constructs,

R. Backhouse et al. (Eds.): Algebraic and Coalgebraic Methods . . . , LNCS 2297, pp. 149–201, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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relationships between well-known algorithms, and so on. In particular, we are
interested in calculating with programs, in the same way that we calculate with
numeric quantities in algebra at school.

1.2 Functional Programming

One particularly appropriate framework for program calculation is functional
programming, simply because the absence of side-effects ensures referential
transparency — all that matters of any expression is the value it denotes, not any
other characteristic such as the method by which it computed, the time taken to
evaluate it, the number of characters used to express it, and so on. Expressions
in a functional programming language behave as they do in ordinary mathemat-
ics, in the sense that an expression in a given context may be replaced with a
different expression yielding the same value, without changing its meaning in
the surrounding context. This makes calculations much more straightforward.
Functional programming is programming with expressions, which denote val-

ues, as opposed to statements, which denote actions. A program consists of a
collection of equations defining new functions. For example, here is a simple
functional program:

square x = x * x

This program defines the function square. The fact that it is written as an
equation implies that any occurrence of an expression square x is equivalent to
the expression x * x, whatever the expression x.

1.3 Universal Properties

Suppose one has to define a function satisfying a given specification. Two ap-
proaches to solving this problem spring to mind. One, the explicit approach, is
to provide an implementation of the function. The other, the implicit approach,
is to provide a property that completely characterizes the function. Such a prop-
erty is known as a universal property. The implicit approach is less direct, and
requires more machinery, but turns out to be more convenient for calculating
with. Universal properties are a central theme of these lectures.

Example: Fork Given two functions f :: A → B (which from an A computes
a B) and g :: A → C (which from an A computes a C), consider the problem of
constructing a function of type A→B×C (which from an A computes both a B
and a C). We will write this induced function ‘fork (f, g)’. We will think of fork
itself as a higher-order operator, taking functions to functions.

Solution Using Explicit Approach The explicit approach to constructing
this function fork consists of providing an implementation

fork (f, g) a = (f a, g a)
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That is, applying the function fork (f, g) to the argument a yields the pair whose
left component is f a and whose right component is g a. Now the existence of
a solution to the problem is ‘obvious’. (Actually, the existence of solutions to
equations like this is a central theme in semantics of functional programming,
but that is beyond the scope of these lectures.) However, proofs of properties of
the function can be rather laborious, as we show below.

Projections Eliminate Fork We claim that

exl ◦ fork (f, g) = f
exr ◦ fork (f, g) = g

where exl and exr are the pair projections or destructors, yielding the left and
right components of a pair respectively. (Here, ◦ is function composition; exl ◦
fork (f, g) is the composition of the two functions exl and fork (f, g), so that

(exl ◦ fork (f, g)) a = exl (fork (f, g) a)

for any a.) The proof of the first property is as follows:

(exl ◦ fork (f, g)) a
= { composition }

exl (fork (f, g) a)
= { fork }

exl (f a, g a)
= { exl }

f a

and so exl◦fork(f, g) = f as required. The proof of the second property is similar.

Any Pair-Forming Function Is a Fork We claim that, for pair-forming h
(that is, h :: A → B × C),

fork (exl ◦ h, exr ◦ h) = h

To prove this, assume an arbitrary a, and suppose that h a = (b, c) for some
particular b and c; then

fork (exl ◦ h, exr ◦ h) a
= { fork, composition }
(exl (h a), exr (h a))

= { h }
(exl (b, c), exr (b, c))

= { exl, exr }
(b, c)

= { h }
h a

as required.
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Identity Function Is a Fork We claim that

fork (exl, exr) = id

The proof:

fork (exl, exr) (a, b)
= { fork }
(exl (a, b), exr (a, b))

= { exl, exr }
(a, b)

= { identity }
id (a, b)

Solution Using Implicit Approach The implicit approach to constructing
the function fork consists of observing that fork (f, g) is uniquely determined by
the fact that it returns the pair with components given by f and g. That is,
fork (f, g) is the unique solution of the equations

exl ◦ h = f
exr ◦ h = g

in the unknown h. Equivalently, we have the universal property of fork

h = fork (f, g)⇔ exl ◦ h = f ∧ exr ◦ h = g

It is perhaps not immediately obvious that the system of two equations above has
a unique solution (we address this problem later). But, once we can justify the
universal property, calculations with forks become much more straightforward,
as we illustrate below.

Projections Eliminate Fork For the claim

exl ◦ fork (f, g) = f
exr ◦ fork (f, g) = g

we have the proof

exl ◦ fork (f, g) = f ∧ exr ◦ fork (f, g) = g
⇔ { universal property, letting h = fork (f, g) }

fork (f, g) = fork (f, g)

Any Pair-Forming Function Is a Fork For the claim that, for pair-forming h,

fork (exl ◦ h, exr ◦ h) = h

we have the proof

h = fork (exl ◦ h, exr ◦ h)
⇔ { universal property, letting f = exl ◦ h and g = exr ◦ h }

exl ◦ h = exl ◦ h ∧ exr ◦ h = exr ◦ h
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Identity Function Is a Fork For the claim that

fork (exl, exr) = id

we have the proof

id = fork (exl, exr)
⇔ { universal property, letting f = exl and g = exr }

exl ◦ id = exl ∧ exr ◦ id = exr

The gain is even more impressive for recursive functions, where the explicit
approach requires inductive proofs that the implicit approach avoids. We will
see many examples of such gains throughout these lectures.

1.4 The Categorical Approach to Datatypes

In these lectures we will be using category theory as an organizing principle. For
our purposes, the use of category theory can be summarized in three slogans:

– A model of computation is represented by a category.
– Types and programs in the model are represented by the objects and arrows

of that category.
– A type constructor in the model is represented by a functor on that category.

We will not rely on any deep results of category theory; we will only be using
the theory to obtain a streamlined notation.

Definition of a Category A category C consists of a collection Obj(C) of objects
and a collection Arr(C) of arrows, such that

– each arrow f in Arr(C) has a source src(f) and a target tgt(f), both objects
in Obj(C) (we write ‘f : src(f)→ tgt(f)’);

– for every object A in Obj(C) there is an identity arrow idA : A → A;
– arrows g : A → B and f : B → C compose to form an arrow f ◦ g : A → C;
– composition is associative: f ◦ (g ◦ h) = (f ◦ g) ◦ h;
– the appropriate identity arrows are units: for arrow f : A → B, we have

f ◦ idA = f = idB ◦ f .

An Example Category: Set The category Set of sets and total functions is
defined as follows.

– The objects Obj(Set) are sets of values, or types.
– The arrows f : A→B in Arr(Set) are total functions equipped with domain A
and range B.

– The identity arrows are the identity functions idA a = a.
– Composition of arrows is functional composition: (f ◦ g) a = f (g a).

For example, addition is an arrow from the object Int × Int (the set of pairs of
integers) to the object Int (the set of integers).
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Definition of a Functor An (endo)-functor F is an operation on the objects
and arrows of a category:

– F A is an object of C when A is an object of C;
– F f is an arrow of C when f is an arrow of C.
which respects source and target:

F f : F (src(f))→ F(tgt(f))

respects composition:

F (f ◦ g) = F f ◦ F g

and respects identities:

F idA = idF A

An Example Functor in Set: Pair The Set functor Pair is defined as follows.

– On objects, Pair A = {(a1, a2) | a1 ∈ A, a2 ∈ A}.
– On arrows, (Pair f) (a1, a2) = (f a1, f a2).

We should check that the properties are satisfied (Exercise 1.7.1):

– source and target: Pair f : Pair A → Pair B when f : A → B;
– composition: Pair (f ◦ g) = Pair f ◦ Pair g;
– identities: Pair idA = idPair A.

More Functors See Exercise 1.7.2 for the proofs that the following are functors.

Identity functor: The simplest functor Id is defined by

Id A = A
Id f = f

Constant functor: The next most simple is the constant functor B for object
B, defined by

B A = B
B f = idB

List functor: On an object A, this functor yields List A, the type of finite se-
quences of values all of type A; on arrows, List f : List A → List B when
f : A → B ‘maps’ f over a sequence.

Composition of functors: For functors F and G, functor F ◦ G is defined by

(F ◦ G) A = F (G A)
(F ◦ G) f = F (G f)
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Binary Functors The notion of a functor may be generalized to functors of
more than one argument. A bifunctor F is a binary operation on the objects and
arrows of a category which respects source and target:

F (f, g) : F(src(f), src(g))→ F(tgt(f), tgt(g))

respects composition:

F (f ◦ g, h ◦ k) = F (f, h) ◦ F (g, k)

and respects identities:

F (idA, idB) = idF(A,B)

Examples of Bifunctors See Exercise 1.7.3 for the proofs that the following
are bifunctors.

Product: (a generalization of Pair)

A × B = {(a, b) | a ∈ A, b ∈ B}
(f × g) (a, b) = (f a, g b)

Projection functors:

A � B = A
f � g = f

Making Monofunctors Out of Bifunctors Here are two ways of constructing
a monofunctor (that is, a functor of a single argument) from a bifunctor.

Sectioning: for bifunctor ⊕ and object A, functor (A⊕) is defined by
(A⊕) B = A ⊕ B
(A⊕) f = idA ⊕ f

(so (A�) = A, for example), and similarly in the other argument.
Lifting: for bifunctor ⊕ and monofunctors F and G, functor F ⊕̂G is defined by

(F ⊕̂ G) A = F A ⊕ G A
(F ⊕̂ G) f = F f ⊕ G f

See Exercise 1.7.4 for the proofs that these do indeed define functors.

1.5 The Pair Calculus

The pair calculus is an elegant theory of operators on pairs. We have already seen
the product bifunctor, one of the two main ingredients of the calculus. The other
main ingredient is the coproduct bifunctor, the dual of the product, obtained by
‘turning all the arrows around’ in the definition of product. Along with universal
properties, duality is another central theme of these lectures.
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Product Bifunctor As we saw above, product × forms a bifunctor; in Set , for
types A and B, the type A× B consists of pairs (a, b) where a :: A and b :: B. We
saw earlier the product destructors exl ::A×B→A and exr ::A×B→B. We also
saw the product morphisms (‘forks’) f � g :: A → B × C when f :: A → B and
g :: A → C, defined by the universal property

h = f � g ⇔ exl ◦ h = f ∧ exr ◦ h = g

(Some would write ‘〈f, g〉’ where we now write ‘f � g’.) Now we can define
product map (that is, the action of the product bifunctor on arrows) using fork:

f × g = (f ◦ exl)� (g ◦ exr)

Here are some properties of fork and product:

exl ◦ (f � g) = f
exr ◦ (f � g) = g
(exl ◦ h)� (exr ◦ h) = h
exl � exr = id
(f × g) ◦ (h � k) = (f ◦ h)� (g ◦ k)
id × id = id
(f × g) ◦ (h × k) = (f ◦ h)× (g ◦ k)
(f � g) ◦ h = (f ◦ h)� (g ◦ h)

The proofs are simple consequences of the universal property. We have seen some
proofs already; see also Exercise 1.7.5.

Coproduct Bifunctor We define the Set bifunctor + on objects by
A+ B = {inl a | a ∈ A} ∪ {inr b | b ∈ B}

The intention here is that inl and inr are injections such that inl a and inr b are
distinct, even when a = b; thus, coproduct gives a disjoint union. (For example,
one might define inl and inr by

inl a = (0, a)
inr b = (1, b)

but we will not assume any particular definition.) The coproduct constructors
are the functions inl :: A → A+ B and inr :: B → A+ B. We define the coproduct
morphisms (‘joins’) f � g :: A + B → C when f :: A → C and g :: B → C, by the
universal property

h = f � g ⇔ h ◦ inl = f ∧ h ◦ inr = g

(Some would write ‘[f, g]’ where we write ‘f � g’.) We can now define coproduct
map using a join:

f + g = (inl ◦ f)� (inr ◦ g)

Here are some properties of join and coproduct:
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(f � g) ◦ inl = f
(f � g) ◦ inr = g
(h ◦ inl)� (h ◦ inr) = h
inl � inr = id
(f � g) ◦ (h+ k) = (f ◦ h)� (g ◦ k)
id+ id = id
(f + g) ◦ (h+ k) = (f ◦ h) + (g ◦ k)
h ◦ (f � g) = (h ◦ f)� (h ◦ g)

See Exercise 1.7.5 for the proofs.

Duality Notice that each of the above properties of join and coproduct is the
dual of a property of fork and product, obtained by reversing the order of com-
position and by exchanging products, forks, and destructors for coproducts, joins
and constructors. Duality gives a ‘looking-glass world’, in which everything is
the mirror image of something in the ‘everyday’ world.

Exchange Law Here is a law relating products and coproducts, a bridge be-
tween the everyday world and the looking-glass world:

(f � g)� (h � j) = (f � h)� (g � j)
⇔ { universal property of � }

exl ◦ ((f � g)� (h � j)) = f � h ∧
exr ◦ ((f � g)� (h � j)) = g � j

⇔ { composition distributes over join }
(exl ◦ (f � g))� (exl ◦ (h � j)) = f � h ∧
(exr ◦ (f � g))� (exr ◦ (h � j)) = g � j

⇔ { projections eliminate forks }
true

In fact, there is also a dual proof, using the universal property of joins (Exer-
cise 1.7.6); one might think of it as a proof from the other side of the looking-
glass.

Distributivity In Set , the objects A × (B + C) and (A × B) + (A × C) are
isomorphic. We say that Set is a distributive category. The isomorphism in one
direction,

undistl :: (A × B) + (A × C)→ A × (B+ C)

is easy to write, in two different ways (Exercise 1.7.7):

undistl = (exl � exl)� (exr + exr)
= (id × inl)� (id × inr)
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We could also have defined it in a pointwise style:

undistl (inl (a, b)) = (a, inl b)
undistl (inr (a, c)) = (a, inr c)

The inverse operation

distl :: A × (B+ C)→ (A × B) + (A × C)

is straightforward to define in a pointwise style:

distl (a, inl b) = inl (a, b)
distl (a, inr c) = inr (a, c)

Moreover, these two functions are indeed inverses, as is easy to verify.
However, this inverse cannot be defined in a pointfree style in terms of the

product and coproduct operations alone. (Indeed, some categories have products
and coproducts, and hence a function undistl as defined above, but no inverse
function distl, and so are not distributive categories. Typically, such categories
do not support definitions in a pointwise style. The category Rel of sets and
binary relations is an example.)

Booleans and Conditionals In a distributive category, we can model the
datatype of booleans by

Bool = 1+ 1
true = inl ()
false = inr ()

where () is the unique element of the unit type 1. For predicate p :: A → Bool,
we define the guard

p? :: A → (A+ A)
p? = (exl+ exl) ◦ distl ◦ (id � p)

or, in an equivalent pointwise form,

p? x = inl x, if p x
= inr x, otherwise

We can then define the conditional

if p then f else g = (f � g) ◦ p?

1.6 Bibliographic Notes

The program calculation field is a flourishing branch of programming methodol-
ogy. One recent textbook (based on a theory of relations rather than functions,
but similar in spirit to the material presented in these lectures) is [4]. Also
relevant are the proceedings of the Mathematics of Program Construction con-
ferences [39,2,30,21]. There are many good books on functional programming; we
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recommend [5] in particular. The classic reference for category theory is [23], but
this is rather heavy going for non-mathematicians; for a computing perspective,
we recommend [8,9,31,45].
The observation that universal properties are very convenient for calculating

programs was made originally by Backhouse [1]. The categorical approach to
datatypes dates back to the ADJ group [13,14] in the 1970’s, but was brought
back into fashion by Hagino [16,17] and Malcolm [24,25]. The pair calculus is
probably folklore, but our presentation of it was inspired by Malcolm’s thesis.
The claim that distributive categories are the appropriate venue for discussing
datatypes is championed mainly by Walters [44,45,46].

1.7 Exercises

1. Check that Pair (as defined in §1.4) does indeed satisfy the properties re-
quired of a functor.

2. Check that operations claimed in §1.4 to be functors (identity, constant, list,
composition) satisfy the necessary properties.

3. Check that operations claimed in §1.4 to be bifunctors (×, �) satisfy the
necessary properties.

4. Check that sectioning and lifting operations claimed in §1.4 to construct
monofunctors from bifunctors satisfy the necessary properties.

5. Prove the properties of product (from §1.5) and of coproduct (from §1.5)
using the corresponding universal properties.

6. Prove the exchange law from §1.5
(f � g)� (h � j) = (f � h)� (g � j)

using the universal property of joins (instead of the universal property of
forks).

7. Prove the equivalence of the two characterizations of undistl from §1.5:
(exl � exl)� (exr + exr) = (id × inl)� (id × inr)

In fact, there are two different proofs, one for each universal property.
8. Prove the following properties of conditionals:

h ◦ if p then f else g = if p then h ◦ f else h ◦ g
(if p then f else g) ◦ h = if p ◦ h then f ◦ h else g ◦ h
if p then f else f = f
if not ◦ p then f else g = if p then g else f
if const true then f else g = f
if p then (if q then f else g)

else (if q then h else j)
= if q then (if p then f else h)

else (if p then g else j)

(Here, not is negation of booleans, and const is the function such that
const a b = a for any b.)
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2 Recursive Datatypes in the Category Set
The pair calculus is elegant, but not very powerful; descriptive power comes with
recursive datatypes. In this section we will discuss a simple first approximation
to what we really want, namely recursive datatypes in the category Set . We will
construct monomorphic and polymorphic datatypes, and their duals. However,
there are inherent limitations in working within the category Set , which we will
remedy in Section 3.

2.1 Overview

The Haskell-style recursive datatype definitions

data IntList = Nil | Cons Int IntList
data List a = Nil | Cons a (List a)

(one monomorphic, one polymorphic) give for free:

– a ‘map’ operator;
– a ‘fold’ (like join for coproducts), to consume a data structure;
– an ‘unfold’ (like fork for products), to generate a data structure;
– universal properties for fold and unfold;
– a number of theorems about fold and unfold.

Actually, we will discover that we cannot simultaneously achieve all of these goals
in Set , which will motivate the move to another category, Cpo, in Section 3.

2.2 Monomorphic Datatypes

We consider first the case of monomorphic datatypes. The first problem is to
identify a common form, encompassing all the datatype declarations in which
we are interested. Consider the Haskell-style datatype definition

data IntList = Nil | Cons Int IntList

This defines two constructors

Nil :: IntList
Cons :: Int → (IntList → IntList)

Different datatype definitions, of course, will introduce different constructors.
This raises some problems for a general theory:

– there may be arbitrarily many constructors;
– the constructors may be constants or functions;
– the constructor functions may be of arbitrary arities.

How can we circumvent these problems, and unify all datatype definitions into
a common form?
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Unifying Constructors The third problem identified above, constructors of
arbitrary arities, can be resolved by ‘uncurrying’ the constructor functions; that
is, by tupling the arguments together using products. For example, the binary
Cons constructor for lists introduced above is equivalent to the unary constructor

Cons :: Int × IntList → IntList

The second problem, that some constructors may be constants rather than func-
tions, can be resolved by treating a constant constructor such asNil as a function
from the unit type 1:

Nil :: 1 → IntList

Now the first problem, of an arbitrary number of constructors, may be resolved
by taking the join of the existing collection of unary constructor functions (be-
cause they all share a common target, the defined type):

Nil � Cons :: 1+ (Int × IntList)→ IntList

This yields a single constructor Nil�Cons. Being a constructor for the defined
type IntList, its target type is that type. Its source type 1+(Int× IntList) is some
type expression involving the target type IntList— in fact, some functor applied
to IntList.

Datatype Definitions Therefore, it suffices to consider datatypes T with a
single unified constructor inT :: F T → T for some functor F. We write

T = data F

For example, for IntList, the functor is FIntList, where

FIntList X = 1+ (Int × X)

That is,

FIntList = 1 +̂ (Int ×̂ Id)

so we could define

IntList = data (1 +̂ (Int ×̂ Id))

2.3 Folds

We have identified a common form for all monomorphic datatype definitions.
However, datatypes are not much use without functions over them. It is now
widely accepted that program structure should, where possible, reflect data
structure [18]. Accordingly, we should identify a program structure that reflects
the data structure of monomorphic datatypes. It turns out that the right kind of
structure is one of homomorphisms between algebras, which we explore in this
section.
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Fixpoints The definition ‘T = data F’ defines T to be a fixpoint of the func-
tor F; that is, T is isomorphic to F T. In one direction, the isomorphism is given
by inT :: F T → T. In the other direction, we suppose an inverse outT :: T → F T.
(In fact, we see how to define outT shortly.)
However, to say that the datatype definition ‘T = data F’ defines T to be

a fixpoint of the functor F does not completely determine T, as a functor may
have more than one fixpoint. For example, the types ‘finite sequences of integers’
and ‘finite and infinite sequences of integers’ are both fixpoints of the functor
FIntList (Exercise 2.9.3). Informally, what we want is the ‘least fixpoint’, that
is, the ‘smallest such type’ — finite rather than finite-and-infinite sequences of
integers. How can we formalize this idea?

Algebras We define an F-algebra to be a pair (A, f) such that f :: F A → A.
Thus, the datatype definition T = data F defines (T, inT) to be an F-algebra.
For example, (IntList, Nil � Cons) is an FIntList-algebra. However, F-algebras
are not unique either. For example, (Int, zero � plus) is another FIntList-algebra
(Exercise 2.9.4), where zero :: 1 → Int and plus :: Int × Int → Int; that is, zero �
plus :: 1+ (Int × Int)→ Int.

Homomorphisms A homomorphism between F-algebras (A, f) and (B, g) is a
function h :: A → B such that

h ◦ f = g ◦ F h

Pictorially,

F A
f ✲ A

F B

F h

❄

g
✲ B

h

❄

For example, the function sum :: IntList → Int, which sums an IntList,

sum (Nil ()) = 0
sum (Cons (a, x)) = a+ sum x

is a homomorphism from (IntList, Nil � Cons) to (Int, zero � plus), because

sum ◦ (Nil � Cons) = (zero � plus) ◦ FIntList sum

(see Exercise 2.9.5).

Initial Algebras We say that an F-algebra (A, f) is initial if, for any F-algebra
(B, g), there is a unique homomorphism from (A, f) to (B, g). Then the datatype
definition ‘T = data F’ defines (T, inT) to be ‘the’ initial F-algebra. There may
be more than one initial algebra, but all initial algebras are equivalent (Exer-
cise 2.9.6); thus, it does not really matter which one we pick.
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Existence of Initial Algebras It is well-known that for polynomial F (built
out of identity and constant functors using product and coproduct) on many
categories including Set andRel , initial algebras always exist. Malcolm [24] shows
existence also for regular F (adding fixpoints), allowing us to define mutually
recursive datatypes such as

data IntTree = Node Int IntForest
data IntForest = Empty | ConsF IntTree IntForest

Definition of Folds Suppose that (T, inT) is the initial F-algebra. Then there
is a unique homomorphism to any F-algebra (B, f) — that is, for any such f ,
there exists a unique h such that h ◦ inT = f ◦ F h. We would like a notation for
‘the unique solution h of this equation involving f ’; we write ‘foldT f ’ for this
unique solution. Thus, foldT f has type T → B when f :: F B → B. Pictorially,

F T
in ✲ T

F B

F (foldT f)

❄

f
✲ B

foldT f

❄

Uniqueness provides the universal property

h = foldT f ⇔ h ◦ inT = f ◦ F h

2.4 Polymorphic Datatypes

The type IntList has the ‘base type’ Int built in: it cannot be used for lists
of booleans, lists of strings, and so on. We would like polymorphic datatypes,
parameterized by an arbitrary base type A: lists of As, trees of As, and so on.
For example, the Haskell-style type definition

data List a = Nil | Cons a (List a)

defines a type List A for each type A; now List is a type constructor, whereas
IntList is just a type.

Using Bifunctors The essential idea in constructing polymorphic datatypes
is to use a bifunctor ⊕. A polymorphic type T is then defined by sectioning ⊕
with the type parameter as one argument, and then taking the fixpoint:

T A = data (A⊕)
Now the constructor has type

inT A :: A ⊕ T A → T A
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though usually we will write just ‘inT’ as a polymorphic function, omitting the A.
For example, we can define a polymorphic list type by

List A = data (A⊕)
where

A ⊕ B = 1+ (A × B)

Equivalently, we could write

List A = data (1 +̂ (A ×̂ Id))

without naming the bifunctor.

Polymorphic Folds Folds over monomorphic datatypes generalize in a straight-
forward fashion to polymorphic datatypes. The datatype definition

T A = data (A⊕)
defines (T A, inT) to be the initial (A⊕)-algebra; therefore there exists a unique
homomorphism foldT Af to any other (A⊕)-algebra (B, f). (Again, we will usually
write just ‘foldT f ’, leaving the fold operator polymorphic in A.) The fold foldT f
has type T A → B when f :: A ⊕ B → B; pictorially,

A ⊕ T A
inT ✲ T A

A ⊕ B

id ⊕ foldT f

❄

f
✲ B

foldT f

❄

Uniqueness gives the universal property

h = foldT f ⇔ h ◦ inT = f ◦ (id ⊕ h)

Making It a Functor: Map The datatype definition TA = data (A⊕) makes
T a type constructor, an operation on types. This suggests that perhaps we can
make T a functor: all we need is a corresponding operation on functions T f
with type T A → T B when f :: A → B (satisfying the functor laws). We define
T f = foldT A (inT B ◦ (f ⊕ id)). Pictorially,

A ⊕ T A
inT A ✲ T A

A ⊕ T B

id ⊕ T f

❄

f ⊕ id
✲ B ⊕ T B

inT B

✲ T B

T f

❄

(We should check that this does indeed satisfy the requirements for being a
functor; see Exercise 2.9.7.) For historical reasons, we will write ‘mapT f ’ rather
than ‘T f ’.



5. Calculating Functional Programs 165

2.5 Properties of Folds

There are a number of general theorems about folds that arise as simple con-
sequences of the universal property. These include: an evaluation rule, which
shows ‘one step of evaluation’ of a fold; an exact fusion law, which states when
a function can be fused with a fold; a weak fusion law, a simpler but weaker
corollary of the exact fusion law; the identity law, which states that the identity
function is a fold; and a definition of the destructor of a datatype as a fold.

Evaluation Rule The evaluation rule describes the composition of a fold and
the constructors of its type; informally, it gives ‘one step of evaluation’ of the
fold.

foldT f ◦ inT

= { universal property, letting h = fold f }
f ◦ F (foldT f)

Fusion (Exact Version) Fusion laws for folds are of the form

h ◦ foldT f = foldT g ⇔ . . .

(or sometimes with the composition the other way around). They give condi-
tions under which one can fuse two computations, one a fold, to yield a single
monolithic computation. In this case, we have

h ◦ foldT f = foldT g
⇔ { universal property }

h ◦ foldT f ◦ inT = g ◦ F (h ◦ foldT f)
⇔ { functors }

h ◦ foldT f ◦ inT = g ◦ F h ◦ F (foldT f)
⇔ { evaluation rule }

h ◦ f ◦ F (foldT f) = g ◦ F h ◦ F (foldT f)

Fusion (Weaker Version) The above fusion law is an equivalence, so it is as
strong as possible. However, it is a little unwieldy, because the premise (the last
line in the calculation above) is rather long. Here is a fusion law with a simpler
but stronger premise (which therefore is a weaker law).

h ◦ foldT f = foldT g
⇔ { exact fusion }

h ◦ f ◦ F (foldT f) = g ◦ F h ◦ F (foldT f)
⇐ { Leibniz }

h ◦ f = g ◦ F h
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Identity The identity function id is a fold:

id = foldT f
⇔ { universal property }

id ◦ inT = f ◦ F id
⇔ { identity }

f = inT

That is, foldT inT = id.

Destructors Also, the destructor outT of a datatype, the inverse of the con-
structor inT, can be written as a fold; this is known as Lambek’s Lemma.

inT ◦ foldT f = id
⇔ { identity as a fold }

inT ◦ foldT f = foldT inT

⇐ { weak fusion }
inT ◦ f = inT ◦ F inT

⇐ { Leibniz }
f = F inT

Therefore we can define

outT = foldT (F inT)

We should check that this also makes out the inverse of in when the composition
is reversed:

outT ◦ inT

= { above }
foldT (F inT) ◦ inT

= { evaluation rule }
F inT ◦ F outT

= { functors }
F (inT ◦ outT)

= { in ◦ out = id }
id

Lambek’s Lemma is a corollary of the more general theorem that an injective
function (that is, a function with a post-inverse) on a recursive datatype is a
fold (Exercise 2.9.8). Since the destructor is by assumption the inverse of the
constructors, it is injective.

2.6 Co-datatypes and Unfolds

All of this theory of datatypes dualizes, to give a theory of co-datatypes and
unfolds. The dualization is quite straightforward; nevertheless, we present the
facts here for completeness.
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Co-algebras and Homomorphisms An F-co-algebra is a pair (A, f) such
that f ::A→ F A. A homomorphism between F-co-algebras (A, f) and (B, g) is a
function h :: A → B such that

F h ◦ f = g ◦ h

Pictorially,

A
f ✲ F A

B

h

❄

g
✲ F B

F h

❄

An F-co-algebra (A, f) is final if, for any F-co-algebra (B, g), there is a unique
homomorphism from (B, g) to (A, f). The datatype definition T = codata F
defines (T, outT) to be ‘the’ final F-co-algebra.

Unfolds Suppose that (T, outT) is the final F-co-algebra. Then there is a unique
homomorphism to (T, outT) from any F-co-algebra (B, f) — that is, there exists a
unique h such that outT◦h = Fh◦f . We write ‘unfoldTf ’ for this homomorphism.
The unfold unfoldT f has type B → T when f :: B → F B:

B
f ✲ F B

T

unfoldT f

❄

outT
✲ F T

F (unfoldT f)

❄

Uniqueness provides the universal property

h = unfoldT f ⇔ outT ◦ h = F h ◦ f

Polymorphic Co-datatypes In the same way,

T A = codata (A⊕)
defines a polymorphic co-datatype, with destructor

outT A :: T A → A ⊕ T A

This induces a polymorphic unfold with universal property

h = unfoldT A f ⇔ outT ◦ h = (id⊕h) ◦ f

The typing is unfoldT f :: B → T A when f :: B → A ⊕ B; pictorially,
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B
f ✲ A ⊕ B

T A

unfoldT f

❄

outT
✲ A ⊕ T A

id ⊕ unfoldT f

❄

Co-datatypes too form functors; the map for f :: A → B is given by

mapT A f = unfoldT B ((f⊕id) ◦ outT A)

An Example: Streams The polymorphic datatype of streams (infinite lists)
is defined

Stream A = codata (A×)
Thus, the destructor for this type is outStream :: Stream A → A × Stream A. The
unfold unfoldStream f has type A → Stream B for f :: A → B × A. For example,

from = unfoldStream Int (id � (1+))
yields increasing streams of naturals: from n = n, n+ 1, n+ 2, . . .. For another
example,

fibs = (unfoldStream Int (exl � (exr � plus))) (0, 1)

defines the Fibonacci sequence 0, 1, 1, 2, 3, 5, 8, . . ..

Properties of Unfolds The theorems dualize too, of course. See Exercise 2.9.10
for the proofs.

Evaluation rule:

outT ◦ unfoldT f = F (unfoldT f) ◦ f

Exact and weak fusion:

unfoldT f ◦ h = unfoldT g
⇔ F (unfoldT f) ◦ f ◦ h = F (unfoldT f) ◦ F h ◦ g
⇐ f ◦ h = F h ◦ g

Identity:

unfoldT outT = id

Constructors: (the dual of the ‘destructor’ law for folds)

inT = unfoldT (F outT)

Again, this dual is a corollary of a more general law (Exercise 2.9.11), that
any surjective function (one with a pre-inverse) to a recursive datatype is an
unfold.



5. Calculating Functional Programs 169

Example: Insertion Sort Given the datatype List A = data (1 +̂ (A ×̂ Id)),
suppose we have an insertion operation

ins :: 1+ (A × List A)→ List A

that gives an empty list, or inserts an element into a sorted list. Then insertion
sort is defined by

insertsort = foldList ins

Example: Selection Sort Given the codatatype CList A = codata (1 +̂ (A ×̂
Id)), suppose we have an operation

del :: CList A → 1+ (A × CList A)

that finds and removes the minimum element of a non-empty list. Then selection
sort is defined by

selectsort = unfoldCList del

2.7 . . . and Never the Twain Shall Meet

Unfortunately, this elegant theory is severely limited when it comes to actual
programming. Datatypes and co-datatypes are different things, so one cannot
combine them. For example, one cannot write programs of the form ‘unfold then
fold’; one instance of this scheme is quicksort, which builds a binary search tree
(an unfold) then flattens it to a list (a fold), and another is mergesort, which re-
peatedly halves a list (unfolding to a tree) then repeatedly merges the fragments
(folding the tree). This pattern of computation is known as a hylomorphism, and
is very common in programming.
Moreover, Set is not a good model of programs. As it contains only total

functions, it necessarily suffers from some lack of power, and corresponds only
vaguely to most programming languages. (Indeed, the selection sort given in §2.6
does not really work: the function del is necessarily partial, as it makes no sense
on an infinite list, and so neither del nor selectsort are arrows in Set .)
The solution to both problems is to move to the category Cpo, imposing more

structure on the objects and arrows of the category than there is in Set .

2.8 Bibliographic Notes

As mentioned in the bibliographic notes for the previous section, the categori-
cal approach to datatypes is due originally to the ADJ group [13,14] and later
to Hagino [16,17]. However, the presentation in these notes owes more to Mal-
colm [24,25]. The proof that, for the kinds of functor that interest us, initial alge-
bras and final coalgebras always exist, is (a corollary of a more general theorem)
due to Smyth and Plotkin [34]. The term ‘hylomorphism’ is due to Meijer [27].
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2.9 Exercises

1. Translate the following Haskell-style definition of binary trees with boolean
external labels into the categorical style:

data BoolTree = Tip Bool | Bin BoolTree BoolTree

2. Translate the following categorical-style datatype definition

StringTree = data (1 +̂ (Id ×̂ String ×̂ Id))

into your favourite programming languages (for example, Haskell, Modula 2,
Java).

3. Show that the types ‘finite sequences of integers’ and ‘finite and infinite
sequences of integers’ are both fixpoints of the functor 1 +̂ (Int ×̂ Id).

4. Check that (IntList, Nil � Cons) and (Int, zero � plus) are FIntList-algebras,
where

zero () = 0
plus (m, n) = m+ n

5. Check that sum, the function which sums an IntList,

sum (Nil ()) = 0
sum (Cons (a, x)) = a+ sum x

is an FIntList-homomorphism from (IntList, Nil�Cons) to (Int, zero� plus).
6. Show that any two initial F-algebras are isomorphic. (Hint: the identity
function is a homomorphism from an F-algebra to itself; use uniqueness.)
So, given the existence of an initial algebra, we are justified in talking about
‘the’ initial algebra.

7. Check that defining

T f = foldT A (inT B ◦ (f ⊕ id))

does indeed make T a functor.
8. Show that if g ◦h = idT for recursive datatype T, then h is a fold. Thus, any
injective function on a recursive datatype is a fold.

9. In fact, one can say something stronger. Show that h is a fold for recursive
datatype data F if and only if ker (F h) ⊆ ker (h ◦ in), where the kernel
kerf of a function f ::A→B is the set of pairs { (a, a′) ∈ A×A | f a = f a′ }.
Use this to solve Exercise 2.9.8.

10. Prove the properties of unfolds from §2.6, using the universal property.
11. Dually to Exercise 2.9.8, show that any surjective function to a recursive
datatype is an unfold.

12. Dually to Exercise 2.9.9, show that h is a unfold for recursive codatatype
codata F if and only if img (F h) ⊇ img (out ◦ h), where the image img f of
a function f :: A → B is the set { b ∈ B | ∃a ∈ A. f a = b }. Use this to solve
Exercise 2.9.11.

13. Prove that the fork of two folds is a fold:
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foldT f � foldT g = foldT ((f ◦ F exl)� (g ◦ F exr))

(This is known fondly as the ‘banana split theorem’, by those who know the
fork operation as ‘split’ and write folds using ‘banana brackets’.)

14. Prove the special cases fold-map fusion

foldT f ◦ mapT g = foldT (f ◦ (g ⊕ id))

of the fusion law for folds, and map-unfold fusion

mapT g ◦ unfoldT f = unfoldT ((g ⊕ id) ◦ f)

of the fusion law for unfolds.
15. For datatype T = data F, Meertens [26] defines the notion of a paramor-

phism paraT f :: T → C when f :: F (C × T)→ C as follows:

paraT f = exl ◦ foldT (f � (inT ◦ F exr))

It enjoys the universal property

h = paraT f ⇔ h ◦ inT = f ◦ F (h � id)

Informally, a paramorphism is a generalization of a fold: the result on a larger
structure may depend on results on substructures, but also on the substruc-
tures themselves. For example, the factorial function is a paramorphism over
the naturals:

fact = paraNat (const 1� (mult ◦ (id × succ)))

where constab = a andmultmultiplies a pair of numbers. That is, fact0 = 1,
and fact (succ n) = mult (fact n, succ n).
(a) Show that the second component of the above fold is merely the identity
function:

exr ◦ foldT (f � (inT ◦ F exr)) = id
Hence foldT (f � (inT ◦ F exr)) = paraT f � id.

(b) Show that the identity function is a paramorphism:
id = para (in ◦ F exl)

(c) Prove the (weak) fusion law for paramorphisms:
h ◦ para f = para g ⇐ h ◦ f = g ◦ F (h × id)

(d) Show that any fold is a paramorphism:
fold f = para (f ◦ F exl)

(This is a generalization of Exercise 2.9.15b.)
(e) Show that any function on a recursive datatype can be written as a
paramorphism:

h = para (h ◦ in ◦ F exr)
Thus, paramorphisms are extremely general.

16. On the codatatype of lists from §2.6, define as an unfold the function interval,
such that

interval (1, 5) = [1, 2, 3, 4, 5]
interval (5, 5) = [5]
interval (6, 5) = [ ]
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17. On the codatatype StreamA = codata (A×), the function iterate is defined
by

iterate f = unfoldStream (id � f)

Using unfold fusion, prove that

map f ◦ iterate f = iterate f ◦ f

18. For codatatype T = codata F, Uustalu and Vene [40,38] dualize paramor-
phisms to get apomorphisms apoT f :: C → T when f :: C → F (C + T) as
follows:

apoT f = unfoldT (f � (F inr ◦ outT)) ◦ inl

They enjoy the universal property

h = apoT f ⇔ outT ◦ h = F (h � id) ◦ f

Informally, an apomorphism is a generalization of an unfold: a larger struc-
ture may be generated recursively from new seeds, but may also be generated
‘all at once’ without recursion. For example, on the codatatype CList A =
codata (1 +̂ (A ×̂ Id)) of lists, the append function is an apomorphism:

append = apoClist f

where

f (x, y) = inl (), if null x ∧ null y
= inr (head y, inr (tail y)), if null x ∧ not (null y)
= inr (head x, inl (tail x, y)), if not (null x)

That is, append(x, y) is the empty list if both are empty, cons (heady, tail y)
(which is just y) if only x is empty, and cons (head x, append (tail x, y)) if
neither x nor y is empty. This definition copies just the first list; in contrast,
the simple unfold characterization of append

append = unfoldCList g

where

g (x, y) = inl (), if null x ∧ null y
= inr (head y, (x, tail y)), if null x ∧ not (null y),
= inr (head x, (tail x, y)), if not (null x)

copies both lists.
(a) Show that on the second summand the above unfold acts merely as the
identity function:

unfoldT (f � (F inr ◦ outT)) ◦ inr = id
Hence unfoldT (f � (F inr ◦ outT)) = apoT f � id.

(b) Show that the identity function is an apomorphism:
id = apo (F inl ◦ out)

(c) Prove the (weak) fusion law for apomorphisms:
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apo f ◦ h = apo g ⇐ f ◦ h = F (h+ id) ◦ g
(d) Show that any unfold is an apomorphism:

unfold f = apo (F inl ◦ f)
(This is a generalization of Exercise 2.9.18b.)

(e) Show that any function yielding a recursive datatype can be written as
an apomorphism:

h = apo (F inr ◦ out ◦ h)
(f) Write ins ::A×CListA→CListA, which inserts a value into a sorted list,
as an apomorphism.

19. Datatypes and codatatypes for the same functor are different structures, but
they are not unrelated. Suppose we have the datatype definitions

T = data F
U = codata F

Lambek’s Lemma shows how to write outT ::T→F T, giving an F-coalgebra
(T, outT) and hence a function unfoldU outT ::T→U. This function ‘coerces’
an element of T to the type U. Give the dual construction, expressing this
coercion as a fold. Prove (in two different ways) that these two coercions are
equal. Thus, we have two ways of writing the coercion from the datatype
T to the codatatype U, and no way of going back again. This is what one
might expect: embedding finite lists into finite-or-infinite lists is easy, but
the opposite embedding is more difficult. In the following section we move
to a setting in which the two types coincide, and so the coercions become
the identity function.

3 Recursive Datatypes in the Category Cpo
As we observed above, the simple and elegant model of datatypes and the cor-
responding characterization of the ‘natural patterns’ of recursion over them in
the category Set has a number of problems. We solve these problems by moving
to the category Cpo. This category is a refinement of the category Set . Some
structure is imposed on the objects of the category, so that they are no longer
merely sets of unrelated elements, and correspondingly some structure is induced
on the arrows. Some things become neater (for example, we will be able to com-
pose unfolds and folds) but some things become messier (specifically, strictness
conditions have to be attached to some of the laws).

3.1 The Category Cpo
The category Cpo has as objects pointed complete partial orders : sets equipped
with a partial order on the elements, with a least element and closed under limits
of ascending chains. The arrows are continuous functions on these structured
sets: functions which distribute over limits of ascending chains. (We will explain
these notions below.)
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Intuitively, we will use the partial order to represent ‘approximations’ in a
‘definedness’ or ‘information’ ordering: x � y will mean that element x is an
approximation to (or less well defined than, or provides less information than)
element y. Closure under limits means that we can consider complex, perhaps
infinite, structures as the limit of their finite approximations, and be assured that
such limits always exist. Continuity means that computations (that is, arrows)
respect these limits: the behaviour of a computation on the limit of a chain of
approximations can be understood purely in terms of its behaviour on each of
the approximations.

Posets A poset is a pair (A,�), where A is a set and � is a partial order on A.
That is, the following properties hold of �:
reflexivity: a � a
transitivity: a � b and b � c imply a � c
antisymmetry: a � b and b � a imply a = b

The least element of a poset (A,�) is the a ∈ A such that a � a′ for all a′ ∈ A,
if this element exists. By antisymmetry, a poset has at most one least element.
The upper bounds in A of the poset (B,�) where B ⊆ A are the elements {a ∈
A | b � a for all b ∈ B}; note that they are elements of A, and not necessarily
of B. The least upper bound (lub)

⊔
B in A of the poset (B,�) where B ⊆ A is

the least element of the upper bounds in A of (B,�), if this least element exists.

Cpos and Pcpos A chain 〈ai〉 in a poset (A,�) is a sequence a0, a1, a2 . . . of
elements in A such that a0 � a1 � a2 � · · ·. The lub of the chain 〈ai〉, if it exists,
is denoted

⊔
i〈ai〉. A poset (A,�) is a complete partial order (cpo) if every chain

of elements in A has a lub in A. A cpo is a pointed cpo (pcpo) if it has a least
element (which is denoted ⊥A). From now on, we will often write just ‘A’ instead
of ‘(A,�)’ for a pcpo.

Strictness, Monotonicity and Continuity A function f :: A → B between
pcpos A and B is strict if

f ⊥A = ⊥B

A function f :: A → B between pcpos (A,�A) and (B,�B) is monotonic if

a �A a′ ⇒ f a �B f a′

A monotonic function between pcpos A and B is continuous if

f (
⊔

i〈ai〉) =
⊔

i(〈f ai〉)
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Examples of Pcpos The following are all pcpos:

– for set A such that ⊥ �∈ A, the lifted discrete set {⊥} ∪ A with ordering

a � b ⇔ a = ⊥ ∨ a = b

– for pcpos A and B, the cartesian product {(a, b) | a ∈ A ∧ b ∈ B} with
ordering

(a, b) � (a′, b′)⇔ a �A a′ ∧ b �B b′

(so the least element is (⊥A,⊥B));
– for pcpos A and B, the separated sum {⊥}∪{(0, a) | a ∈ A}∪{(1, b) | b ∈ B}
with ordering

x � y ⇔ (x = ⊥) ∨
(x = (0, a) ∧ y = (0, a′) ∧ a �A a′) ∨
(x = (1, b) ∧ y = (1, b′) ∧ b �B b′)

– for pcpos A and B, the set of continuous functions from A to B, with ordering

f � g ⇔ (f a �B g a for all a ∈ A)

(so the least element is the function f such that f a = ⊥B for any a).

Modelling Datatypes in Cpo As suggested above, the idea is that we will
use pcpos to model datatypes. The elements of a pcpo model (possibly partially
defined) values of that type. The ordering � models ‘is no more defined than’
or ‘approximates’. For example, (⊥,⊥) � (1,⊥) � (1, 2) and (⊥,⊥) � (⊥, 2) �
(1, 2), but (1,⊥) and (⊥, 2) are unrelated. ‘Completely defined’ values are the
lubs of chains of approximations. All ‘reasonable’ functions are continuous, so
we are justified in restricting attention just to continuous functions.

The Category We move from the category Set to the category Cpo. The objects
Obj(Cpo) are pcpos; the arrows Arr(Cpo) are continuous functions between pcpos.
Later, we will also use the category Cpo⊥, which has the same objects, but only
the strict continuous functions as arrows.

3.2 Continuous Algebras

Fokkinga and Meijer [11] have generalized the Set -based definitions of datatypes
and their morphisms to Cpo. This provides a number of advantages over Set :
– we can now model partial functions, because all types have a least-defined
element that can be used as the ‘meaning’ of an undefined computation;

– unfolds generate and folds consume the same kind of entity, so they can be
composed to form hylomorphisms;

– we can give a meaning to arbitrary recursive definitions, not just to folds
and unfolds.

(However, these advantages come at the cost of a more complex theory.) In these
lectures we will only use the middle benefit of the three.
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The Main Theorem A functor F is locally continuous if, for all objects A and
B, the action of F on functions of type A→B is continuous. All functors that we
will be using are locally continuous.
Suppose F is a locally continuous functor on Cpo. Suppose also that F pre-

serves strictness, that is, F f is strict when f is strict; so F is also a functor
on Cpo⊥. Then there exists an object T, and strict functions inT :: F T → T and
outT ::T→ F T, each the inverse of the other; hence T is isomorphic to F T. The
functor F determines T up to isomorphism, and T uniquely determines inT and
outT. We write

T = fix F

The pair (T, inT) is the initial F-algebra in Cpo⊥; that is, for any type A and
strict function f :: F A → A, there is a unique strict h satisfying the equation

h ◦ inT = f ◦ F h

We write foldT f for this unique solution. It has the universal property that

h = foldT f ⇔ h ◦ inT = f ◦ F h for strict f and h

(The strictness condition on f is necessary; see Exercise 3.6.1.)
Also, the pair (T, outT) is the final F-co-algebra in Cpo; that is, for any type A

and (not necessarily strict) function f :: A → F A, there is a unique h satisfying

outT ◦ h = F h ◦ f

We write unfoldTf for this unique solution. It has the universal property (without
any strictness conditions)

h = unfoldT f ⇔ outT ◦ h = F h ◦ f

(Apparently the strictness requirements of folds and unfolds are asymmetric.
Exercise 3.6.2 shows that this apparent asymmetry is illusory.)

3.3 The Pair Calculus Again

The cool, clear waters of the pair calculus are muddied slightly by the presence
of ⊥ and the possibility of non-strict functions. The cartesian product works
fine, as before; all the same properties hold. Unfortunately, the separated sum is
no longer a proper coproduct, because the injections inl and inr are non-strict,
and so the equations

h ◦ inl = f ∧ h ◦ inr = g

no longer have a unique solution (because they do not specify h ⊥). However,
there is a unique strict solution, which is the one we take for join:

h = f � g ⇔ h ◦ inl = f ∧ h ◦ inr = g ∧ h strict

Such strictness conditions are the price we pay for the extra power and flexibility
of Cpo. In view of this, we use the term ‘sum’ instead of ‘coproduct’ from now
on.
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Distributivity Even worse than the extra strictness conditions, we no longer
have a distributive category: product no longer distributes over sum. Because
the function distl takes (a,⊥) to ⊥, there is no way of inverting it to retrieve
the a. There is more information in A× (B+ C) than in (A×B) + (A× C); now
distl ◦ undistl = id but undistl ◦ distl � id. Nevertheless, we continue to use the
guard p?, but with care: for example, the equation

if p then f else f = f

now holds only for total p (more precisely, when p x = ⊥ implies f x = ⊥).

3.4 Hylomorphisms

So much for the disadvantages. To compensate, we can now express the common
pattern of computation of an unfold followed by a fold, because now unfolds
produce and folds consume the same kind of datatype. We present two examples
here: quicksort and mergesort.

Lists We use the datatype

List A = fix (1 +̂ (A ×̂ Id))

of possibly-empty lists. For brevity, we define separate constructors

nil = in (inl ())
cons (a, x) = in (inr (a, x))

and destructors

isNil = (const true � const false) ◦ out
head = (⊥� exl) ◦ out
tail = (⊥� exr) ◦ out

We introduce the following syntactic sugar for folds on this type:

foldL :: (B × (A × B → B))→ List A → B
foldL (e, f) = foldList (const e � f)
unfoldL :: ((B → Bool)× (B → A × B))→ B → List A
unfoldL (p, f) = unfoldList ((const () + f) ◦ p?)

For example, concatenation on these lists is given by

cat (x, y) = foldL (y, cons) x
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Flatten We also use the datatype

Tree A = fix (1 +̂ (A ×̂ (Id ×̂ Id)))

of internally-labelled binary trees, for which the fold may be sweetened to

foldT :: (B × (A × (B × B)→ B))→ Tree A → B
foldT (e, f) = foldTree (const e � f)

The function flatten turns one of these trees into a possibly-empty list:

flatten :: Tree A → List A
flatten = foldT (nil, glue)
glue (a, (x, y)) = cat (x, cons (a, y))

Partition The function filter takes a predicate p and a list x, and returns a
pair of lists: those elements of x that satisfy p, and those elements of x that do
not.

filter :: (A → Bool)→ List A → List A × List A
filter p = foldL ((nil, nil), step)
step (a, (x, y)) = (cons (a, x), y), if p a

= (x, cons (a, y)), otherwise

An alternative, point-free but perhaps less clear, definition of step is

step = if p then (cons ◦ (id × exl))� (exr ◦ exr)
else (exl ◦ exr)� (cons ◦ (id × exr))

For example, we can partition a non-empty list into those elements of the tail
that are less than the head, and those elements of the tail that are not:

partition :: List A → List A × List A
partition x = filter (< head x) (tail x)

Quicksort The unfold on our type of trees is equivalent to

unfoldT :: ((B → Bool)× (B → A)× (B → B × B))→ B → Tree A
unfoldT (p, f, g) = unfoldTree ((const () + (f � g)) ◦ p?)

Now we can build a binary search tree from a list:

buildBST :: List A → Tree A
buildBST = unfoldT (isNil, head, partition)

(Note that partition is applied only to non-empty lists.) Then we can sort by
building then flattening a tree:

quicksort :: List A → List A
quicksort = flatten ◦ buildBST

This is a fold after an unfold.
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Merge For this example, we define the datatype

PList A = fix (A +̂ (A ×̂ Id))

of non-empty lists. Again, for brevity, we define separate destructors

isSing = (const true � const false) ◦ out
hd = (id � exl) ◦ out
tl = (⊥� exr) ◦ out

We also specialize the unfold to

unfoldPL :: ((B → Bool)×(B → A)×(B → B))→ B → PList A
unfoldPL (p, f, g) = unfoldPList ((f + (f � g)) ◦ p?)

Then the function merge, which merges a pair of sorted lists into a single sorted
list, is

merge :: PList A × PList A → PList A
merge = unfoldPL (p, f, g) ◦ inl

where

p = const false � isSing
f = (min ◦ (hd × hd))� hd
g (inl (x, y)) = inr y, if hd x ≤ hd y ∧ isSing x

= inl (tl x, y), if hd x ≤ hd y ∧ not (isSing x)
= inr x, if hd x > hd y ∧ isSing y
= inl (x, tl y), if hd x > hd y ∧ not (isSing y)

g (inr x) = inr (tl x)

and min is the binary minimum operator. Note that the ‘state’ for the unfold is
either a pair of lists (which are to be merged) or a single list (which is simply to
be copied). Exercise 3.6.9 concerns the characterization of merge as an apomor-
phism, whereby the single list is copied to the result ‘all in one go’ rather than
element by element.

Split Similarly, we define separate constructors

wrap a = in (inl a)
cons (a, x) = in (inr (a, x))

and specialize the fold to

foldPL :: ((A → B)× (A × B → B))→ PList A → B
foldPL (f, g) = foldPList (f � g)

Then non-singleton lists can be split into two roughly equal halves:

split :: PList A → PList A × PList A
split x = foldPL (step, start (hd x)) (tl x) where

start a b = (wrap a, wrap b)
step (a, (y, z)) = (cons (a, z), y)
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Mergesort We also define the datatype

PTree A = fix (A +̂ (Id ×̂ Id))

of non-empty externally-labelled binary trees. We use the specializations

foldPT :: ((A → B)× (B × B → B))→ PTree A → B
foldPT (f, g) = foldPTree (f � g)

of fold, and

unfoldPT :: ((B → Bool)× (B → A) × (B → B × B))→ B → PList A
unfoldPT (p, f, g) = unfoldPTree ((f + g) ◦ p?)

of unfold. Then mergesort is

foldPT (wrap, merge) ◦ unfoldPT (isSing, hd, split)

(Note that split is applied only to non-singleton lists.)

3.5 Bibliographic Notes

Complete partial orders are standard material from denotational semantics; see
for example [10] for a straightforward algebraic point of view, and [33,35] for
the specifics of the applications to denotational semantics. Meijer, Fokkinga and
Paterson [27] argue for the move from Set to Cpo. The Main Theorem above is
from [11], where it is in turn acknowledged to be another corollary of the results
of Smyth and Plotkin [34] and Reynolds [32] mentioned earlier.

3.6 Exercises

1. Show that, even for strict f , the equation

h ◦ inT = f ◦ F h

may have non-strict solutions for h as well as the unique strict solution.
Thus, the strictness condition on the universal property of fold in §3.2 is
necessary.

2. Show that the categorical dual of the notion of ‘strictness’ vacuously holds of
any function. Therefore there really is no asymmetry between the universal
properties of fold and unfold in §3.2.

3. Show that the definitions of map as a fold (§2.4) and as an unfold (§2.6) are
equal in Cpo.

4. Suppose T = fix F. Let functor G be defined by G X = F (X × T), and let
U = fix G. Show that any paramorphism (Exercise 2.9.15) on T can be
written as a hylomorphism, in the form of a fold (on U) after predsT, where

predsT = unfoldU (F (id � id) ◦ outT)
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5. The datatype of natural numbers is Nat = fix (1+). (Actually, this type
necessarily includes also ‘partial numbers’ and one ‘infinite number’ as well
as all the finite ones.) We can define the following syntactic sugar for the
folds and unfolds:

foldN :: (A × (A → A))→ Nat → A
foldN (e, f) = foldNat (const e � f)
unfoldN :: ((A → Bool)× (A → A))→ A → Nat
unfoldN (p, f) = unfoldNat ((const () + f) ◦ p?)

Informally, foldN (e, f)n computes fn e, by n-fold application of f to e, and
unfoldN (p, f)x returns the least n such that fnx satisfies p. Write addition,
subtraction, multiplication, division, exponentiation and logarithms on nat-
urals, using folds and unfolds as the only form of recursion. (Hint: define a
‘predecessor’ function using the destructor outNat, but make it total, taking
zero to zero. You may find it easier to make division and logarithms round
up rather than down.)

6. Using the datatype of lists from §3.4, write the insertion function
ins :: 1+ (A × List A)→ List A

as an unfold. Hence write insertsort using folds and unfolds as the only
form of recursion.

7. Using the same datatype as in Exercise 3.6.6, write the deletion function

del :: List A → 1+ (A × List A)

as a fold. Hence write selectsort using folds and unfolds as the only form of
recursion.

8. Eratosthenes’ Sieve is a method for generating primes. It maintains a col-
lection of ‘candidates’ as a stream, initially containing [2, 3, . . .]. The first
element of the collection is a prime; a new collection is obtained by delet-
ing all multiples of that prime. Write this program using folds and unfolds
on streams as the only form of recursion. (You can use mod on natural
numbers.)

9. Write merge from §3.4 as an apomorphism rather than an unfold.
10. Show that if

h = foldT g ◦ unfoldT f

then

h = g ◦ F h ◦ f

(Indeed, this is an equivalence, not just an implication; but the proof in the
opposite direction requires some machinery that we have not covered.) This
is a fusion law for hylomorphisms, sometimes known as deforestation: instead
of separate unfold and fold phases, the two can be combined into a single
monolithic recursion, which does not explicitly construct the intermediate
data structure. The now absent datatype T is sometimes known as a virtual
data structure [36].



182 Jeremy Gibbons

11. On Stream A = fix (A×), define as an unfold a function
do :: (A → A)→ A → Stream A

such that dosa returns the infinite stream a, sa, s(sa) and so on. Also define
as a fold a function while :: (A→ Bool)→ Stream A→ A such that while p x
yields the first element of stream x that satisfies p. Now whilep◦dos models
a while loop in an imperative language. Use deforestation (Exercise 3.6.10)
to calculate a function whiledo such that whiledo (p, s) = while p ◦ do s, but
which does not generate the intermediate stream.

12. Write the function whiledo from Exercise 3.6.11 using the folds and unfolds
on naturals (Exercise 3.6.5) instead of on streams. (Hint: whiledo (p, s) x
applies s a certain number n of times; the number n is the least such that snx
fails to satisfy p.)

13. Folds and unfolds on the datatype of streams are sufficient to compute arbi-
trary fixpoints, so give the complete power of recursive programming. The
fixpoint-finding function fix is defined using explicit recursion by

fix :: (A → A)→ A
fix f = f (fix f)

Equivalently, given the function apply :: (A→B)×A→B, it may be defined

fix f = apply (f, fix f)

Show that fixmay also be defined as the composition of a stream fold (using
apply) and a stream unfold (generating infinitely many copies of a value).
Use deforestation (Exercise 3.6.10) to remove the intermediate stream, and
show that this yields the explicitly recursive characterization of fix. (This
exercise is due to Graham Hutton [20].)

14. Under certain circumstances, the post-inverse of a fold is an unfold, and the
pre-inverse of an unfold is a fold:

unfoldT f ◦ foldT g = id ⇐ f ◦ g = id

Prove this law.
15. The function cross takes two infinite streams of values, and returns an in-
finite stream containing every possible pair of values, the first component
drawn from the first list and the second component drawn from the sec-
ond list. The difficulty is in enumerating this two-dimensional collection in
a suitable order; the standard approach is diagonalization. Define

cross = concat ◦ diagonals

where

diagonals :: Stream A × Stream B → Stream (List (A × B))
concat :: Stream (List (A × B))→ Stream (A × B)
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Express cross as a hylomorphism (that is, express diagonals as an unfold,
and concat as a fold). (Hint: first construct the obvious stream of streams in-
corporating all possible pairs. Then the ‘state’ of the iteration for diagonals
consists of a pair, a finite list of those streams seen so far and a stream
of streams not yet seen. At each step, strip another diagonal off from the
streams seen so far, and include another stream from those not yet seen.)
This example is due to Richard Bird [3].

4 Applications

We conclude these lecture notes with three more substantial examples of the
concepts we have described: a simple compiler for arithmetic expressions; laws
for monads and comonads; and efficient programs for breadth-first traversal of
trees.

4.1 A Simple Compiler

In this example, we define a datatype of simple (arithmetic) expressions. We
present the obvious recursive algorithm for evaluating such expressions; it turns
out to be a fold. We also develop a compiler to translate such expressions into
code for a stack machine; this too turns out to be a fold. Clearly, running the
compiled code should be equivalent to evaluating the original expression. The
proof of this fact turns out to be a straightforward application of the universal
properties concerned.

Expressions and Evaluation We assume a datatype Op of operators. The
arities of the operators are given by a function arity :: Op → Nat. We also as-
sume a datatype Val of values, and a function apply ::Op× ListVal→Val (where
List is as in §3.4) to characterize the operators. Operator application is par-
tial: apply (op, args) is defined only when arity op = length args, where length
computes the length of a list. Now we can define a datatype of expressions

Expr = fix (Op ×̂ List)

on which evaluation, which provides the ‘denotational semantics’ of an expres-
sion, is simply a fold:

eval = foldExpr apply :: Expr → Val

Compilation For the ‘operational semantics’, we assume a datatype Instr of
instructions, and an encoding code :: Op → Instr of operators as instructions.
Then compilation is also a fold:

compile :: Expr → List Instr
compile = fold (cons ◦ (code × concat))

Here, concat :: List (List A)→ List A, and cons :: A × List A → List A.
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An Example For example, we might want to manipulate expressions like

2✍✌
✎�

3✍✌
✎�

4✍✌
✎�

5✍✌
✎�

+✍✌
✎�

+✍✌
✎�

×✍✌
✎�

We could define in Haskell

> data Op = Sum | Product | Num Int
> type Val = Int

> arity Sum = 2
> arity Product = 2
> arity (Num x) = 0

> apply (Sum, [x,y]) = x+y
> apply (Product, [x,y]) = x*y
> apply (Num x, []) = x

> data Instr = Bop ((Val,Val)->Val) | Push Val

> code Sum = Bop (uncurry (+))
> code Product = Bop (uncurry (*))
> code (Num x) = Push x

and so the compiled code of the example expression will be

[Bop mul, Bop add, Push 2, Push 3, Bop add, Push 4, Push 5]
where add = uncurry (+)

mul = uncurry (*)

Execution Steps We assume also a single-step execution function

exec :: Instr → List Val → List Val

such that

exec (code op) (cat args vals) = cons (apply (op, args), vals)

when arity op = length args. Continuing the example, we might have

> exec (Bop f) (x:y:xs) = f (x,y) : xs
> exec (Push x) xs = x : xs
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Complete Execution Now, running the program may be defined as follows:

run :: List Instr → List Val → List Val
run nil vals = vals
run (cons (instr, prog)) vals = exec instr (run prog vals)

Equivalently, discarding the last variable:

run nil = id
run (cons (instr, prog)) = exec instr ◦ run prog

Define comp (f, g) = f ◦ g, and its curried version comp′ f g = comp (f, g); then

run = foldL′ (id, comp′ ◦ exec)

(where foldL′ :: (B× (A→B→B))→ List A→B, using a curried function as one
of its arguments). Equivalently again

run = compose ◦ map exec

where

compose :: List (A → A)→ (A → A)
compose = foldL′ (id, comp′)

The Correctness Criterion We assume that expressions are well-formed,
each operator having exactly the right number of arguments. Then compiling an
expression and running the resulting code on a given starting stack should have
the effect of prefixing the value of that expression onto the stack:

run (compile expr) vals = cons (eval expr, vals)

Equivalently, discarding the last two variables,

run ◦ compile = cons′ ◦ eval

where cons′ is the curried version of cons.

Strategy The universal property of fold on expressions is

h = fold f
⇔

h ◦ in = f ◦ (id × map h)

We will use this universal property to show that both operational semantics
run ◦ compile and denotational semantics cons′ ◦ eval above are folds. We want
to find an f such that

run ◦ compile ◦ in = f ◦ (id × map (run ◦ compile))

so that run ◦ compile = fold f . Then to complete the proof, we need only show
that, for the same f ,

cons′ ◦ eval ◦ in = f ◦ (id × map (cons′ ◦ eval))
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Operational Semantics as a Fold Now,

run ◦ compile ◦ in
= { compile = fold (cons ◦ (code × concat)) }

run ◦ cons ◦ (code × concat) ◦ (id × map compile)
= { run ◦ cons = comp ◦ (exec × run) }

comp ◦ (exec × run) ◦ (code × concat) ◦ (id × map compile)
= { pairs }

comp ◦ ((exec ◦ code)× (run ◦ concat ◦ map compile))
= { run ◦ concat = compose ◦ map run }

comp ◦ ((exec ◦ code)× (compose ◦ map run ◦ map compile))

and so

run ◦ compile = fold (comp ◦ ((exec ◦ code)× compose))

Denotational Semantics as a Fold We have

(cons′ ◦ eval ◦ in) (op, exprs)
= { eval = fold apply }

cons′ (apply (op, map eval exprs))
= { arity op = length exprs; requirement of exec }

exec (code op) ◦ cat (map eval exprs)
= { cat = compose ◦ map cons′ }

exec (code op) ◦ compose (map (cons′ ◦ eval) exprs)
= { pairs }
(comp ◦ ((exec ◦ code)× (compose ◦ map (cons′ ◦ eval)))) (op, exprs)

and so

cons′ ◦ eval = fold (comp ◦ ((exec ◦ code)× compose))

too, completing the proof.

4.2 Monads and Comonads

Monads and comonads are categorical concepts; each consists of a type functor
and a couple of operations that satisfy certain laws. They turn out to have
useful applications in the semantics of programming languages. A monad can
be used to model a notion of computation; in a sense, monads correspond to
operational semantics. Dually, comonads correspond to denotational semantics
of programming languages. But we will not get into that here. Rather, we simply
observe that many constructions in functional programming are either monads
or comonads, and that the proofs of the monad and comonad laws are often
simple applications of the universal properties of the functors concerned. We
present two simple examples, one a monad and the other a comonad.
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Monads A monad is a functor M together with two operations

unit :: A → M A
mult :: M (M A)→ M A

The two operations should be natural transformations, which is to say that the
laws

unit ◦ f = M f ◦ unit
mult ◦ M (M f) = M f ◦ mult

should be satisfied. Moreover, the following ‘coherence laws’ relating the two
operations should hold:

mult ◦ unit = id
mult ◦ M unit = id
mult ◦ mult = mult ◦ M mult

The List Monad Ordinary lists are one example of a monad. The datatype is
defined in §3.4. We define the two functions

wrap a = cons (a, nil)
concat = foldL (nil, cat)

We claim that List is a monad, with unit wrap and multiplication concat.

Laws We must verify the following five laws:

wrap ◦ f = map f ◦ wrap
concat ◦ map (map f) = map f ◦ concat
concat ◦ wrap = id
concat ◦ map wrap = id
concat ◦ concat = concat ◦ map concat

We address them one by one.

Naturality of Unit

(map f ◦ wrap) a
= { wrap }

map f (cons (a, nil))
= { map }

cons (f a, nil)
= { wrap }
(wrap ◦ f) a
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Naturality of Mult

map f ◦ concat
= { concat }

map f ◦ foldL (nil, cat)
= { fusion: map f ◦ cat = cat ◦ (map f × map f) }

foldL (nil, cat ◦ (map f × id))
= { fold-map fusion (Exercise 2.9.14) }

foldL (nil, cat) ◦ map (map f)
= { concat }

concat ◦ map (map f)

Mult-unit

(concat ◦ wrap) x
= { wrap }

concat (cons (x, nil))
= { concat }

x
= { identity }

id x

Mult-map-unit

concat ◦ map wrap
= { fold-map fusion }

foldL (nil, cat ◦ (wrap × id))
= { cat ◦ (wrap × id) = cons }

foldL (nil, cons)
= { identity as a fold }

id

Mult-mult

concat ◦ concat
= { concat }

concat ◦ foldL (nil, cat)
= { fold fusion: concat ◦ cat = cat ◦ (concat × concat) }

foldL (nil, cat ◦ (concat × id))
= { fold-map fusion }

concat ◦ map concat

Comonads Dually, a comonad is a functor M together with two operations

extr :: M A → A
dupl :: M A → M (M A)
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Again, the two operations should be natural transformations:

f ◦ extr = extr ◦ M f
M (M f) ◦ dupl = dupl ◦ M f

Moreover, the following coherence laws should hold:

extr ◦ dupl = id
M extr ◦ dupl = id
dupl ◦ dupl = M dupl ◦ dupl

The Stream Comonad One example of a comonad is the datatype of streams:

Stream A = fix (A×̂)
We introduce the separate destructors

head = exl ◦ out
tail = exr ◦ out

Thus, the function tails, which turns a stream into the stream of streams of all
of its infinite suffices, is an unfold:

tails = unfoldStream (id � tail)

We claim that Stream is a comonad, with extraction head and duplication tails.

Laws To say that the datatype of streams is a comonad with the above opera-
tions is to claim the following five laws:

f ◦ head = head ◦ map f
map (map f) ◦ tails = tails ◦ map f
head ◦ tails = id
map head ◦ tails = id
tails ◦ tails = map tails ◦ tails

We verify them one by one, below.

Naturality of Extract

head ◦ map f
= { head }

exl ◦ out ◦ map f
= { map }

exl ◦ (f × map f) ◦ out
= { pairs }

f ◦ exl ◦ out
= { head }

f ◦ head
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Naturality of Duplicate

map (map f) ◦ tails
= { tails }

map (map f) ◦ unfold (id � tail)
= { map-unfold fusion (Exercise 2.9.14) }

unfold (map f � tail)
= { unfold fusion: map f ◦ tail = tail ◦ map f }

unfold (id � tail) ◦ map f
= { tails }

tails ◦ map f

Extract-Duplicate

head ◦ tails
= { head, tails }

exl ◦ out ◦ unfold (id � tail)
= { unfolds }

exl ◦ (id × tails) ◦ (id � tail)
= { pairs }

id

Map-Extract-Duplicate

map head ◦ tails
= { tails }

map head ◦ unfold (id � tail)
= { map-unfold fusion }

unfold (head � tail)
= { identity as unfold }

id

Duplicate-Duplicate

tails ◦ tails
= { tails }

unfold (id � tail) ◦ tails
= { unfold fusion: tail ◦ tails = tails ◦ tail }

unfold (tails� tail)
= { map-unfold fusion }

map tails ◦ unfold (id � tail)
= { tails }

map tails ◦ tails
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4.3 Breadth-First Traversal

As a final example, we discuss breadth-first traversal of a tree. Depth-first traver-
sal is an obvious program to write recursively, but breadth-first traversal takes
a little more thought; one might say that it ‘goes against the grain’. We present
a number of algorithms, and demonstrate their equivalence.

Lists Once again, we use the datatype of lists from §3.4. We will use the function
concat, which concatenates a list of lists:

concat = foldL (nil, cat)

Trees Of course, we will also require a datatype of trees:

Tree A = fix (A ×̂ List)

for which we introduce the separate destructors

root = exl ◦ out
kids = exr ◦ out

Now, depth-first traversal is easy to write:

df = fold (cons ◦ (id × concat))

but breadth-first traversal is a little more difficult.

Levels The most profitable approach to solving the problem is to split the task
into two stages. The first stage computes the levels of tree — a list of lists,
organized by level:

levels :: Tree A → List (List A)

The second stage is to concatenate the levels. Thus,

bf = concat ◦ levels

Long Zip The crucial component for constructing the levels of a tree is a
function lzw (for ‘long zip with’), which glues together two lists using a given
binary operator:

lzw :: (A × A → A)→ List A × List A → List A

Corresponding elements are combined using the binary operator; the remaining
elements are merely ‘copied’ to the result. The length of the result is the greater
of the lengths of the arguments. We have

lzw op = unfoldL (p, f)

where
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p (x, y) = isNil x ∧ isNil y
f (x, y) = (head x, (tail x, y)), if isNil y

= (head y, (x, tail y)), if isNil x
= (op (head x, head y), (tail x, tail y)), otherwise

(This definition is rather inefficient, as the ‘remaining elements’ are copied one by
one. It would be better to use an apomorphism, which would allow the remainder
to be copied all in one go; see Exercise 4.5.8.)

Levels as a Fold Now we can define level-order traversal by

levels = fold (cons ◦ (wrap × glue))

where wrapa = cons(a, nil). Here, the function glue glues together the traversals
of the children:

glue = foldL (nil, lzw cat)

Levels as a Fold, Efficiently The characterization of levels above is inefficient,
because the traversals of children are re-traversed in building the traversal of the
parent. We can use an accumulating parameter to avoid this problem. We define

levels′ (t, xss) = lzw cat (levels t, xss)

and so levels t = levels′ (t, nil). We can now calculate (Exercise 4.5.9) that

levels′ (in (a, ts), xss) = cons (cons (a, ys), foldL (yss, levels′) ts)
where (ys, yss) = split xss

where

split xss = (nil, nil), if isNil xss
= (head xss, tail xss), otherwise

With the efficient apomorphic definition of lzw from Exercise 4.5.8, taking time
proportional to the length of the shorter argument, this program for level-order
traversal takes linear time. However, it is no longer written as a fold.

Levels as an Unfold A better solution is to use an unfold. We generalize to
the level-order traversal of a forest :

levelsf :: List (Tree A)→ List (List A)

Again, we can calculate (using the universal property) that levelsf is an unfold:

unfoldL (isNil, map root � (concat ◦ map kids))

See Exercise 4.5.11 for the details.
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4.4 Bibliographic Notes

The compiler example was inspired by Hutton [19]. The application of mon-
ads to semantics is due to Moggi [28], and of comonads to Brookes [6,7] and
Turi [37]; Wadler [43,41,42] brought monads to the attention of functional pro-
grammers. The programs for breadth-first tree traversal are joint work with
Geraint Jones [12].

4.5 Exercises

1. An alternative definition of compilation is as an unfold, from a list of ex-
pressions to a list of instructions. Define compile in this way, and repeat the
proof of correctness of the compiler.

2. Use fold-map fusion (Exercise 2.9.14) on lists to show that

foldL′ (id, comp′ ◦ exec) = foldL′ (id, comp) ◦ map exec

(so the two definitions of run in §4.1 are indeed equivalent).
3. Show that

foldL′ (id, f) ◦ concat = foldL′ (id, f) ◦ map (foldL′ (id, f))

when f is associative. (Hence run ◦ concat = compose ◦ map run).
4. The compiler example would be more realistic and more general if the code
for each operation were a list of instructions instead of a single instruction.
Repeat the proof for this scenario.

5. The datatype of externally-labelled binary trees from §3.4 forms a monad,
with unit operation

leaf = in ◦ inl

and multiplication operation

collapse = fold (id � (in ◦ inr))

Prove that the monad laws are satisfied.
6. The datatype TreeA = fix (A +̂ (A ×̂ (Id ×̂ Id))) of homogeneous binary trees
forms a comonad, with extraction operation

root = (id � exl) ◦ out

and duplication operation

subs = unfold ((leaf + (node � exr)) ◦ out)

where leaf and node are the separate constructors:

leaf = in ◦ inl
node = in ◦ inr

Prove that the comonad laws are satisfied.
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7. On the datatype of lists in §3.4 we defined concatenation of two lists as a
fold

cat (x, y) = fold (const y � (in ◦ inr)) x

Calculate a definition as an unfold, using the universal property. Also calcu-
late a definition as an apomorphism.

8. Calculate a definition of lzw f (§4.3) as an apomorphism.
9. Calculate the accumulating-parameter optimization of level-order traversal,
from §4.3.

10. The program in Exercise 4.5.9 is not a fold. However, if we define instead
the curried version levels′′ t xss = levels′ (t, xss), then levels′′ is a fold. Use
the universal property to calculate the f such that levels′′ = fold f .

11. Calculate the version of level-order traversal from §4.3 as an unfold.
12. The final program for breadth-first traversal of a forest was of the form

bff = concat ◦ levelsf

where concat is a list fold and levelsf a list unfold. Use hylomorphism de-
forestation (Exercise 3.6.10) to write this as a single recursion, avoiding the
intermediate generation of the list of lists. (This program was shown to us
by Bernhard Möller [29]; it is interesting that it arises as a ‘mere compiler
optimization’ from the more abstract program developed here.)

13. To most people, breadth-first traversal is related to queues, but there are no
queues in the programs presented here. Show that in fact

bff = unfoldL (null, step)

where null holds precisely of empty forests, and step is defined by

step (cons (t, ts)) = (root t, cat (ts, kids ts))

(Hint: the crucial observation is that, for associative operator ⊕ with unit e,
the equation

foldL (e,⊕) (lzw (⊕) (cons (x, xs), ys))
= x ⊕ foldL (e,⊕) (lzw (⊕) (ys, xs))

holds.)
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5 Appendix: Implementation in Haskell

The programs we derive in these lectures are easily translated into a lazy func-
tional programming language such as Haskell. We present one example, the
quicksort program from §3.4, to illustrate.

5.1 Products

We start by encoding the pair calculus. Here are products:

> data Prod a b = Prod a b
> exl (Prod a b) = a
> exr (Prod a b) = b

> fork :: (a -> b) -> (a -> c) -> a -> Prod b c
> fork f g a = Prod (f a) (g a)

> prod :: (a->c) -> (b->d) -> (Prod a b) -> (Prod c d)
> prod f g = fork (f . exl) (g . exr)

5.2 Sums

Here are the definitions for sums:

> data Sum a b = Inl a | Inr b

> join :: (a -> c) -> (b -> c) -> Sum a b -> c
> join l r (Inl x) = l x
> join l r (Inr y) = r y

> dsum :: (a->c) -> (b->d) -> Sum a b -> Sum c d
> dsum f g = join (Inl . f) (Inr . g)

> query :: (a -> Bool) -> a -> Sum a a
> query p a | p a = Inl a
> | otherwise = Inr a

We include a function query p to model p? (we cannot use the names sum or
guard, because they are already used in the standard Haskell prelude).
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5.3 Functors

Haskell’s type classes allow us to encode the property of being a functor. This
allows us to use the same name mapf for the ‘map’ operation of any type functor.
(The standard prelude defines the class Functor and the function fmap for this
purpose; we simply repeat the definition with different names here.)

> class TypeFunctor f where
> mapf :: (a -> b) -> (f a -> f b)

Actually, all we can encode is the type of the corresponding map operations; we
cannot express the laws that should hold.

5.4 Datatypes

A type functor f induces a datatype Fix f; the constructor is In and the de-
structor out. (The difference in capitalization is an artifact of Haskell’s rules for
identifiers.)

> data TypeFunctor f => Fix f = In (f (Fix f))

> out :: TypeFunctor f => Fix f -> f (Fix f)
> out (In x) = x

5.5 Folds and Unfolds

These are now straightforward translations:

> fold :: TypeFunctor f => (f a -> a) -> (Fix f -> a)
> fold f = f . mapf (fold f) . out

> unfold :: TypeFunctor f => (a -> f a) -> (a -> Fix f)
> unfold f = In . mapf (unfold f) . f

5.6 Lists

The encoding of a datatype is almost straightforward. The only wrinkle is that
Haskell requires a type constructor identifier (ListF below) in order to make
something an instance of a type class, so we need to introduce a function to
remove this constructor too:
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> data ListF a b = ListF (Sum () (Prod a b))
> unListF (ListF x) = x

> instance TypeFunctor (ListF a)
> where
> mapf f (ListF x) = ListF (dsum id (prod id f) x)

Now the datatype itself can be given as a mere synonym:

> type List a = Fix (ListF a)

We introduce some syntactic sugar for functions on lists:

> nil :: List a
> nil = In (ListF (Inl ()))
> cons :: Prod a (List a) -> List a
> cons (Prod a x) = In (ListF (Inr (Prod a x)))

> isNil :: List a -> Bool
> isNil = join (const True) (const False) . unListF . out

> hd :: List a -> a
> hd = join (error "Head of empty list") exl . unListF . out

> tl :: List a -> List a
> tl = join (error "Tail of empty list") exr . unListF . out

> foldL :: Prod b (Prod a b -> b) -> List a -> b
> foldL (Prod e f) = fold (join (const e) f . unListF)

> cat :: Prod (List a) (List a) -> List a
> cat (Prod x y) = foldL (Prod y cons) x

(The names head and tail are already taken in the Haskell standard prelude,
for the corresponding operations on the built-in lists.)
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5.7 Trees

Trees can be defined in the same way as lists:

> data TreeF a b = TreeF (Sum () (Prod a (Prod b b)))
> unTreeF (TreeF x) = x

> instance TypeFunctor (TreeF a)
> where
> mapf f (TreeF x) = TreeF (dsum id (prod id (prod f f)) x)
> type Tree a = Fix (TreeF a)

> empty :: Tree a
> empty = In (TreeF (Inl ()))
> bin :: Tree a -> a -> Tree a -> Tree a
> bin t a u = In (TreeF (Inr (Prod a (Prod t u))))

> foldT :: Prod b (Prod a (Prod b b) -> b) -> Tree a -> b
> foldT (Prod e f) = fold (join (const e) f . unTreeF)

> unfoldT :: Prod (b -> Bool) (Prod (b -> a) (b -> Prod b b))
> -> b -> Tree a
> unfoldT (Prod p (Prod f g))
> = unfold (TreeF . dsum (const ()) (fork f g) . query p)

5.8 Quicksort

The flattening stage of Quicksort encodes simply:

> flatten :: Tree a -> List a
> flatten = foldT (Prod nil glue)
> where glue (Prod a (Prod x y)) = cat (Prod x (cons (Prod a y)))

We define filtering as follows (the name filter is already taken):

> filt :: (a -> Bool) -> List a -> Prod (List a) (List a)
> filt p = foldL (Prod (Prod nil nil) step)
> where step = join (fork (cons . prod id exl) (exr . exr))
> (fork (exl . exr) (cons . prod id exr))
> . query (p . exl)

The definition of step here is a point-free presentation of the more perspicuous
definition using variable names and pattern guards:
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where step (Prod a (Prod x y))
| p a = Prod (cons (Prod a x)) y
| otherwise = Prod x (cons (Prod a y))

Now partitioning a non-empty list is an application of filter:

> partition :: Ord a => List a -> Prod (List a) (List a)
> partition x = filt (< hd x) (tl x)

(The context ‘Ord a =>’ states that this definition is only applicable to ordered
types, namely those supporting the operation <.)
Then the remainder of the Quicksort algorithm translates naturally:

> build :: Ord a => List a -> Tree a
> build = unfoldT (Prod isNil (Prod hd partition))

> quicksort :: Ord a => List a -> List a
> quicksort = flatten . build
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Abstract. Well-foundedness and inductive properties of relations are
expressed in terms of fixed points. A class of fixed point equations, called
“hylo” equations, is introduced. A methodology of recursive program de-
sign based on the use of hylo equations is presented. Current research on
generalisations of well-foundedness and inductive properties of relations,
making these properties relative to a datatype, is introduced.

1 Introduction

Central to computing science is the development of practical programming meth-
odologies. Characteristic of a programming methodology is that it involves a dis-
cipline designed to maximise confidence in the reliability of the end product. The
discipline constrains the construction methods to those that are demonstrably
simple and easy to use, whilst still allowing sufficient flexibility that the creative
process of program construction is not impeded. A well-established methodology
is the combined use of invariant relations and well-founded relations in the de-
sign of iterative algorithms in sequential programming (see sections 2.2 and 2.5),
the constraint being the restriction of the methodology to the design of while
statements rather than allowing arbitrary use of goto statements.

In this paper we develop an algebra of terminating computations based on
fixed point calculus and relation algebra. We begin by formulating properties of
well-foundedness (of a relation) and admitting induction in terms of fixed points.
This discussion is motivated by the methodology of designing iterative algorithms
mentioned above. We then explore the termination of recursive programs. Here
we argue for a practical discipline of recursive programming based on a class of
recursive fixed-point equations called “hylo” equations (a notion first introduced
by Meijer [20]). The notion of a relation admitting induction is generalised to the
notion of “ F -reductivity”, where the parameter F captures the data structure
underlying the recursion.

2 Imperative Programming and Well-Founded Relations

An important application of fixed point calculus is in the study of well-founded
relations. Well-founded relations are fundamental to program termination and
to inductive proofs of program properties.
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Before we can begin to discuss how to express well-foundedness in terms of
fixed points we need to introduce relation algebra. In relation algebra, relations
are not viewed as sets of pairs but just as values in (the carrier of) an algebraic
system. In this way, relation algebra expresses the properties of the most funda-
mental operations on relations without reference to the elements being related.
For example, relation algebra encapsulates the properties of the converse R∪ of
relation R without reference to the so-called pointwise definition of R∪ :

(x,y)∈R∪ ≡ (y,x)∈R .

Instead the converse operation is given an axiomatic definition, which includes
for example the property that it is its own inverse:

(R∪)∪ =R .

This point-free axiomatisation is the key to formulating the notions of well-
foundedness and admitting induction in terms of fixed points.

A continuous motivational thread throughout this section will be the formu-
lation of a methodology for the design of iterative programs in terms of relation
algebra. We begin in section 2.1 with a brief introduction to relation algebra, just
enough to be able to present a concise formulation of the use of invariant prop-
erties in section 2.2. This latter discussion raises several issues which motivates
the introduction of the domain and division operators in section 2.3.

In section 2.4 we begin with the standard pointwise definition of well-
foundedness which we then reformulate in a point-free definition. We then go
on to derive an equivalent but more compact definition. The same process is
followed for the notion of admitting induction. We recap the standard point-
wise definition, reformulate this in a point-free manner and then derive a more
compact but equivalent definition. We then discuss the equivalence of admitting
induction and being well-founded.

2.1 Relation Algebra

For us, a (non-deterministic) program is an input-output relation. The conven-
tion we use when defining relations is that the input is on the right and the
output on the left. The convention is thus that used in functional programming
and not that used in sequential programming. For example, the relation < on
numbers is a program that maps a number into one smaller than itself. The func-
tion succ is the relation between natural numbers such that m〈succ〉n equivales
m=n+1 . It is thus the program that maps a natural number into its successor.

A relation is a set of ordered pairs. In discussions of the theory of imperative
programming the “state space” from which the elements of each pair are drawn
often remains anonymous. This reflects the fact that type structure is often not
a significant parameter in the construction of imperative programs, in contrast
to functional programs where it is pervasive. One goal here is to combine the
functional and imperative programming paradigms. For this reason, we adopt a
typed algebra of relations (formally an “allegory” [11]). A relation is thus a triple
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consisting of a pair of types I and J , say, and a subset of the cartesian product
I×J . We write R∈ I←J (read R has type I from J ), the left-pointing arrow
indicating that we view J as the set of all possible inputs and I as the set of
possible outputs. I is called the target and J the source of the relation R , and
I←J (read I from J ) is called its type.

We write x[[R]]y if the pair (x, y) is an element of relation R . (As is usual
in mathematics, we omit the brackets when R is denoted by a symbol and
it is easy to parse the resulting expression — as in, for example, x<y. ) We
use a raised infix dot to denote relational composition. Thus R◦S denotes the
composition of relations R and S (the relation defined by x[[R◦S]]z equivales
∃〈y:: x[[R]]y∧ y[[S]]z〉 ). The composition R◦S is only defined when the source
of R equals the target of S . Moreover, the target of R◦S is the target of R ,
and the source of R◦S is the source of S . Thus, R◦S ∈ I←K if R∈ I←J
and S ∈J←K. The converse of relation R is denoted by R∪ . Thus, x[[R∪]]y
equivales y[[R]]x . The type rule is that R∪∈ I←J equivales R∈J←I .

Relations of the same type are ordered by set inclusion denoted in the con-
ventional way by the infix ⊆ operator. The relations of a given type I←J form
a complete lattice under this ordering. The smallest relation of type I←J is the
empty relation, denoted here by ⊥⊥I←J , and the largest relation of type I←J
is the universal relation, which we denote by ��I←J . (We use this notation for
the empty and universal relations because the conventional notation � for the
universal relation is easily confused with T , a sans serif letter T, particularly in
hand-written documents.) The union and intersection of two relations R and S
of the same type are denoted by R∪S and R∩S , respectively.

Because relations are sets, we have the shunting rule

R∩S⊆T ≡ S ⊆ ¬R∪T

where ¬R denotes the complement of relation R . The only use we make of
this rule here is the fact that relations of type I←I form a completely distribu-
tive lattice and thus a regular algebra. We use this fact when we exploit the
unique extension property of regular algebras in the identification of fixed point
equations that define a relation uniquely.

For each set I there is an identity relation on I which we denote by idI .
Thus idI ∈ I←I . Relations of type I←I contained in the identity relation of
that type will be called coreflexives . (The terminology partial identity relation
and monotype is also used.) By convention, we use R , S , T to denote arbitrary
relations and A , B and C to denote coreflexives. A coreflexive A thus has the
property that if x[[A]]y then x= y . Clearly, the coreflexives of type I←I are
in one to one correspondence with the subsets of I ; we shall exploit this corre-
spondence by identifying subsets of a set I with the coreflexives of type I←I .
Specifically, by an abuse of notation, we write x∈A for x[[A]]x (on condition
that A is a coreflexive). We also identify coreflexives with predicates, partic-
ularly when discussing induction principles (which are traditionally formulated
in terms of predicates rather than sets). So we shall say “ x has property A ”
meaning formally that x[[A]]x . Continuing this abuse of notation, we use ∼A
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to denote the coreflexive having the same type as A and containing just those
elements not in A . Thus, x[[∼A]]y equivales the conjunction of x∈I (where A
has type I←I ) and x=y and not x[[A]]x . We also sometimes write I where idI

is meant. (This fits in with the convention in category theory of giving the same
name to that part of a functor which maps objects to objects and that part
which maps arrows to arrows.) A final, important remark about coreflexives is
that their composition coincides with their intersection. That is, for coreflex-
ives A and B , A◦B =A∩B .

We use an infix dot to denote function application. Thus f.x denotes appli-
cation of function f to argument x . Functions are particular sorts of relations;
a relation R is functional if y[[R]]x and z[[R]]x together imply that y = z . If
this is the case we write R.x for the unique y such that y[[R]]x . Note that
functionality of relation R is equivalent to the property R ◦R∪ ⊆ idI where I
is the target of R . We normally use f , g and h to denote functional relations.

Dual to the notion of functionality of a relation is the notion of injectivity.
A relation R with source J is injective if R∪ ◦R ⊆ idJ . Which of the properties
R ◦R∪ ⊆ idI or R∪ ◦R ⊆ idJ one calls “functional” and which “injective” is
a matter of interpretation. The choice here fits in with the convention that
input is on the right and output on the left. More importantly, it fits with the
convention of writing f.x rather than say xf (that is the function to the left
of its argument). A sensible consequence is that type arrows point from right to
left.

2.2 Imperative Programming

In this section we introduce the derivation of repetitive statements using invari-
ant relations. The section contains just an outline of the methodology expressed
in relation algebra. For extensive introductions see (for example) [12,1]. At the
end of the section we identify a need to delve deeper into relation algebra, thus
motivating the section which follows.

Given a (non-trivial) specification, X , the key to constructing a loop im-
plementing X is the invention of an invariant, Inv . The invariant is chosen
in such a way that it satisfies three properties. First, the invariant can be “es-
tablished” by some initialisation Init . Second, the combination of the invariant
and some termination Term satisfies the specification X . Third, the invari-
ant is “maintained by” some loop body Body whilst making progress towards
termination.

These informal requirements can be made precise in a very concise way. The
three components Inv , Init and Term are all binary relations on the state
space, just like the specification X . They are so-called input-output relations.

“Establishing” the invariant is the requirement that

Init⊆ Inv .

In words, any value w′ related to input value w by Init is also related by the
invariant relation to w.
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That the combination of the termination and invariant satisfies the specifi-
cation X is the requirement that

Term◦Inv⊆X .

This is the requirement that for all output values w′ and input values w ,

∀〈v: w′[[Term]]v∧ v[[Inv]]w: w′[[X ]]w〉
(Here we see the convention of placing input values on the right and output
values on the left.)

Finally, that the invariant is maintained by the loop body is expressed by

Body◦Inv⊆ Inv

Pointwise this is

∀〈w′, v, w: w′[[Body]]v∧ v[[Inv]]w: w′[[Inv]]w〉 .

So Body maps values v related by the invariant Inv to w to values w′ that
are also related by Inv to w .

Together these three properties guarantee that

Term ◦Body∗ ◦ Init ⊆ X .

That progress is made is the requirement that the relation Body be well-
founded. (This we will return to shortly.)

As an example, consider the classic problem of finding the greatest common
divisor (abbreviated gcd ) of two positive numbers x and y . The state space
of the program is Int×Int . The specification, invariant, initialisation and termi-
nation are thus binary relations on this set. The specification, X , is simply

x′= y′=gcd.(x,y) .

Here priming x and y is a commonly used convention for abbreviating the
definition of a relation between the pair of output values x′ and y′ , and the
pair of input values x and y . More formally, X is the relation

{x, y, x′, y′: x′= y′=gcd.(x,y): ((x′,y′) , (x,y))} .

The convention is that the definition

{x, y, x′, y′: p.(x,y,x′,y′): ((x′,y′) , (x,y))}
is abbreviated to

p.(x,y,x′,y′) ,

the primes indicating the correspondence between input and output variables.
Using this convention, the invariant is the relation

gcd.(x′,y′) = gcd.(x,y)



208 Henk Doornbos and Roland Backhouse

and the initialisation is the identity relation

x′=x∧ y′= y .

(The initialisation is thus implemented by skip , the do-nothing statement.) The
termination is a subset of the identity relation on the state space. It is the relation

x′=x= y′= y .

The composition of the termination relation and the invariant is thus the relation

x′= y′ ∧ gcd.(x′,y′) = gcd.(x,y)

which, since gcd.(x′,x′) equals x′ , is identical to the specification X . The loop
body in Dijkstra’s well-known guarded command solution to this problem is the
union of two relations, the relation

x<y ∧ x′=x ∧ y′= y−x

and the relation
y<x ∧ y′= y ∧ x′=x−y .

Exercise 1 Identify X , Inv , Init , Body and Term in the language
recognition program discussed in the chapter on Galois Connections and Fixed
Point Calculus.

✷

2.3 Domains and Division

Domains Our account of invariants is not yet complete. The relationship be-
tween the specification X and Term ◦Body∗ ◦ Init is containment not equality,
and may indeed be a proper superset relation. Not every subset of the specifica-
tion will do, however. An additional requirement is that the input-output relation
computed by the program is total on all input values. Formally this is a require-
ment on the so-called “right domain” of the computed input-output relation.
Right domains are also relevant if we are to relate our account of invariants to
the implementation of loops by a while statement. Recall that Body is the
body of the loop, and Term terminates the computation. The implementation
of Term ◦Body∗ by a while statement demands that both of these relations
are partial and, more specifically, that their right domains are complementary.

The right domain of a relation R is, informally, the set of input values that
are related by R to at least one output value. Formally, the right domain R> of
a relation R of type I←J is a coreflexive of type J←J satisfying the property
that

∀〈A: A⊆ idJ : R◦A=R ≡ R>⊆A〉 .

Given a coreflexive A , A⊆ idJ , the relation R◦A can be viewed as the rela-
tion R restricted to inputs in the set A . Thus, in words, the right domain of R
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is the least coreflexive A that maintains R when R is restricted to inputs in
the set A .

Note that the right domain should not be confused with the source of the
relation. The source expresses the set of input values of interest in the context
of the application being considered whereas the right domain is the set of input
values over which the relation is defined. In other words, we admit the possibility
of partial relations. Formally, a relation R of type I←J is total if R> is idJ ,
otherwise it is partial. Similarly the target should not be confused with the left
domain of a relation. A relation R of type I←J is surjective if R< is idI .

Returning to loops, the requirement is that the right domain of Term is the
complement of the right domain of Body . Letting b denote the right domain
of Body and ∼b its complement (thus b∪∼b = id and b∩∼b = ⊥⊥ ) we thus
have

Term = Term ◦∼b and Body =Body◦b .

As a consequence,

Term ◦Body∗ ◦ Init = Term ◦∼b ◦ (Body◦b)∗ ◦ Init .

The statement while b do Body is the implementation of ∼b ◦ (Body◦b)∗ in
that the latter is the least solution of the equation

X :: X = ∼b∪X◦Body◦b

and executing this equation is equivalent to executing the program

X = if b then Body;X .

We continue this discussion in section 2.5.

Division The body of a loop should maintain the loop invariant. Formally, the
requirement is that Body◦Inv⊆ Inv . In general, for relations R of type I←J
and T of type I←K there is a relation R\T of type J←K satisfying the
Galois connection, for all relations S ,

R◦S⊆T ≡ S⊆R\T .

The operator \ is called a division operator (because of the similarity of the
above rule to the rule of division in ordinary arithmetic). The relation R\T is
called a residual or a factor of the relation T . Relation R\T holds between
output value w′ and input value w if and only if

∀〈v: v[[R]]w′: v[[T ]]w〉 .

Applying this Galois connection, the requirement on Body is thus equivalent to

Inv⊆Body\Inv ,
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the pointwise formulation of which is

∀〈w′, w: w′[[Inv]]w: ∀〈w′′:w′′[[Body]]w′:w′′[[Inv]]w〉〉 .

The relation Body\Inv corresponds to what is called the weakest prespecifica-
tion of Inv with respect to Body in the more usual predicate calculus formu-
lations of the methodology [14]. The weakest liberal precondition operator will
be denoted here by the symbol “ \ ”. Formally, if R is a relation of type I←J
and A is a coreflexive of type I←I then R\A is a coreflexive of type J←J
characterised by the property that, for all coreflexives B of type J←J ,

(R◦B)<⊆A ≡ B⊆R\A . (2)

(If we interpret the coreflexive A as a predicate p on the type I , then R\A
is the predicate q such that

q.w≡∀〈w′:w′[[R]]w: p.w〉 .

It is the weakest condition q on input values w that guarantees that all output
values w′ that are R -related to w satisfy the predicate p .)

The operator \ plays a very significant role in what is to follow. For this
reason it is useful to have a full and intimate understanding of its algebraic
properties. This, however, is not the place to develop that understanding and
we make do with a summary of the most frequently used properties.

First note that the function ( R\ ) , being an upper adjoint, distributes over
arbitrary meets of coreflexives. Because meet on coreflexives coincides with com-
position it follows that R\ distributes over composition: R\ (A◦B) = (R\A)◦
(R\B) . This corresponds to the fact that weakest liberal precondition operator
associated with a statement R is universally conjunctive. From (2) we obtain
the cancellation property:

(R ◦R\B)<⊆B . (3)

Often this property is used in a slightly different form, namely:

R ◦R\B ⊆ B◦R . (4)

Both (3) and (4) express that program R produces a result from set B when
started in a state satisfying R\B . If R is a function then R\A can be ex-
pressed without recourse to the left-domain operator. Specifically, we have for
function f :

f\A = f∪ ◦A◦f . (5)

A full discussion, including all the properties used here, can be found in [6].

2.4 Well-Foundedness Defined

Expressed in terms of points, a relation R is said to be well-founded if there are
no infinite chains x0 , x1 , . . . such that xi+1[[R]]xi for all i , i≥0 . A relation R
is thus not well-founded if there is a set A such that

A �=φ∧∀〈x:x∈A:∃〈y: y∈A: y[[R]]x〉〉 .
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Noting that ∃〈y: y∈A: y[[R]]x〉 ≡ x∈ (A◦R)> this definition converts directly into
the following point-free form.

Definition 6 (Well-founded) Relation R is said to be well-founded if and
only if it satisfies

∀〈A: A⊆ I: A⊆⊥⊥ ⇐ A⊆ (A◦R)>〉 .

✷

The connection between well-foundedness and fixed points is the following.

Theorem 7 Relation R is well-founded equivales

ν〈A:A⊆ I: (A◦R)>〉 = ⊥⊥ .

Proof For arbitrary monotonic function f we have:

νf = ⊥⊥
⇐ { reflexivity of ⊆ , ⊥⊥ is the least element }

∀〈X :: X⊆⊥⊥ ⇐ X⊆ νf〉
⇐ { fixed point induction }

∀〈X :: X⊆⊥⊥ ⇐ X⊆ f.X〉 .

The corollary follows by instantiating f to 〈A:A⊆ I: (A◦R)>〉 .
✷

Characteristic of definition 6 is that it is a rule for establishing when a set
represented by a coreflexive A , A⊆ I , is empty. In the following theorem we
replace sets by arbitrary relations. This has the advantage that we can then
immediately exploit the unique extension property of a regular algebra.

Theorem 8 For arbitrary relation R∈ I←I ,

(ν〈X ::X◦R〉)> = ν〈A:A⊆ I: (A◦R)>〉 .

Hence R is well-founded if and only if it satisfies

ν〈X ::X◦R〉 = ⊥⊥ .

(Here the dummy X ranges over all relations of type I←I .)

Proof We shall only sketch the proof since we have not discussed the algebraic
properties of the right domain operator in sufficient detail to give a completely
formal proof. (For such a proof see [9].)

At first sight it would seem that a simple application of the fusion theorem
would suffice. This is not the case, however, because the right domain operator
is a lower adjoint in a Galois connection, not an upper adjoint as is required to
apply fusion.
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The key to the proof is to observe that ν〈X ::X◦R〉 is a so-called right
condition. That is,

ν〈X ::X◦R〉 = ��◦ν〈X ::X◦R〉 .

(This is easily proved by a mutual inclusion argument.) This suggests the use of
the fusion theorem to prove that

ι . ν〈p: p=��◦p: p◦R〉 = ν〈X ::X◦R〉
where ι denotes the function that embeds the set of right conditions of type
I←I into the set of relations of type I←I . (Embedding functions between
complete lattices are both upper and lower adjoints so there is no difficulty in
applying the fusion theorem.) The proof is now completed by using the fact that
the two functions 〈p: p=��◦p: p>〉 and 〈A:A⊆ I:��◦A〉 are inverse lattice iso-
morphisms between the lattice of right conditions and the lattice of coreflexives
of type I←I . (This is an application of the unity-of-opposites theorem.) Thus,
using the fusion theorem once again,

ν〈A:: (A◦R)>〉 = (ν〈p:: p◦R〉)>

and
�� ◦ν〈A:: (A◦R)>〉 = ν〈p:: p◦R〉 .

From this it follows that

(ν〈X ::X◦R〉)> = ν〈A:A⊆ I: (A◦R)>〉 .

Now,

R is well-founded

≡ { definition }
ν〈A:A⊆ I: (A◦R)>〉 = ⊥⊥

≡ { above }
(ν〈X ::X◦R〉)> = ⊥⊥

≡ { domains }
ν〈X ::X◦R〉 = ⊥⊥ .

✷

Corollary 9 Relation R is well-founded equivales

∀〈S, T :: T = S ∪T ◦R ≡ T = S ◦R∗〉
Proof A relation algebra is a regular algebra. So the unique extension property
holds with the product operator instantiated to relational composition and the
addition operator instantiated to set union.
✷
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Having expressed well-foundedness in terms of fixed points it is now possible
to apply fixed-point calculus to deduce some of its properties. The following is
elementary (even without the use of fixed points!) but needs to be stated because
of its frequent use.

Lemma 10 If relation R is well-founded and S⊆R then S is well-founded.
✷

Fixed point calculus gives an easy proof of the following more interesting
theorem.

Theorem 11 For all R , that R is well-founded equivales that R+ is well-
founded.

Proof We prove the stronger theorem that

ν〈X ::X◦R〉= ν〈X :: X◦R+〉 .

The inclusion ν〈X ::X◦R〉⊆ ν〈X :: X◦R+〉 is immediate from monotonicity of ν
and the fact that R⊆R+ . For the other inclusion, we calculate:

ν〈X :: X◦R+〉 ⊆ ν〈X ::X◦R〉
⇐ { fixed point induction }

ν〈X :: X◦R+〉 ⊆ ν〈X :: X◦R+〉 ◦R
≡ { R+ = R ◦R∗ }

ν〈X :: X◦R+〉 ⊆ ν〈X :: X◦R ◦R∗〉 ◦R
≡ { rolling rule }

ν〈X :: X◦R+〉 ⊆ ν〈X :: X◦R∗ ◦R〉
≡ { R+ = R∗ ◦R }

true .

✷

This concludes this section. With dummies A and p ranging over coreflex-
ives and right conditions, respectively, and X , S and T over relations, we have
established the equivalence of the properties:

– R is well-founded.
– ν〈A:: (A◦R)>〉=⊥⊥ .
– ν〈p:: p◦R〉=⊥⊥ .
– ν〈X ::X◦R〉=⊥⊥ .
– R+ is well-founded.
– ∀〈S, T :: T = S ∪T ◦R ≡ T = S ◦R∗〉 .

Exercise 12 We saw above that ν〈X ::X◦R〉 is a right condition. What is
the interpretation of this right condition as a set?
✷
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Exercise 13 The standard technique for proving termination of a loop state-
ment or a recursive definition in a program is to use a bound function. That is,
one defines a function from the state space to a set on which a well-founded
relation is defined. Most commonly the set is the set of natural numbers, and
one proves that the body of the loop statement or recursive definition strictly
reduces the value of the bound function.

Suppose the body of the loop statement is given by relation S , the bound
function is f and the well-founded relation is R . Then the technique amounts
to proving that if x[[S]]y then f.x [[R]]f.y . That is, S ⊆ f∪ ◦R ◦ f . In view of
lemma 10, the validity of the use of bound functions is justified by the following
theorem: If R is a relation and f a functional relation such that R is well-
founded, then relation f∪ ◦R ◦ f is well-founded as well.
Prove this theorem.
Hint: as in the proof of theorem 11 one can make a more general statement
relating ν〈X ::X◦R〉 and ν〈X :: X ◦f∪ ◦R ◦ f〉 .

✷

Exercise 14 Show that if R is well-founded then R+∩ I ⊆ ⊥⊥ . (So no non-
empty subset of a well-founded relation is reflexive.)

Under what conditions is the well-foundedness of R equivalent to R+ ∩ I ⊆
⊥⊥ ? Provide examples where possible.

✷

2.5 Totality of While Statements

We are now in a position to complete our discussion of the construction of while
statements using loop invariants.

Recall that Body is the body of the loop, and Term terminates the com-
putation. The well-foundedness of Body guarantees that the execution of the
while statement will always terminate. It also guarantees that the implementa-
tion is total, provided that Term and Body have complementary right domains,
and the initialisation Init is total. Specifically, we have:

(Term ◦Body∗ ◦ Init)> = I

≡ { domain calculus }
((Term ◦Body∗)> ◦ Init)> = I

⇐ { by assumption, Init is total, i.e. Init> = I }
(Term ◦Body∗)> = I

≡ { (Term ◦Body∗)> is the unique solution of the equation

A:: A = Term>∪ (A ◦Body)> }
I = Term>∪ (I ◦Body)>
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≡ { by assumption,

Term and Body have complementary right domains.

In particular, I = Term>∪Body> }
true .

The penultimate step needs further justification. The claim is that the equation

A:: A = Term>∪ (A ◦Body)>

has a unique solution provided that Body is well-founded. This is easily derived
from (9). Indeed, for all coreflexives A ,

A = Term>∪ (A ◦Body)>

≡ { domain calculus.

Specifically, (��◦A)> =A and ��◦R = �� ◦R> }
��◦A = ��◦Term ∪ ��◦A◦Body

≡ { Body is well-founded, (9) }
��◦A = �� ◦Term ◦Body∗

≡ { domain calculus (as above) }
A= (Term ◦Body∗)> .

That is, (Term ◦Body∗)> is the unique solution of the above equation in A .

2.6 Induction Principles

Dual to the notion of well-foundedness is the notion of admitting induction. This
section formulates the latter notion in terms of fixed points and then shows that
well-foundedness and admitting induction are equivalent.

A relation R is said to admit induction if the following schema can be used to
establish that property P holds everywhere: prove, for all y , that the induction
hypothesis ∀〈x:x[[R]]y:P.x〉 implies P.y . That is, expressed in terms of points,
R admits induction iff

∀〈y::P.y〉⇐∀〈y:: ∀〈x:x[[R]]y:P.x〉⇒P.y〉 .

The subterm
∀〈x:x[[R]]y:P.x〉

in this formula is called the induction hypothesis while the proof of the subterm

∀〈y:: ∀〈x:x[[R]]y:P.x〉⇒P.y〉
the induction step. For instance, replacing R by the less-than relation ( < ) on
natural numbers and the dummies x and y by m and n , the less-than relation
admits induction iff

∀〈n::P.n〉⇐∀〈n:: ∀〈m:m<n:P.m〉⇒P.n〉 .



216 Henk Doornbos and Roland Backhouse

This is indeed the case since the above is the statement of the principle of strong
mathematical induction. The induction hypothesis is ∀〈m:m<n:P.m〉 ; the in-
duction step is the proof that assuming the truth of the induction hypothesis
one can prove P.n . That the less-than relation admits induction means that
from the proof of the induction step one can infer that P.n holds for all n .

Less directly but nevertheless straightforwardly, replacing R by the prede-
cessor relation on natural numbers, i.e. x[[R]]y ≡ y =x+1 , and simplifying using
the fact that no number is a predecessor of 0 , one obtains the principle of simple
mathematical induction: with n ranging over the natural numbers,

∀〈n::P.n〉 ⇐ P.0∧∀〈n:: P.n⇒P.(n+1)〉 .

Thus the predecessor relation on natural numbers admits induction. Note that
in this case the proof of P.0 is called the basis of the proof by induction and
the proof of P.n⇒P.(n+1) , for all n , the induction step.

The pointwise definition of “admits induction” given above is in terms of
predicates. Because we want to arrive at a definition in terms of relations we
first reformulate it in terms of sets. So we define: relation R admits induction
if and only if:

∀〈y::y∈A〉⇐∀〈y:: ∀〈x:x[[R]]y:x∈A〉⇒ y∈A〉 . (15)

To arrive at a definition without dummies we first notice that ∀〈y:: y∈A〉 , the
(understood) domain of y being I , can be rewritten as I⊆A . Furthermore,
we see that the expression in the domain of the antecedent, ∀〈x:x[[R]]y:x∈A〉 , is
just y∈R\A . So (15) can be drastically simplified to

I⊆A⇐ R\A⊆A , (16)

for all coreflexives A of type I←I .
According to the terminology introduced above, R\A is the induction hy-

pothesis, whilst a proof of R\A⊆A is the induction step.
This then is the definition of “admits induction”.

Definition 17 The relation R is said to admit induction if and only if it
satisfies

∀〈A: A⊆ I: I ⊆A⇐ R\A⊆A〉 .

Equivalently, R is said to admit induction if and only if

µ〈A:A⊆ I:R\A〉 = �� .

✷

Just as for well-foundedness, we propose a definition in which the type dif-
ference between the variables is removed.

Theorem 18 That relation R admits induction equivales µ〈X ::R\X〉=�� .
✷
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We omit the proof as it is essentially dual to the proof of theorem 8.

Exercise 19 Definition 17 draws attention to the coreflexive µ(R\ ) : if rela-
tion R admits induction then the set corresponding to µ(R\ ) is the universe
over which relation R is defined. By restricting the domain of any relation R
it is always possible to obtain a relation that admits induction. Specifically,
for any relation R , the relation R ◦µ(R\ ) admits induction. Prove this theo-
rem.

✷

2.7 Admits-Induction Implies Well-Founded

Now that we have seen several equivalent definitions of well-founded it is time
to explore its relationship to admitting induction. The following lemma is the
key insight.

Lemma 20 ν〈T ::T ◦R〉 ◦µ〈T ::R\T 〉 = ⊥⊥ .

Proof The form of the theorem suggests that we try to apply µ -fusion. Of
course we then have to find a suitable function f such that µf =⊥⊥ . The
identity function is one possibility and, as it turns out, is a good choice. However,
since we want to demonstrate how good use of the calculational technique can
avoid the need to make guesses of this nature, we construct f . We have, for
all X ,

X ◦µ〈T ::R\T 〉 = ⊥⊥
≡ { introduce f such that ⊥⊥=µf }

X ◦µ〈T ::R\T 〉 ⊆ µf

⇐ { basic fusion theorem }
∀〈T :: X ◦R\T ⊆ X ◦f.T 〉

≡ { choose for f , f.T =T , noting that indeed ⊥⊥=µ〈T ::T 〉 .

factor cancellation: specifically, R◦R\T ⊆ T }
X⊆X◦R

⇐ { definition of ν〈T ::T ◦R〉 }
X = ν〈T ::T ◦R〉 .

✷

Theorem 21 If R admits induction then R is well-founded.

Proof If R admits induction then, by definition, µ〈T ::R\T 〉=�� . So, by
lemma 20, ν〈T ::T ◦R〉 ◦�� = ⊥⊥ . But then, since I⊆�� , ν〈T ::T ◦R〉⊆⊥⊥ . By
theorem 8 we have thus established that R is well-founded.
✷
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Exercise 22 One might suppose that an argument dual to the above leads
to a proof that well-foundedness implies admits-induction. Unfortunately this
is not the case: a true inverse, viz. complementation, is needed to do that. To
prove the theorem using the techniques developed here it suffices to know that
R\S =¬(R∪ ◦¬S) . (We haven’t given enough information about relation alge-
bra for you to verify this fact within the algebra. A pointwise verification can,
of course, be given instead.) This fact can then be used to construct a func-
tion f such that ν〈T ::T ◦R〉 = f.µ〈T ::R\T 〉 . µ -fusion should be used bearing
in mind the Galois connection ¬R⊆S ≡ R⊇¬S and being particularly care-
ful about the reversal of the ordering relation. Having constructed f it is then
straightforward to establish the equivalence between the two notions.
Prove that well-foundedness admits induction along the lines outlined above.

In general, the right condition ν〈T ::T ◦R〉 can be interpreted as the set of
all points from which an infinite R -chain begins.
What is the interpretation of µ〈T ::R\T 〉 ?

✷

3 Hylo Equations

In this section we introduce a methodology for the design of recursive programs.
The methodology is based on constraining the recursion to a particular form of
fixed point equation, called a “hylo” equation, rather than allowing arbitrary
recursion (which has been called the goto of functional programming). The
methodology generalises the methodology for designing while statements by
introducing a datatype as an additional parameter in the design process. (In the
case of while statements the datatype is just the set of natural numbers, in the
case of a divide-and-conquer algorithm the datatype is a tree structure.)

A hylo equation comprises three elements, a “relator” F (which is a function
from relations to relations), and two relations, one of which is an “ F -algebra”
and the other is an “ F -coalgebra”. The complete definition is given in sec-
tion 3.1. Section 3.2 gives a number of examples of programs that take the form
of a hylo equation. It is shown that programs defined by structural or primitive
recursion are instances of hylo programs as well as several standard sorting algo-
rithms and other programs based on a divide-and-conquer strategy. The goal in
this section is, of course, to demonstrate that restricting the design methodology
to hylo programs still allows sufficient room for creativity. Sections 3.3 and 3.4 in-
troduce an important fixed-point theorem which formally relates hylo equations
with the use of an intermediate or “virtual” data structure. Understanding this
theorem is crucial to understanding the methodology of designing hylo programs.
The final section, section 3.5 is about generalising notions of well-foundedness
and inductivity to take into account the intermediate data structure implicit in
any hylo program.
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3.1 Relators and Hylos

A hylo equation comprises three elements, a so-called “relator” and two relations.
The notion of relator plays the same role in relation algebra as the notion of
“functor” in the category of functions and sets.

Functors are relevant to functional programming because they correspond to
type constructors. The canonical example is List , which is an endofunctor on the
category Fun . The object part of the functor List is the mapping from types
(sets) to types. (For example List.IN , lists of natural numbers, is the result of
applying List to IN .) The arrow part of the functor List is the function known
as map to functional programmers. If f ∈ I←J then map.f ∈ List.I←List.J is
the function that applies function f to each element in a list of J s to create a
list of I s of the same length. It is a general fact that parameterised datatypes
(of which List is an example) define functors. The object part of the functor is
the mapping from types to types and the arrow part is the “map” operation that
applies a given function to every value stored in an instance of the datatype.

Rather than constrain ourselves to the design of functional programs, we
consider programs involving relations as well. (The reasons are obvious: doing so
means that we may allow non-determinism in our programs and do not have to
make an arbitrary distinction between specifications —which typically involve
an element of non-determinism— and implementations. Also, as the theory be-
low shows, there is no good reason for not extending the discussion to include
relations.) But the categorical notion of functor is too weak to describe type
constructors in the context of a relational theory of datatypes. The notion of
an “allegory” [11] extends the notion of a category in order to better capture
the essential properties of relations, and the notion of a “relator” [3,6] extends
the notion of a functor in order to better capture the relational properties of
datatype constructors.

Formally an allegory is a category such that, for each pair of objects A
and B , the class of arrows of type A←B forms an ordered set. In addition
there is a converse operation on arrows and a meet (intersection) operation on
pairs of arrows of the same type. These are the minimum requirements in order to
be able to state the algebraic properties of the converse operation. For practical
purposes more is needed. A locally-complete, tabulated, unitary, division allegory
is an allegory such that, for each pair of objects A and B , the partial ordering on
the set of arrows of type A←B is complete (“locally-complete”), the division
operators introduced in section 2.3 are well-defined (“division allegory”), the
allegory has a unit (which is a relational extension of the categorical notion
of a unit — “unitary”) and, finally, the allegory is “tabulated”. We won’t go
into the details of what it means to be “tabulated” but, basically, it means
that every arrow in the allegory can be represented by a pair of arrows in the
underlying map category (i.e. by a pair of functions) and captures the fact that
relations are subsets of the cartesian product of a pair of sets. (Tabularity is vital
because it provides the link between categorical properties and their extensions
to relations.)
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A suitable extension to the notion of functor is the notion of a “relator”.
A relator is a functor whose source and target are both allegories —remember
that an allegory is a category— that is monotonic with respect to the subset
ordering on relations of the same type and commutes with converse. Thus, a
relator F is a function to the objects of an allegory C from the objects of an
allegory D together with a mapping to the arrows (relations) of C from the
arrows of D satisfying the following properties:

F.R ∈ F.I ✛C F.J whenever R∈ I ✛D J . (23)

F.R ◦F.S = F.(R◦S) for each R and S of composable type, (24)

F.idA = idF.A for each object A , (25)

F.R ⊆ F.S ⇐ R ⊆ S for each R and S of the same type, (26)

(F.R)∪ = F.(R∪) for each R . (27)

Two examples of relators are List and product. List is a unary relator, and
product is a binary relator. If R is a relation of type I←J then List.R relates
a list of I s to a list of J s whenever the two lists have the same length and
corresponding elements are related by R . The relation R×S relates two pairs
if the first components are related by R and the second components are related
by S . List is an example of an inductively-defined datatype; in [2] it was
observed that all inductively-defined datatypes are relators.

Now that we have the definition of a relator we may also give the definition
of a hylo equation.

Definition 28 (Hylos) Let R and S be relations and F a relator. An
equation of the form

X :: X = R ◦F.X ◦S (29)

is said to be a hylo equation or hylo program.
✷

The identification of the importance of hylo equations is due to Meijer. (See
e.g. [20].)

Note that, on typing grounds, if the unknown X in equation (29) is to have
type A←B then R must have type A←F.A . We say that R is an F -algebra
with carrier A . Also S must have type F.B←B (equivalently S∪ must be
an F -algebra with carrier B ). It is convenient to use the term coalgebra for
a relation of type F.B←B for some B . So a coalgebra with carrier B is the
converse of an algebra with carrier B .

3.2 Hylo Programs

In this section we show how frequently recursive programs can be rewritten
in the form of hylo equations. We consider a variety of classes of recursion:
structural recursion, primitive recursion, divide-and-conquer, and so on. In order
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to show that each of these classes is subsumed by the class of hylo equations some
additional notation is introduced as and when necessary. It is not necessay to
understand the notation in detail in order to be able to appreciate the examples,
and the notation will not be used elsewhere.

Structural recursion The heart of functional programming is the declaration and
use of datatypes. This is facilitated by the special purpose syntax that is used.
A definition like that of the natural numbers in Haskell:

datatype Nat = Zero | Succ Nat

introduces two datatype constructors Zero and Succ of types Nat and Nat ->
Nat, respectively. It also facilitates the definition of functions on natural numbers
by pattern matching as in the definition of the function even:

even Zero = True
even (Succ n) = not (even n)

Category theory enables one to gain a proper understanding of such definitions
and to lift the level of discussion from particular instances of datatypes to the
general case, thus improving the effectiveness of program construction.

Category theory encourages us to focus on function composition rather than
function application and to combine the two equations above into one equation,
namely:

even ◦ (zero�succ) = (true�not) ◦ (11+even) . (30)

In this form various important elements are more readily recognised. First, the
two datatype constructors Zero and Succ have been combined into one al-
gebra zero�succ . Similarly, True and not have been combined into the alge-
bra true�not . The general mechanism being used here is the disjoint sum type
constructor ( + ) and the case operator ( � ). Specifically, given types A and B ,
their disjoint sum A+B comprises elements of A together with elements of B
but tagged to say in which component of the disjoint sum they belong. Applica-
tion of the function f�g to a value of type A+B involves inspecting the tag to
see whether the value is in the left component of the sum or in the right. In the
former case the function f is applied (after stripping off the tag); in the latter
case the function g is applied. Thus for f�g to be correctly typed, f and g
must have the same target type. Then, if f has type A←B and g has type
A←C , the type of f�g is A←B+C .

Another important element of (30) is the unit type 11 and the term 11+even .
The unit type is a type with exactly one element. The term 11+even is read as
the functor 11+ applied to the function even . As explained earlier, if f has type
A←B the function 11+f has type 11+A← 11+B . It is the function that inspects
the tag on a value of type 11+B to see if it belongs to the left component, 11 , or
the right component, B . In the former case the value is left unaltered (complete
with tag), and in the latter case the function f is applied to the untagged value,
and then the tag is replaced. The functor 11+ is called the pattern functor of
the datatype IN (Nat in Haskell-speak) [5].
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The final aspect of (30) that is crucial is that it uniquely defines the func-
tion even . (To be precise, the equation

X :: X ◦ (zero�succ) = (true�not) ◦ (11+X)

has a unique solution.) This is the concept of initiality in category theory. Specif-
ically, zero�succ is an initial ( 11+ )-algebra which means that for all ( 11+ )-
algebras f the equation

X :: X ◦ (zero�succ) = f ◦ (11+X)

has exactly one solution.
In summary, category theory identifies three vital ingredients in the definition

(30) of the function even , namely, the functor 11+ , the initial ( 11+ )-algebra
zero�succ and the ( 11+ )-algebra true�not .

The general form exemplified by (30) is

X ◦ in = f ◦F.X (31)

where F is a functor, in is an initial F -algebra and f is an F -algebra. This
general form embodies the use of structural recursion in modern functional pro-
gramming languages like Haskell. The left side embodies pattern matching since,
typically, in embodies a case analysis as exemplified by zero�succ . The right
side exhibits recursion over the structure of the datatype, which is represented
by the “pattern” functor F .

Here is the formal definition of an initial algebra. The definition is standard
—an initial object in the category of F -algebras— but we give it nonetheless
in order to introduce some terminology.

Definition 32 Suppose F is an endofunctor on some category C . An arrow f
in C is an F -algebra if f ∈ A←F.A for some A , the so-called carrier of
the algebra. If f and g are both F -algebras with carriers A and B then
arrow ϕ∈A←B is said to be an F -algebra homomorphism to f from g
if ϕ ◦ f = g ◦F.ϕ . The category FAlg has objects all F -algebras and arrows
all F -algebra homomorphisms. Composition and identity arrows are inherited
from the base category C . The arrow in ∈ I←F.I is an initial F -algebra
if for each f ∈ A←F.A there exists an arrow ([f ])∈A← I such that for all
h∈A← I ,

h = ([f ]) ≡ h∈ f ✛FAlg
in . (33)

So, ([f ]) is the unique homomorphism to algebra f from algebra in . We call
([f ]) the catamorphism of f .

✷

The “banana bracket” notation for catamorphisms (as it is affectionately
known) was introduced by Malcolm [17,18]. Malcolm was also the first to express
the unicity property using an equivalence in this way. It is a mathematically
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trivial device but it helps enormously in reasoning about catamorphisms. Note
that the functor F is also a parameter of ([f ]) but the notation does not make
this explicit. This is because the functor F is usually fixed in the context of the
discussion. Where disambiguation is necessary, the notation ([F ; f ]) is sometimes
used. The initial algebra is also a parameter that is not made explicit; this is less
of a problem because initial F -algebras are isomorphic and thus catamorphisms
are defined “up to isomorphism”.

An important property of initial algebras, commonly referred to as Lambek’s
lemma [16], is that an initial algebra is both injective and surjective. Thus, for
example, zero�succ is an isomorphism between IN and 11+IN . Lambek’s lemma
has the consequence that, if in is an initial F -algebra,

h∈ f ✛FAlg
in ≡ h = f ◦F.h ◦ in∪

where in∪ is the inverse of in . Thus, the characterising property (33) of cata-
morphisms is equivalent to, for all h and all F -algebras f ,

h = ([f ]) ≡ h = f ◦F.h ◦ in∪ . (34)

That is, ([f ]) is the unique fixed point of the function mapping h to f ◦F.h ◦ in∪ .
Equivalently, ([f ]) is the unique solution of the hylo equation:

h:: h = f ◦F.h ◦ in∪ .

In the context of functions on lists the catamorphism ([f ]) is known to functional
programmers as a fold operation. Specifically, for lists of type I the relevant
pattern functor F is the functor mapping X to 11+(I×X) (where × de-
notes the cartesian product functor) and an F -algebra is a function of type
A← 11+(I×A) for some A . Thus an F -algebra takes the form c� (⊕) for
some function c of type A← 11 and some function ⊕ of type A← I×A . The
characterising property of the catamorphisms is thus

h = ([c� (⊕)]) ≡ h = (c� (⊕)) ◦ (11+ (I×h)) ◦ (nil∪ � cons∪) .

Here nil∪ � cons∪ is the inverse of nil�cons . (In general, R�S is the converse
conjugate of R�S . That is, (R�S)∪ = R∪ �S∪ .) It can be read as the pattern
matching operator: look to see whether the argument is an empty list or a non-
empty list. In the former case nil∪ returns an element of the unit type, tagging it
so that the result of the test is passed on to later stages; in the latter case cons∪

splits the list into a head and a tail, the resulting pair also being tagged for later
identification. Using the algebraic properties of case analysis, the characterising
property is equivalent to

h = ([c� (⊕)]) ≡ h ◦ nil= c ∧ h ◦ cons = (⊕) ◦ (I×h)

the right side of which is a point-free free formulation of the definition of a fold
with seed the constant c and binary operator (⊕ ). As a concrete example, the
function sum that sums the elements of a list is

([zero� add])
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where add is the addition function. In Haskell this function would be written

fold 0 add .

Although catamorphisms (folds) are best known in the context of functional
programming many relations are also catamorphisms. For example, the prefix
relation on lists is uniquely characterised by the two equations

nil[[prefix]]nil
and xs[[prefix]](y:ys) ≡ xs=nil∨∃(zs:: xs= y:zs ∧ zs[[prefix]]ys) .

Expressed as one, point-free equation this is

prefix ◦ (nil�cons) = (nil� ((nil◦��)∪ cons)) ◦ (11+(I×prefix)) (35)

where I denotes the type of the list elements. Here we recognise a relator and
two algebras: in this case the relator is (11+(I×) ) and the two (11+(I×) )-
algebras are nil�cons and nil� ((nil◦��)∪ cons) . (Note that the second algebra
is not a function.) Equivalently, prefix is the unique solution of a hylo equation:

prefix = (nil� ((nil◦��)∪ cons)) ◦ (11+(I×prefix)) ◦ (nil∪ � cons∪) . (36)

Primitive recursion Structural recursion is useful since many programs that arise
in practice have this kind of recursion. However, just as structural induction
is not enough to prove all facts that can be proved by induction, structural
recursion is not enough to define all programs that can be defined by recursion.
As an example of a program that is not structurally recursive, consider the
factorial function, the function defined by the two equations

fact ◦ zero = one and fact ◦ succ = times ◦ (fact�succ) ,

where one is the constant function returning the number 1 and times is the
multiplication function. These equations can be combined into the single equa-
tion

fact = (one� (times ◦ (succ×IN))) ◦ (11+ (IN�fact)) ◦ (zero∪ � succ∪) . (37)

Reading from the right, the factorial function first examines its argument to
determine whether it is zero or the successor of another number; in the former
case a tagged element of the unit type is returned, and in the latter case the
predecessor of the input value is returned, suitably tagged. Subsequently, if the
input value is n+1 , the function IN�fact constructs a pair consisting of the
number n and the result of the factorial function applied to n. (As forewarned,
IN is used here to denote the identity function on natural numbers.) The calcu-
lation of (n+1)×n! is the result of applying the function times ◦ (succ×IN) to
the (untagged) pair. On the other hand, if the input value is zero then one is
returned as result.

To give an example of a relation defined by primitive recursion we need look
no further than the suffix relation on lists. It satisfies
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nil[[suffix]]nil
and xs[[suffix]](y:ys) ≡ xs= y:ys ∨ xs[[suffix]]ys .

Expressed as a fixed point equation this is:

suffix = (nil� ((cons◦exl)∪ (exr◦exr))) ◦ (11+ (I × (List.I � suffix))) ◦ (nil∪ � cons∪)

where I is the type of the list elements and exl and exr project a pair onto its
left and right components, respectively. This is a definition by primitive recur-
sion.

When we abstract from the particular functor and initial algebra in factorial
program (37) a general recursion scheme is obtained.

X :: X = R ◦F.(I×X) ◦F.(I�I) ◦ in∪ . (38)

In the case of the factorial function R is one� (times ◦ succ×id) , F is ( 11+ ),
I is the (identity on) natural numbers and in is zero�succ . (Note here that
(W×X) ◦ (I�I) = W�X for all W and X with source I . Therefore we have
F.(I×X) ◦F.(I�I) = F.(I�X) . We have applied this so-called × - � -fusion law
in order to make the term F.(I�I) explicit.) A definition of this form is called
primitive recursive.

This generic formulation of primitive recursion was introduced (for functions)
by Meertens [19]. He called such an equation a para equation and a solution to
the equation a paramorphism.

Divide and Conquer As the name suggests, “primitive” recursion is also unsuit-
able as the basis for a practical methodology of recursive program construction.
Divide-and-conquer is a well-known technique that is not easily expressed using
primitive recursion.

An example of a divide-and-conquer program is the sorting algorithm known
as “quicksort” . Quicksort, here abbreviated to qs , is uniquely defined by the
hylo equation:

qs = (nil�(join ◦ (I×cons))) ◦ (11+(qs×(I×qs))) ◦ (nil∪ �dnf) (39)

To see that this is the quicksort program one has to interpret dnf as the well-
known “Dutch national flag” relation: the relation that splits a non-empty list
into a tuple ( xs , (x , ys) ) formed by a list, an element and a list such that all
elements in the list xs are at most x and all elements in ys are greater than x .
The results of the recursive calls are assembled to the output list by the operation
join ◦ (I×cons) , where join produces the concatenation of two lists.

A typical divide and conquer program is of the form

X = (R�conquer) ◦ (I+(X×X)) ◦ (I+divide) ◦ (A�B) . (40)

Interpreting this program should not be difficult. A test is made to determine
whether the input is a base case (if the input satisfies A ), the output then
being computed by R . If the input is not a base case (if the input satisfies B )
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the input is split into two smaller “subproblems” by divide . Then the smaller
problems are solved recursively and finally the two solutions of the subproblems
are assembled into an output by conquer .

Of course there are more divide and conquer schemes. For example, the orig-
inal problem can be split into more than two subproblems. It is also possible
that the divide step produces, besides a number of subproblems, a value that is
not “passed into the recursion”; then the middle relation of (40) has a form like
I×(X×X) . Quicksort is an example of such a divide and conquer algorithm.

Repetition is an elementary and familiar example of divide and conquer in
which the original problem is reduced to a single subproblem. A repetition is a
solution of the equation in x :

x = if ¬b→ skip [] b→ s;x fi . (41)

Using the fact that skip (do nothing) corresponds to the identity function, I , on
the state space and writing B for the coreflexive corresponding to predicate b
and S for the relation corresponding to the statement s , we may express (41)
using disjoint sum as:

X = (I�I) ◦ (I+X) ◦ (∼B � (S◦B)) . (42)

Here we see how while statements are expressed in terms of hylo equations,
the relator being ( I+ ).

Parameterised recursion Often recursive programs conform to one of the schemes
discussed above but this is obscured by the presence of an additional parameter.
Elementary examples are the definitions of addition, multiplication and expo-
nentiation on natural numbers, which are essentially, but not quite, definitions
by structural recursion:

0+n = n and (m+1)+n = (m+n)+1 ,
0×n = 0 and (m+1)×n = m×n+n ,
n0 = 1 and nm+1 = nm×n .

All these definitions have the form

X.(0, n) = f.n and X.(m+1 , n) = g.(m, h.n)

where X is the function being defined and f , g and h are known functions.
(We leave the reader to supply the instantiations for f , g and h .) In point-free
form, we have yet again a hylo equation:

X = k ◦ ((11+X)× IN) ◦ (pass� exr) ◦ ((zero∪ � succ∪)× IN)
where k = ((f ◦ exr) � (g ◦ (id×h))) ◦ distr .

Here distr is a function of type (H×K) + (J×K)← (H+J)×K that is poly-
morphic in H , J and K , and pass is a function of type 11+ (I×K)←
(11+ I)×K that is polymorphic in I and K .
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Despite the seeming complexity of the underlying algebra and coalgebra, the
basic structure is thus a hylo equation.

Another example, with the same structure but defined on a datatype other
than the natural numbers, is the program that appends two lists. The standard
definition comprises the two equations

nil ++ ys = ys and (x :xs) ++ ys = x : (xs ++ ys) .

As a single equation (where we write join instead of ++ ):

join = post ◦ ((11+ (I × join))×List.I) ◦ (pass� exr) ◦ ((nil∪ � cons∪)×List.I) .

where post = (exr� cons) ◦ distr . Here distr is as before whereas in this case pass
is a function of type 11+ (I×(J×K))← (11+ (I×J))×K that is polymorphic
in I , J and K . Once again we recognise a hylo equation.

3.3 Intermediate Data Structures

At the beginning of section 3.2 we discussed the use of recursion on the structure
of a datatype; if R is an F -algebra with carrier A then the catamorphism ([R])
can be seen as a program that destructs an element of an initial F -algebra in
order to compute a value of type A . The converse ([R])∪ is thus a program that
constructs an element of the initial algebra from a value of type A .

Now suppose R and S∪ are both F -algebras with carriers A and B ,
respectively. Then the composition ([R]) ◦ ([S∪])∪ has type A←B. It computes a
value of type A from a value of type B by first building up an intermediate
value which is an element of an initial F -algebra and then breaking the element
down. The remarkable theorem is that

([R]) ◦ ([S∪])∪ is the least solution of the hylo equation (29).

This theorem (which we formulate precisely below) gives much insight into the
design of hylo programs. It says that executing a hylo program is equivalent
to constructing an intermediate data structure, the form of which is specified
by the relator F , and then breaking this structure down. The two phases are
called the anamorphism phase and the catamorphism phase. Executing a hylo
equation for a specific input value by unfolding the recursion hides this process;
it is as if the intermediate data structure is broken down as it is being built
up. (A good comparison is with a Unix pipe in which the values in the pipe are
consumed as soon as they are produced.) Execution of ([R]) ◦ ([S∪])∪ does make
the process explicit. For this reason, the relator F is said to specify a virtual
data structure [21].

Two simple examples of virtual data structures are provided by do-statements
and the factorial function. In the case of do-statements (see (42)) the virtual
datatype is the carrier set of an initial (I+)-algebra, a type which is isomorphic to
I×IN —thus an element of the virtual datatype can be seen as a pair consisting of
an element of the state space and a natural number, the latter being a “virtual”
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count of the number of times the loop body is executed. In the case of the
factorial function, definition (37) can be rewritten so as to make the relator F
explicit:

fact = (one� (times ◦ (succ×IN))) ◦ (11+(IN×fact)) ◦ (zero∪ � ((IN�IN) ◦ succ∪)) .

The “virtual” datatype is thus the type of lists of natural numbers, the carrier set
of an initial 11+(IN×)-algebra. The list that is constructed for a given input n
is the list of natural numbers from n − 1 down to 0 and the hylo theorem
states that the factorial of n can be calculated by constructing this list (the
anamorphism phase) and then multiplying the numbers together after adding 1
(the catamorphism phase).

Language recognition also illustrates the process well. Let us explain the
process first with a concrete example following which we will sketch the generic
process. Consider the following grammar:

S ::= aSb | c
where, for our purposes, a , b and c denote some arbitrary sets of words over
some fixed alphabet. Associated with this grammar is a data structure: the class
of parse trees for strings in the language generated by the grammar. This data
structure, Stree , satisfies the equation:

Stree = (a×Stree×b) + c .

It is an initial F -algebra where F maps X to (a×X×b) + c . Now the pro-
cess of unparsing a parse tree is very easy to describe since it is defined
by induction on the structure of parse trees. Indeed the unparse function is
the F -catamorphism ([(concat3 ◦ (a×id×b)) � c]) where concat3 concatenates
three strings together, a , b and c are the identity functions on the sets a , b
and c , and id is the identity function on all words. Moreover, its left domain
is equal to the language generated by the grammar. Since in general the left
domain of function f is f ◦f∪ the language generated satisfies

S = ([(concat3 ◦ (a×id×b)) � c]) ◦ ([(concat3 ◦ (a×id×b)) � c])∪ .

This equation defines a (nondeterministic) program to recognise strings in the
language. The program is a partial identity on words. Words are recognised by
first building a parse tree and then unparsing the tree. By the hylo theorem (or
directly from the definition of S ) we also have the hylo program

S = ((concat3 ◦ (a×id×b)) � c) ◦ ((a×S×b) + c) ◦ (((a×id×b) ◦ concat3∪) � c) .

This is a program that works by (nondeterministically) choosing to split the
input word into three segments (using concat3∪ ) or to check whether the word is
in the language c . In the former case the first segment is checked for membership
in a , the third segment is checked for membership in b and the program is called
recursively to check the middle segment. Subsequently the three segments are
recombined into one. In the latter case the word is left unchanged.
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The derivation of a language recogniser in this way can be generalised to
an arbitrary context-free grammar. (This is only possible because we base our
methodology on relation algebra. The non-determinism present in a typical
context-free grammar prohibits the generalisation we are about to make in the
context of functional programming.) A context-free grammar defines a type of
parse trees in a fairly obvious way. Also an unparse function can always be
defined mapping parse trees to strings. This function is a catamorphism. The
language generated by the grammar is the left domain of the unparse function,
which is unparse ◦ unparse∪ . This in turn is the composition of a catamorphism
and the converse of a catamorphism, which can be expressed as a hylo program
using the hylo theorem.

In practice the process is complicated by the fact that all practical context-
free grammars have more than one nonterminal, and nonterminals are linked
together via mutual recursion. But the theory we have developed covers this
case too. Mutual recursion is modelled by endorelators on a product category.

3.4 The Hylo Theorem

We summarise the previous section with a formal statement of the hylo theorem.
The theorem is rather deeper than just the statement that the least solution of a
hylo equation is the composition of a catamorphism and an anamorphism. The
proof of the theorem has been given in detail elsewhere [4]1.

Recall that we defined the notion of an initial algebra in the context of a
category. (See (32).) To all intents and purposes this amounts to defining the
notion of an initial algebra in the context of functions between sets. What we
need however is the notion of an initial algebra in the context of binary relations
on sets, that is, in the context of an allegory. Definition 43 is such a definition.
The hylo theorem states that the categorical notion of an initial algebra coincides
with the allegorical notion if the allegory is locally complete and tabular.

Definition 43 Assume that F is an endorelator. Then ( I , in ) is a relational
initial F -algebra iff in ∈ I←F.I is an F -algebra and there is a mapping ([ ])
defined on all F -algebras such that

([R])∈A← I if R ∈ A←F.A , (44)
([in]) = idI , and (45)

([R]) ◦ ([S])∪ = µ〈X :: R ◦F.X ◦S∪〉 . (46)
1 Actually [4] contains a proof of the dual theorem concerning final coalgebras and is
more general than the theorem stated here. Unlike in a category, dualising between
initiality and finality is not always straightforward in an allegory because of the lack
of duality between intersection and union. However, dualising from a finality property
to an initiality property is usually straightforward and it is the other direction that
is difficult. That is one reason why [4] chose to present the theorem in terms of
coalgebras rather than algebras. The extra generality offered by the theorem in [4]
encompasses the relational properties of disjoint sum and cartesian product but at
the expense of requiring a more sophisticated understanding of allegory theory which
we wanted to avoid in the current presentation.
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That is, ([R]) ◦ ([S])∪ is the smallest solution of the equation X ::R◦F.X◦S∪⊆X .
✷

In order to state the hylo theorem we let Map(A) denote the sub-category
of functions in the allegory A . For clarity we distinguish between the endorela-
tor F and the corresponding endofunctor defined on Map(A) .

Theorem 47 (Hylo Theorem) Suppose F is an endorelator on a locally-
complete, tabular allegory A . Let F ′ denote the endofunctor obtained by re-
stricting F to the objects and arrows of Map(A) . Then in is an initial F ′ -
algebra if and only it is a relational initial F -algebra.

✷

3.5 Reducing Problem Size

There are two elements in the design of the body of a while statements: it should
maintain an invariant relation established by the initialisation procedure, and it
should make progress to the termination condition. The latter is guaranteed if
the loop body is a well-founded relation on the state space. There are also two
elements in the design of hylo equations. The intermediate data structure plays
the role of the invariant relation, whilst making progress is achieved by ensuring
that each recursive call is “smaller” than the original argument. In this section
we formalise this requirement. The notion we introduce, “ F -reductivity” due
to Henk Doornbos [10], generalises the notion of admitting induction essentially
by making the intermediate data structure a parameter. As we shall indicate in
section 3.6 this has important ramifications for developing a calculus of program
termination.

Informally, for hylo program X = S ◦F.X ◦R we require that all values
stored in an output F -structure of R have to be smaller than the correspond-
ing input to R . More formally, with x[[mem]]y standing for “ x is a member
of F -structure y ” (or, x is a value stored in F -structure y ”), we demand
that for all x and z

∀〈y:: x[[mem]]y∧ y[[R]]z ⇒ x≺ z〉 ,

for some well-founded ordering ≺ . If this is the case we say that R is F -
reductive.

To make the definition of reductivity completely precise we actually want
to avoid the concept of “values stored in an F -structure”. (This is because its
incorporation into the definition of F -reductivity limits the practicality of the
resulting theory.) Fortunately, Hoogendijk and De Moor [13,15] have shown how
to characterise membership of a so-called “container” type in such a way that
it can be extended to other types where the intuitive notion of “membership” is
not so readily apparent.

Hoogendijk and De Moor’s characterisation of the membership relation of a
relator is the following:
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Definition 48 (Membership) Relation mem ∈ I←F.I is a membership
relation of relator F if and only if it satisfies, for all coreflexives A , A⊆ I :

F.A = mem\A .

✷

When this definition is expressed pointwise it reads:

x∈F.A ≡ ∀〈i: i[[mem]]x: i∈A〉 .

Informally: an F -structure satisfies the property F.A iff all the values stored
in the structure satisfy property A . For example, for the list relator mem holds
between a point and a list precisely when the point is in the list. For product
the relation holds between x and ( x,y ) and also between y and ( x,y ).

This definition of membership leads to a definition of F -reductivity inde-
pendent of the notion of values stored in an F -structure. To see this we observe
that, for coalgebra R with carrier I and for coreflexive A below I , we have:

(mem ◦ R)\A
= { factors (2) }

R\ (mem\A)

= { definition 48 }
R \ F.A .

Now, that S ∈ I←I admits induction is the condition that the least prefix point
of the function 〈A:: S\A〉 is I , and our informal notion of the reductivity of
R ∈ F.I← I is that mem ◦ R should be well-founded. Since being well-founded
is equivalent to admitting induction, the latter is equivalent to the requirement
that the least prefix point of the function 〈A:: R \ F.A〉 is I , which does not
involve any appeal to notions of membership of a “container” type. This gives
us a precise, generic definition of the notion of F -reductivity:

Definition 49 ( F -reductivity) Relation R ∈ F.I← I is said to be F -
reductive if and only if it enjoys the property:

µ((R\ )•F ) = I . (50)

✷

Obviously F -reductivity generalises the notion of admitting induction. (A re-
lation R admits induction if and only if it is Id -reductive, where Id denotes the
identity relator.) An immediate question is whether there is a similar generalisa-
tion of the notion of well-foundedness and a corresponding theorem that F -well-
foundedness is equivalent to F -reductivity. As it turns out, there is indeed a
generic notion of well-foundedness but this is strictly weaker than F -reductivity.
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The definition is given below, the facts just stated are left as exercises in the use
of fixed point calculus.

Well-foundedness of relation R is equivalent to the equation X :: X =X◦R
having a unique solution (which is obviously ⊥⊥ , the empty relation). This
is easily generalised to the property that, for all relations S , the equation
X :: X =S◦X◦R has a unique solution. The generic notion of well-foundedness
focusses on this unicity of the solution of equations.

Definition 51 ( F -well-founded) Relation R ∈ F.I← I is F -well-founded
iff, for all relations S ∈ J←F.J and X ∈J←I ,

X = S ◦F.X ◦R ≡ X =µ〈Y :: S ◦F.Y ◦R〉 .

✷

Exercise 52 Verify the claim made immediately before definition 51. That is,
show that R is well-founded equivales

∀〈X,S:: X =S◦X◦R ≡ X =µ〈Y ::S◦Y ◦R〉〉 .

In words, R is well-founded equivales R is Id -well-founded. (Hint: if R is
well-founded then µ〈Y ::S◦Y ◦R〉=⊥⊥ .)

✷

Exercise 53 Prove that an F -reductive relation is F -well-founded.

✷

An example of a relation that is F -well-founded but not F -reductive can be
constructed as follows. Define the relator F by F.X =X×X. Suppose R∈ I←I
is a non-empty well-founded relation. Then the relation R�I of type I×I← I
(which relates a pair of values (x, y) each of type I to a single value z of type I
iff x is related by R to z and y = z ) is F -well-founded but not F -reductive.
For a proof see [10].

3.6 A Calculus of F -Reductivity

The introduction of a data structure —the relator F — as a parameter to the
notion of reductivity is a significant advance because it admits the possibility of
developing a calculus of reductivity and thus of program termination based on
the structure of the parameter. A beginning has been made to the development
of such a calculus [7,10] sufficient to establish the termination of all the examples
given in section 3.2 by a process akin to type checking.

Space only allows us to give a brief taste of the calculus here. The fundamental
theorem is the following.
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Theorem 54 The converse of an initial F -algebra is F -reductive.

Proof Let in ∈ I←F.I be an initial F -algebra and A an arbitrary coreflexive
of type I←I . We must show that

I ⊆A ⇐ in∪ \ F.A ⊆ A .

We start with the antecedent and derive the consequent:

in∪\ F.A ⊆ A

≡ { for function f and coreflexive B , f\B = f∪ ◦B ◦f ,

in∪ is a function and F.A is a coreflexive }
in ◦F.A ◦ in∪ ⊆ A

⇒ { Hylo theorem: (47) and (43) ,

in is an initial F -algebra }
([in])⊆A

≡ { identity rule: (45), in ∈ I←F.I is an initial F -algebra }
I ⊆A .

✷

Theorem 54 has central importance because, if we examine all the programs
in section 3.2 we see that the converse of a initial F -algebra is at the heart of
the coalgebra in all the hylo equations. In the case, for example, of primitive
recursion the generic equation has the form

X :: X = R ◦F.(I×X) ◦F.(I�I) ◦ in∪

and the coalgebra is F.(I�I) ◦ in∪ where in ∈ I←F.I is an initial F -algebra.
For the equation to define a terminating program (and consequently have a
unique solution) we must show that the coalgebra is ( F •(I×) )-reductive. This
is done by showing that F.(I�I) transforms any F -reductive relation into an
( F •(I×) )-reductive relation — which is a consequence of the fact that F.(I�I)
is an instance of a natural transformation of the relator F to the relator
F •(I×) .
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tracted from Doornbos’s thesis [10] (see also [8]), and the hylomorphism theorem
in the form presented here is joint work with Paul Hoogendijk [4].
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11. P. J. Freyd and A. Ščedrov. Categories, Allegories. North-Holland, 1990. 204, 219
12. D. Gries. The Science of Programming. Springer-Verlag, New York, 1981. 206
13. Paul Hoogendijk and Oege de Moor. Container types categorically. Journal of

Functional Programming, 10(2):191–225, 2000. 230
14. C. A. R. Hoare and Jifeng He. The weakest prespecification. Fundamenta Infor-

maticae, 9:51–84, 217–252, 1986. 210
15. Paul Hoogendijk. A Generic Theory of Datatypes. PhD thesis, Department of

Mathematics and Computing Science, Eindhoven University of Technology, 1997.
230



6. Algebra of Program Termination 235

16. J. Lambek. A fixpoint theorem for complete categories. Mathematische Zeitschrift,
103:151–161, 1968. 223

17. G. Malcolm. Algebraic data types and program transformation. PhD thesis, Gronin-
gen University, 1990. 222

18. G. Malcolm. Data structures and program transformation. Science of Computer
Programming, 14(2–3):255–280, October 1990. 222

19. L. Meertens. Paramorphisms. Formal Aspects of Computing, 4(5):413–424, 1992.
225

20. Eric Meijer, Maarten Fokkinga, and Ross Paterson. Functional programming with
bananas, lenses, envelopes and barbed wire. In FPCA ’91: Functional Program-
ming Languages and Computer Architecture, number 523 in LNCS, pages 124–144.
Springer-Verlag, 1991. 203, 220

21. Doaitse Swierstra and Oege de Moor. Virtual data structures. In Helmut Partsch,
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Chapter 7

Exercises in Coalgebraic Specification

Bart Jacobs

Department of Computer Science, University of Nijmegen

Abstract. An introduction to coalgebraic specification is presented via
examples. A coalgebraic specification describes a collection of coalgebras
satisfying certain assertions. It is thus an axiomatic description of a par-
ticular class of mathematical structures. Such specifications are especially
suitable for state-based dynamical systems in general, and for classes in
object-oriented programming languages in particular. This chapter will
gradually introduce the notions of bisimilarity, invariance, component
classes, temporal logic and refinement in a coalgebraic setting. Besides
the running example of the coalgebraic specification of (possibly infinite)
binary trees, a specification of Peterson’s mutual exclusion algorithm is
elaborated in detail.

1 Introduction

This chapter presents an introduction to the relatively young area of coalgebraic
specification, developed in [36,12,14,13,15,16,8,9,3]. It is aimed at a mathemat-
ically oriented audience, and therefore it focuses on coalgebraic specifications
as axiomatic descriptions of certain mathematical structures, and on how to
formulate and prove properties about such structures. The emphasis lies on con-
crete examples, and not on the meta-theory of coalgebras. Currently, coalgebraic
specifications are being used and developed in theoretical computer science, in
particular to specify classes in object-oriented languages (such as Java [23]).
Much of the motivation, terminology, and many of the examples stem from this
area. We shall not emphasise this aspect, and no prior experience in computer
science is assumed. It is possible that in the future, coalgebras will find com-
parable applications in mathematics, for instance in system and control theory.
Further, the theory of coalgebras is best formulated and developed using cate-
gorical notions and techniques. In this introduction we shall not use any category
theory, however, and describe coalgebras at an elementary level. This means that
we cover neither homomorphisms of coalgebras, nor the related topic of terminal
(also called final) coalgebras.

Coalgebras are simple mathematical structures that can be understood as
duals of algebras. We refer to [21] for an introduction to the study of coalgebras.
Here we shall simply use coalgebras, without concentrating too much on the
difference with algebras, and we hope that readers will come to appreciate their
rôle in specification and verification. They are typically used to describe state-
based dynamical systems, where the state space (set of states) of the system

R. Backhouse et al. (Eds.): Algebraic and Coalgebraic Methods . . . , LNCS 2297, pp. 237–281, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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is considered as a black box, and where nothing is known about the way that
the observable behaviour is realised. Coalgebraic specification is thus important
for the study of such dynamical systems. In this field one naturally reasons in
terms of invariance and bisimilarity. Indeed, these notions are fundamental in
the theory of coalgebras1. Further, a recent development is the close connection
between coalgebras and temporal logic, see [30,17]. The temporal operators �
for henceforth and ♦ for eventually can be defined easily in a coalgebraic setting,
in terms of invariants. Their use is quite natural in a state-based setting, namely
for reasoning about all/some future states in safety/progress formulas. In this
chapter we illustrate the use of � and ♦ in coalgebraic specification. We also give
an impression of the application of the least and greatest fixed point operators
from the µ-calculus [42] in this setting.

As mentioned, coalgebraic specifications give an axiomatic description of
mathematical structures. As such they resemble axiomatic descriptions of groups
or rings that are common in mathematics. But there are also some differences
with standard mathematical approaches, stemming from their use in computer
science.

1. Coalgebraic specifications are typically structured, using the object-oriented
mechanisms of inheritance (with subclasses inheriting from superclasses) and
aggregation (with ambient classes having component classes). This is needed
because specifications in computer science tend to become very big, in order
to capture all possible scenarios in which a system has to function. Such
explicit structuring mechanisms do not exist in axiomatisations in mathe-
matics. Lamport [26, Section 1] writes: “Although mathematicians have de-
veloped the science of writing formulas, they haven’t turned that science into
an engineering discipline. They have developed notations for mathematics
in the small, but not for mathematics in the large.”.

2. Coalgebraic specifications have a rather precise format. Actually, there is
an experimental formal language CCSL, for Coalgebraic Class Specification
Language. Specifications in CCSL are thus objects which can be manip-
ulated by a computer. There is a LOOP compiler [9,38] which translates
CCSL specifications into logical theories for a proof tool. The latter is a
special program that helps in formal reasoning (e.g. via built-in tactics and
decision procedures). It is like a calculator for reasoning. Such proof tools are
useful for proving the correctness of elaborate system descriptions (e.g. as
complex coalgebraic specifications), involving many different case distinc-
tions. Humans easily make mistakes, by omitting a case or a precondition,
but proof tools are very good at such bureaucratism. The specifications in
this chapter are presented in a semi-formal style, resembling CCSL. All the
results about the examples have been proved with the proof tool PVS [31],
using the automatic translation of CCSL specifications into the logic of PVS
with (a recent version of) the compiler from [9]. However, here we shall
present the proofs of these results in the usual mathematical style.

1 Invariants and bisimilations (or congruences) are also relevant for algebras, see for
example [33,35,10], and the end of Section 6.
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This introductory chapter is organised as follows. After some explanations
about the notation that will be used, an introduction to formal specification is
given in Section 3; it contains a slightly unusual specification of vector spaces,
meant as preparation for coalgebraic specification. Section 4 introduces the run-
ning example of (possibly infinite) binary trees. It is followed by two sections on
bisimulations and on invariants. Section 7 introduces temporal logic in a coalge-
braic setting, and applies it to binary trees. Subsequently, also the ingredients
of a coalgebraic µ-calculus are introduced, and used to describe (in)finiteness
for binary trees. Section 9 then introduces the example of Peterson’s mutual
exclusion algorithm. It is specified in a structured manner, and its correctness is
proved. The final section concentrates on refinement in a coalgebraic setting.

2 Mathematical Preliminaries

We will use some standard constructions on sets. For example, the Cartesian
product X × Y = {(x, y) | x ∈ X and y ∈ Y }, with projection functions π:X ×
Y → X and π′:X × Y → Y given by π(x, y) = x and π′(x, y) = y. We shall
frequently make use of the fact that functions Z → X × Y correspond to pairs
of functions Z → X , Z → Y . We write 1 for an arbitrary singleton set, say
1 = {∗}, which can be considered as a degenerate product.

The dual of the product is the coproduct (also called sum or disjoint union):
X + Y = {(x, 0) | x ∈ X} ∪ {(y, 1) | y ∈ Y }, with coprojection functions
κ:X → X + Y and κ′:Y → X + Y , given by κ(x) = (x, 0) and κ′(y) = (y, 1).
Sometimes we write κx = κ(x) and κ′y = κ′(y) without brackets (−), like for
projections π, π′. Notice that these coprojections are injective functions, and are
“disjoint”, in the sense that κ(x) �= κ′(y), for all x ∈ X, y ∈ Y . We shall also
often use that functions X + Y → Z correspond to pairs of functions X → Z,
Y → Z. For this we use some special notation: given f :X → Z and g:Y → Z,
there is a corresponding function X + Y → Z, which we shall write as:

a �−→ CASES a OF
κx �→ f(x)
κ′y �→ g(y)

ENDCASES

This function checks for an element a ∈ X + Y whether it is of the form κ(x) =
(x, 0), or κ′(y) = (y, 1). In the first case it applies the function f to x, and in
the second case g to y. We shall apply such CASES functions also when f, g are
predicates, since these fit in for Z = {0, 1}. Thus, for example, the set

{(x, y) ∈ N× (1 + N) |x > 0⇒ CASES y OF
κu �→ x = 1
κ′v �→ x = y

ENDCASES }
contains all pairs of the form (0, κ∗), (1, κ∗), (0, κ′n), (m,κ′m), for n,m ∈ N with
m > 0. In general, coproducts are not so frequently used as products, but they
play an important rôle for coalgebras, because they occur in many examples.
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The empty set will usually be written as 0. Then X + 0 ∼= X . Note that
X × 1 ∼= X . We recall that X × Y ∼= Y ×X , X × (Y × Z) ∼= (X × Y )× Z, and
also that X + Y ∼= Y +X , X + (Y + Z) ∼= (X + Y ) + Z.

We shall further write Y X for the set of (total) functions from X to Y .
There is a one-to-one “Currying” correspondence between functions Z → Y X

and functions Z × X → Y . A function x �→ · · · will sometimes be written in
lambda notation: λx. · · ·.

Finally,X� will be the set of finite sequences α = 〈x1, . . . , xn〉 of elements xi ∈
X . We shall write |− | for the length, so that |α| = n. The empty sequence is 〈〉,
and x0 · α is 〈x0, x1, . . . , xn〉. The set X� forms the free monoid on X .

What we shall call a polynomial functor is a certain mapping2 from sets to
sets, built from primitive operations. The collection of polynomial functors that
we consider in this chapter is the smallest collection satisfying:

1. the identity mapping X �→ X is polynomial, and for each set A, the constant
mapping X �→ A is polynomial;

2. if T1 and T2 are polynomial functors, then so are the product X �→ T1(X)×
T2(X) and coproduct X �→ T1(X) + T2(X);

3. if T is a polynomial functor, then so is X �→ T (X)A, for each set A.

A typical example of a polynomial functor is a mapping

X �−→ 1 + (A+X)B + (X ×X)C .

An algebra for a polynomial functor T consists of a set X together with a
function T (X)→ X . A coalgebra for T is a set X with a function X → T (X) in
the reverse direction. Polynomial functors describe the “interfaces” of algebras
and coalgebras, capturing the types of the operations. This will be illustrated
in many examples below. This chapter focuses mostly on coalgebras, assuming
that algebras are relatively well-known.

Coalgebras are abstract dynamical systems. A typical example is given by a
(deterministic) automaton. Ignoring initial states, such an automaton is usually
described as consisting of an alphabet A and a set of states X , together with
a transition function δ:X × A → X and a subset F ⊆ X of final states. By
massaging this structure a bit, using the above correspondences, we can equiv-
alently describe such an automaton as a coalgebra: the subset F ⊆ X can also
be described as a “characteristic” function X → {0, 1}. Similarly, the transition
function δ:X × A → X corresponds to a function X → XA. Combining these
two functions X → {0, 1} and X → XA we get a coalgebra X → {0, 1} × XA

capturing the original automaton.
For more introductory information on coalgebras, see [21], and on automata

as coalgebras, see [41,39].

2 These mappings are described here as acting on sets only, but they also act on
functions. This “functoriality” aspect will not be relevant in this chapter, and will
therefore be ignored. See [21] or Chapter 3 for more information.
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Exercises

1. Prove the following “case-lifting” lemma. For functions f :X → Z, g:Y → Z
and h:Z → W , one has for all a ∈ X + Y ,

h



CASES a OF

κx �→ f(x)
κ′y �→ g(y)

ENDCASES


 =



CASES a OF

κx �→ h(f(x))
κ′y �→ h(g(y))

ENDCASES


 .

This equation is often useful in computing with coproducts.
2. Use the case notation to define the canonical distributivity map d: (X ×

Z)+ (Y ×Z)→ (X +Y )×Z. Prove that it is an isomorphism, by explicitly
constructing a map e in the opposite direction and using the previous exercise
to prove that d ◦ e = id and e ◦ d = id.

3 Specification of Groups and Vector Spaces

In this section it will be assumed that the reader is (reasonably) familiar with
the notions of group, field and vector space. We shall present specifications (or
axiomatic descriptions) of (two of) these notions in the same style in which
we will specify coalgebras later in this chapter. The intention3 is to make the
mathematically oriented reader feel more comfortable with this style of specifi-
cation. Therefore, semantical subtleties will be ignored at this stage, since the
reader is already assumed to be familiar with the structures that are being spec-
ified (i.e. with their meaning). We will concentrate on vector spaces because
they are fairly familiar and because they involve aspects—like extension and
parametrisation—which we shall also see in coalgebraic specification.

We start with groups. Actually, for convenience, we start with Abelian (i.e.
commutative) groups. Figure 1 presents a specification of Abelian groups, using
ad hoc notation, which is hopefully self-explanatory. We have used the computer
science convention of denoting the operations by explicit names, instead of by
mathematical symbols, like 0, + and (−)−1. Also, assertions have names (unit,
assoc, inv, comm), so that it is easy to refer to them. The specification is pre-
sented in a certain (pseudo) format, so that it can (in principle) be processed by
a machine. The text after the double slashes (//) serves as comment. Comments
are valuable in specifications. The underlying set of the structure that we are
specifying is written as X (throughout this chapter).

The use of the unit element zero as a function 1→ X instead of as an element
zero ∈ X is a bit formal. It allows us to treat all operations as functions. Also,
it allows us to combine the three operations into a single function:

1 + (X ×X) +X �� X (1)

3 There is no claim whatsoever that this is how groups and vector spaces should be
specified; the presentations in this section only serve as preparation.
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BEGIN AbelianGroup
// ‘AbelianGroup’ is the name of the specification
OPERATIONS

zero: 1 −→ X // recall, 1 is a singleton set {∗}; so we have a constant
add:X × X −→ X
inv:X −→ X

ASSERTIONS // named requirements that are imposed

unit:
h
∀x ∈ X. add(x, zero(∗)) = x ∧ add(zero(∗), x) = x

i

assoc:
h
∀x, y, z ∈ X. add(x, add(y, z)) = add(add(x, y), z)

i

inv:
h
∀x ∈ X. add(x, inv(x)) = zero(∗)

i

comm:
h
∀x, y ∈ X. add(x, y) = add(y, x)

i

END AbelianGroup

Fig. 1. Specification of Abelian groups

using the bijective correspondences from Section 2. This single function combines
the three functions zero, add, inv into an algebra of the polynomial functor G
given by G(X) = 1 + (X × X) + X . Indeed the above specification may be
called an “algebraic specification”. It describes a collection of algebras of the
form (1) satisfying the assertions as in Figure 1. These algebras are the models
of the specification, and are of course precisely the Abelian groups. Algebraic
specification has developed into a field of its own in computer science, see [2]
for an up-to-date source of information. It is used for the description of various
kinds of datastructures, like lists and stacks, with associated operations.

We move on to vector spaces, taking the specification of fields for granted4.
We shall simply write +, 0, ·, 1 for their operations. Fields are used as parameters
in the axiomatic description of vector spaces. Also, the underlying set of vectors
of a vector space is an Abelian group. This structure determines the specification
in Figure 2.

Notice that the fact that vector spaces are parametrised by fields K is ex-
pressed by the addition [K: FIELD] to the name. Further, we say that vector
spaces extend Abelian groups. This means that all the operations and asser-
tions of Abelian groups also exist for vector spaces. Such EXTENDS clauses
are convenient for structuring specifications. More formally it means that for
each field K, the underlying polynomial functor VK of the VectorSpace specifi-
cation contains the polynomial functor G of the AbelianGroup specification as
a coproduct component:

VK(X) = G(X) + (K ×X)
= 1 + (X ×X) +X + (K ×X). (2)

4 Such a specification has to deal with partiality, since the division operation of fields
is not defined on the zero element.
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BEGIN VectorSpace[K: FIELD]
EXTENDS AbelianGroup // from Figure 1
OPERATIONS

scalar mult:K × X −→ X
ASSERTIONS

// scalar multiplication and the group structure

scalar group add:
h
∀a ∈ K.∀x, y ∈ X. scalar mult(a, add(x, y))

= add( scalar mult(a, x),

scalar mult(a, y))
i

// scalar multiplication and the field structure

scalar field add:
h
∀a, b ∈ K.∀x ∈ X. scalar mult(a + b, x)

= add( scalar mult(a, x),

scalar mult(b, x))
i

scalar field mult:
h
∀a, b ∈ K.∀x ∈ X. scalar mult(a · b, x)

= scalar mult(a, scalar mult(b, x))
i

scalar field unit:
h
∀x ∈ X. scalar mult(1, x) = x

i

END VectorSpace

Fig. 2. Specification of vector spaces

An algebra VK(X) → X of this functor thus combines four operations zero,
add, inv and scalar mult. A model of this specification (for a field K) is such an
algebra satisfying the assertions from Figure 2. It is a vector space over K.

Given a specification as above, there are (at least) two things one can do.

1. Describe models of the specification. For example, for an arbitrary field K,
one obtains an obvious model by choosing K itself for X , with its own
Abelian group structure, and with scalar multiplication given by its mul-
tiplication. Similarly, Kn forms a model, for each n ∈ N. Knowing that a
specification has a (non-trivial) model is important, because it shows its
consistency.

2. Develop the theory of the specification. For example, one can derive the fol-
lowing well-known consequences of the assertions in the VectorSpace speci-
fication:

scalar mult(0, x) = zero(∗)
scalar mult(a, zero(∗)) = zero(∗)
scalar mult(a, inv(x)) = scalar mult(−a, x).

Theory development often involves further definitions, like basis or dimension
for vector spaces.

A third activity is constructing refinements. These may be understood as
“relative models”, and will be further investigated in Section 10.
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Exercises

1. Write down specifications—in the style of this section—for lattices and for
Boolean algebras (see e.g. [5] or Chapter 2 for details about these notions).

4 A First Coalgebraic Specification: Binary Trees

In the previous section we have seen specifications whose operations could be
described as algebras T (X) → X . An obvious step is to consider specifications
based on coalgebras X → T (X). This is what coalgebraic specification is all
about. It allows us to describe an entirely new class of structures, having a
state space with associated operations. In this coalgebraic context, we shall use
‘method’ instead of ‘operation’, in line with object-oriented terminology.

We start with an example. Let us consider certain trees with labels from a
fixed set A. The trees we wish to consider are possibly infinite binary trees. This
means that each node has a label, and has either no successor trees (also called
children), or has two successor trees. The characteristic coalgebraic operations
for such trees are label:X → A, giving the label at the top of the tree, and
children:X → 1 + (X ×X) giving the left and right children, if any. Note that
these two functions can be combined into a single coalgebra of the form:

X
〈label, children〉

�� A× (1 + (X ×X))

For a “tree” x ∈ X the result children(x) is either of the form κ∗ in the left
+-component 1, telling that x has no children, or of the form κ′(x1, x2) in the
right component X ×X , with x1 as first (or left) and x2 as second (right) child.
From here one can continue unfolding the tree x by inspecting children(x1) and
children(x2) (and their labels). If all of these paths stop at some stage, x behaves
like a finite tree, but if one of them continues indefinitely we get an infinite tree.
Note that each such tree has at least one label.

For a fixed setA, we say, by analogy with vector space, that a binary tree space
over A consists of a set U together with a coalgebra U → A×(1+(U×U)), which
we shall typically write as a pair of functions label:U → A and children:U →
1 + (U × U). An example of a binary tree space over A = {a, b, c} is the set of
states U = {0, 1, 2, 3, 4} with functions:

label(0) = a children(0) = κ′(3, 2)
label(1) = b children(1) = κ′(1, 2)
label(2) = a children(2) = κ∗
label(3) = c children(3) = κ′(2, 2)
label(4) = b children(4) = κ′(4, 2)

(3)
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The unfoldings (or behaviours) of the states 0 ∈ U and 1 ∈ U then look as
follows.

a

����
��

���
��

�� b

����
��

���
��

�

c

����
��

���
��

� a b

����
��

���
��

� a

a a b

���
��

� a

a

Such binary trees can occur as the (possibly infinite) behaviour of a process,
where a process may be understood as a program that is supposed to be running
forever, like an operating system on a computer. For terminating processes one
gets finite behaviour.

In a next step we like to include a size method in the specification of these
binary trees. An immediate problem is that the size of such trees need not yield
a natural number. Therefore we choose the “extended natural numbers” 1 + N

as range of the size function, where κ∗ denotes infinity. Addition of infinity to
an extended natural number always yields infinity. These two methods children
and size form the two main ingredients of our first coalgebraic specification of
binary trees in Figure 3.

In this specification we use parametrisation by the type (or set) of labels,
like in Figure 2. An important point is that the types of the methods in the
specification determines a polynomial functor, which, in this case, is

BT (X) = A× (1 + (X ×X))× (1 + N).

BEGIN BinaryTreeSpace[A: TYPE]
METHODS // alternative terminology for operations

label:X −→ A
children:X −→ 1 + (X × X)
size:X −→ 1 + N

ASSERTIONS

size def:
h
∀x ∈ X. size(x) = CASES children(x) OF

κ∗ �→ κ′1
κ′(v1, v2) �→ CASES size(v1) OF

κ∗ �→ κ∗
κ′n �→ CASES size(v2) OF

κu �→ κ∗
κ′m �→ κ′(1 + n + m)

ENDCASES
ENDCASES

ENDCASES
i

END BinaryTreeSpace

Fig. 3. Specification of binary trees, version 1
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It is obtained by putting a Cartesian product × between the result types of
the individual methods. A crucial observation is that the three methods label,
children, size correspond to a coalgebra X → BT (X) of the polynomial functor
BT . The specification may be understood as describing a collection of coalge-
bras of BT satisfying an assertion. Thus, coalgebraic specification is much like
algebraic specification as described in the previous section.

The assertion ‘size def’ for the size method is non-trivial; it says that empty
trees have size 1 (since they do have a label), and that if one of the successors
of a non-empty tree has size infinity (κ∗), then the whole tree has size infinity.
Otherwise the size is the sum of the sizes of the successors plus one. With this
definition we can compute for the earlier example (3) that:

size(2) = κ′1 since children(2) = κ∗
size(3) = κ′(1 + 1 + 1) = κ′3 since children(3) = κ′(2, 2)
size(0) = κ′(1 + 3 + 1) = κ′5 since children(0) = κ′(3, 2)
size(1) = κ∗
size(4) = κ∗

The latter two equations holds since if size(1) were κ′n, for some n ∈ N, then
assertion ‘size def’ in Figure 3 yields κ′n = size(1) = κ′(n + 1 + 1), which is
impossible. Hence size(1) must be κ∗. Similarly for size(4).

For those readers who are not so familiar with the style of specification as in
Figure 3 we shall give a reformulation of the binary tree space specification as
an axiomatic description in mathematical style:

Let A be an arbitrary set. A binary tree space over A consists of a
set X , elements of which will be called (binary) trees, together with three
operations label:X → A, children:X → 1+(X×X) and size:X → 1+N

satisfying, for all x ∈ X ,
1. If children(x) = κ∗, then size(x) = κ′1;
2. If children(x) = κ′(x1, x2) and either size(x1) = κ∗ or size(x2) = κ∗,

then size(x) = κ∗;
3. If children(x) = κ′(x1, x2) and size(x1) = κ′n1 and size(x2) = κ′n2,

then size(x) = κ′(n1 + n2 + 1).
In case children(x) = κ′(x1, x2) we shall call x1 and x2 the successor trees
or children of the tree x.

We consider some examples of binary tree spaces (i.e. of models of the spec-
ification BinaryTreeSpace) over an arbitrary set A.

1. A trivial example is the empty set 0 with obvious operations given by the
empty functions. If the set A is non-empty, the singleton set 1 is also a binary
tree space.

2. We can turn the set of all infinite trees with labels from A into a binary tree
space. This set, call it InfTree(A), can be defined as the set of functions A2�

of all functions from the free monoid 2� of finite sequences of elements from
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2 = {0, 1} to A. For φ ∈ InfTree(A) = A2�

we define

label(φ) = φ(〈〉)
children(φ) = κ′(λα ∈ 2�. φ(0 · α), λα ∈ 2�. φ(1 · α))

size(φ) = κ ∗ .

3. Next consider the set of both finite and infinite trees:

FinInfTree(A) def= {(a, φ):A× (1+(A×A))2
� | ∀α ∈ 2�. ∀b ∈ {0, 1}.

φ(α) = κ∗ ⇒ φ(b · α) = κ∗}

with operations:

label(a, φ) = a
children(a, φ) = CASES φ(〈〉) OF

κ∗ �→ κ∗
κ′(a0, a1) �→ κ′( (a0, λα ∈ 2�. φ(0 · α)),

(a1, λα ∈ 2�. φ(1 · α))
)

ENDCASES
size(a, φ) = . . .

The definition of size on FinInfTree(A) is non-trivial. One can of course say
that size is determined by equation ‘size def’ from Figure 3, but one has
still has to show that such a function exists. One way to go about this is to
first define FinTree(A) ⊆ FinInfTree(A) to be the smallest subset F satisfying:
(a, φ) ∈ F if either children(a, φ) = κ∗ or children(a, φ) = κ′((a0, φ0), (a1, φ1))
and both (a0, φ0) ∈ F and (a1, φ1) ∈ F . The elements of FinTree(A) are
the “finite trees”, and their size is determined by the computation rules in
equation ‘size def’ from Figure 3. For elements not in FinTree(A), the size is
κ∗5.

4. The subset FinTree(A) ⊆ FinInfTree(A) defined above (in 3) with inherited
operations.

Thus we have seen that binary tree spaces exist as non-trivial mathematical
structures. We conclude this section with a warning that coalgebraic specification
is a subtle matter.

4.1 Elements of Binary Trees

Suppose that we would like to add to the BinTreeSpace specification in Figure 3
a method

elem:X ×A −→ {false, true}
5 We will elaborate on this “µ-calculus” style definition in Section 8.



248 Bart Jacobs

telling whether a tree x ∈ X contains an element a ∈ A or not. The associated
assertion that probably first comes to mind is:

elem def :
[
∀x ∈ X. ∀a ∈ A. elem(x, a) =
(label(x) = a) ∨ CASES children(x) OF

κ∗ �→ false
κ′(v1, v2) �→ elem(v1, a) ∨ elem(v2, a)

ENDCASES
]

But this assertion is not good enough, in the sense that it allows interpretations
which are probably unwanted. For example, on the binary tree space InfTree(A)
introduced above, we can define elem(φ) = true, for all φ ∈ InfTree(A). Then
the assertion elem def holds, although we do not have a meaningful membership
method.

Later, in Section 7 we shall introduce a temporal logic for coalgebras which al-
lows us to express an appropriate assertion for the elemmethod. Then, elem(x, a)
will be equal to: “there is a (not-necessarily direct) successor tree y of x with a
as label”6.

Exercises

1. Check that the subset FinTree(A) ⊆ FinInfTree(A) is closed under the children
operation defined on FinInfTree(A).

2. Characterise the subset InfTree(A) ⊆ FinInfTree(A) in term of the children op-
eration, by analogy with the above definition of FinTree(A) ⊆ FinInfTree(A).
(See also the definitions of Fin and Inf in Section 8.)

5 Bisimulations and Bisimilarity

Suppose we have an arbitrary coalgebra c:X → T (X) for a polynomial functor T .
At this level of abstraction, we often a call the elements of X states, and call X
itself the state space. The function c provides X with certain operations—like
label, children and size in the previous section. These operations give us certain
access to the state space X . They may allow us to observe certain things (like
the current label, or the size), and they may allow us to “modify states”, or
to “move to next states” (like the successor trees). Typically for coalgebras, we
can observe and modify, but we have no means of constructing new states. The
behaviour of a state x ∈ X is all that we can observe about x, either directly or
indirectly (via its successor states).

In this situation it may happen that two states have the same behaviour.
In that case we cannot distinguish them with the operations (of the coalgebra)
that we have at our disposal. The two states need not be equal then, since the
operations may only give limited access to the state space, and certain aspects
6 This definition yields the “smallest” function elem satisfying the above assertion
elem def with the first ‘=‘ replaced by ‘⇐’.
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may be unobservable. When two states x, y are observationally indistinguishable,
they are called bisimilar. This is written as x ↔ y. For example, the states 1
and 4 from the binary tree space U = {0, 1, 2, 3, 4} in the previous section are
bisimilar; they have the same unfoldings.

In this section we shall formally introduce the notion of bisimilarity ↔, and
show how it can be used in (coalgebraic) specification. Therefore we shall first
introduce what is called relation lifting. Recall that a polynomial functor T is
a mapping X �→ T (X) of sets to sets. We shall define an associated mapping,
called Rel(T ), which maps a relation R ⊆ X×X to a new relation Rel(T )(R) ⊆
T (X)×T (X). This mapping Rel(T ) will be defined by induction on the structure
of the polynomial functor T .

1. If T is the identity mapping, then so is Rel(T ).
2. If T is the constant mapping X �→ A, then Rel(T ) is the constant mapping

R �→ =A, where =A ⊆ A×A is the equality relation consisting of {(a, a) | a ∈
A}.

3. If T is the product functor X �→ T1(X)× T2(X), then

Rel(T )(R) = {((x1, x2), (y1, y2)) | Rel(T1)(R)(x1, y1) ∧ Rel(T2)(R)(x2, y2)}
⊆

(
T1(X)× T2(X)

)
×

(
T1(X)× T2(X)

)
4. If T is the coproduct functor X �→ T1(X) + T2(X), then

Rel(T )(R) = {(κx1, κy1) | Rel(T1)(R)(x1, y1)}
∪ {(κ′x2, κ

′y2) | Rel(T2)(R)(x2, y2)}
⊆

(
T1(X) + T2(X)

)
×

(
T1(X) + T2(X)

)
5. If T is the function space functor X �→ T1(X)A, then

Rel(T )(R) = {(f, g) | ∀a ∈ A.Rel(T1)(R)(f(a), g(a))}
⊆

(
T1(X)A

)
×

(
T1(X)A

)
For example, for a functor T (X) = A+(X×X) and a relationR ⊆ X×X , the

relation Rel(T )(R) ⊆ T (X)×T (X) contains all pairs (κa, κa), for a ∈ A, and all
pairs (κ′(x1, x2), κ′(y1, y2)) with R(x1, y1) and R(x2, y2). Informally, Rel(T )(R)
contains all pairs (z, w) ∈ T (X)×T (X) whose constituents in a constant set are
equal, and whose constituents in X are related by R.

Definition 1. Let T be a polynomial functor, with relation lifting Rel(T ) as
defined above. Further, let c:X → T (X) be a coalgebra for T .

1. A relation R ⊆ X ×X is a bisimulation (with respect to the coalgebra c) if
for all x, y ∈ X,

R(x, y) =⇒ Rel(T )(R)(c(x), c(y)).

2. The bisimilarity relation ↔ ⊆ X × X (with respect to c) is defined as the
greatest bisimulation; that is,

x↔ y ⇐⇒ ∃R ⊆ X ×X.R is a bisimulation, and R(x, y).
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Bisimilarity is one of the fundamental notions in the theory of coalgebras.
Notice that the above definition is “generic”: it gives for each polynomial functor
and for each coalgebra thereof an appropriate tailor-made definition of bisimilar-
ity. The definition via relation lifting is convenient in a logical setting, because it
is based on induction (on the structure of the polynomial functor). Therefore it
can easily be translated in the logical language of proof tools—see the discussion
in point 2. in Section 1 (page 238) . One can prove that bisimilarity is an equiv-
alence relation, but this will not be done here. The proof relies on some basic
properties of relation lifting, which can be proved by induction on the structure
of the functor involved.

The notion of bisimilarity comes alive via examples. Let us return to the
binary tree space specification from Figure 3 in the previous section. We have
already seen that the functor involved is BT (X) = A× (1+ (X×X))× (1+N).
We shall elaborate what a bisimulation relation is for an arbitrary coalgebra
c = 〈label, children, size〉:X → BT (X) of this functor. Therefore we first compute
the relation lifting operation Rel(BT ). It turns a relation R ⊆ X × X into
a relation Rel(BT )(R) ⊆ BT (X) × BT (X), in the following way. For a pair
((x1, x2, x3), (y1, y2, y3)) ∈ BT (X)× BT (X),

Rel(BT )(R)((x1, x2, x3), (y1, y2, y3))
⇔ Rel(A)(x1, y1) ∧ Rel(1 + (X ×X))(x2, y2) ∧ Rel(1 + N)(x3, y3)
⇔ (x1 = y1) ∧(

(x2 = y2 = κ∗) ∨
(x2 = κ′(x20, x21) ∧ y2 = κ′(y20, y21) ∧ R(x20, y20) ∧ R(x21, y21))

)
∧

(x3 = y3).

Such R ⊆ X ×X is a bisimulation for a coalgebra c = 〈label, children, size〉:X →
BT (X) if for all x, y ∈ X ,

R(x, y) =⇒ Rel(BT )(R)(c(x), c(y))

i.e. if,

R(x, y) =⇒




label(x) = label(y) ∧(
(children(x) = children(y) = κ∗) ∨
(children(x) = κ′(x0, x1) ∧ children(y) = κ′(y0, y1) ∧
R(x0, y0) ∧ R(x1, y1))

)
∧

size(x) = size(y)

This means that elements which are related by a bisimulation R have equal
labels and sizes, and either both have no children, or both have children, which
are again pairwise related by R. Bisimilarity ↔ for binary trees is the greatest
such bisimulation. Since it is an equivalence relation (and is closed under the
operations), it behaves very much like an equality relation. In fact, bisimilarity
is an important ingredient of assertions in coalgebraic specifications. There, one
generally wishes to avoid using actual equality between states, and so one uses
bisimilarity instead. The reason for not wanting equality between states is that
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BEGIN BinaryTreeSpace[A: TYPE]
METHODS

label:X −→ A
children:X −→ 1 + (X × X)
size:X −→ 1 + N

mirror:X −→ X
ASSERTIONS

size def:
h
see Figure 3

i

label mirror:
h
∀x ∈ X. label(mirror(x)) = label(x)

i

children mirror:
h
∀x ∈ X. CASES children(x) OF

κ∗ �→ children(mirror(x)) = κ∗
κ′(v1, v2) �→ CASES children(mirror(x)) OF

κ∗ �→ false
κ′(z1, z2) �→ (z1 ↔ mirror(v2)) ∧

(z2 ↔ mirror(v1))
ENDCASES

ENDCASES
i

END BinaryTreeSpace

Fig. 4. Specification of binary trees, version 2

it severely restricts the possible models7 of the specification. But also, if states
are indistinguishable, then they can be considered as equal from the outside.

In Figure 4 we continue the specification of binary tree spaces. What we
add is a mirror method which swaps the children of trees (if any), leaving the
labels unaffected. The assertion children mirror uses bisimilarity to express that
the left and right children of a mirrored tree with children are bisimilar to the
mirrored right and left children.

The reader might have expected an additional assertion stating that mirror-
ring does not change the size. In fact, this can be derived. Also that mirroring
is its own inverse, up to bisimilarity.

Proposition 2. From the binary tree space assertions in Figure 4 one can de-
rive, for all x ∈ X,

1. size(mirror(x)) = size(x)
2. mirror(mirror(x))↔ x.

Proof. We only give a sketch, leaving details to the reader.

1. First, one can prove by well-founded induction,

∀n ∈ N. size(x) = κ′n ⇔ size(mirror(x)) = κ′n

The result then follows easily.
7 As a typical example, consider a specification of a system with a “do” and an “undo”
operation. The equation undo(do(x)) = x will not hold in “history” models where
one internally keeps track of the operations that have been applied.
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2. According to the definition of bisimilarity ↔, it suffices to find a bisimu-
lation R ⊆ X × X with R(mirror(mirror(x)), x). Because ↔ is the greatest
bisimulation, we then get R ⊆ ↔. One can use

R = {(x, y) | x ↔ mirror(mirror(y))}. �

Exercises

1. Let T be an arbitrary polynomial functor. Prove the following basic proper-
ties about the associated relation lifting operation Rel(T ).
(a) Rel(T )(=X) = =T (X);
(b) Rel(T )(Rop) =

(
Rel(T )(R)

)op, where Rop = {(y, x) | (x, y) ∈ R};
(c) Rel(T )(R ◦ S) = Rel(T )(R) ◦ Rel(T )(S);
(d) R ⊆ S implies Rel(T )(R) ⊆ Rel(T )(S);
(e) R is symmetric implies Rel(T )(R) is symmetric;
(f) For a collection of relations (Ri ⊆ X×X)i∈I one has Rel(T )(

⋂
i∈I Ri) =⋂

i∈I Rel(T )(Ri).
Conclude that for a coalgebra c:X → T (X), the union↔ of all bisimulations
on X is itself a bisimulation, and is also an equivalence relation.

2. Prove that the relation R in the proof of Proposition 2 (2) is a bisimulation.
3. Check that the above definition of relation lifting Rel(T ) sending a rela-

tion R ⊆ X × X to Rel(T )(R) ⊆ T (X) × T (X) in fact also works on
relations R ⊆ X × Y , with different carrier sets, and then yields a re-
lation Rel(T )(R) ⊆ T (X) × T (Y ). For two coalgebras X

c→ T (X) and
Y

d→ T (Y ) we then call a relation R ⊆ X × Y a bisimulation (w.r.t. (c, d))
if R(x, y) ⇒ Rel(T )(R)(c(x), d(y)) for all x ∈ X and y ∈ Y . And we
say that a function f :X → Y is a homomorphism (of coalgebras) if its
graph G(f) = {(x, f(x)) | x ∈ X} is a bisimulation.
Prove that the identity function is a homomorphism, and also that the com-
position of two homomorphisms is again a homomorphism. Thus one can
form a category CoAlg(T ) of coalgebras and homomorphisms between them.
(Remark: what we present is an alternative to the standard definition, which
uses the action of polynomial functors on functions (which we have not
mentioned here, see e.g. [21]). It says that a function f :X → Y as above is
a homomorphism if and only if the following diagram commutes.

T (X)
T (f) �� T (Y )

X
f

��

c

��

Y

d

��

The reader familiar with this ‘T (f)’ may wish to prove the equivalence of
these two definitions.)
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6 Invariants

Bisimulations are binary predicates on the state space of a coalgebra, which are
closed under the operations. We will now introduce invariants, which are unary
predicates that are closed under the operations. They are important for several
reasons.

1. An invariant expresses a property which is maintained by all operations.
If it also holds in initial states, then it holds in all reachable states. Thus,
intended “safety” properties of a specification—like: the value of the integer
(attribute) i will always be positive—are expressed via invariants.

2. Invariants are used for defining the temporal operators � (henceforth) and
♦ (eventually) in a coalgebraic setting, see Section 7.

3. Invariants are crucial for refinements between coalgebraic specifications, see
Section 10.

Bisimulations were introduced in Section 5 via relation lifting. Similarly, we
shall introduce invariants via what is called predicate lifting. For a polynomial
functor T we define a mapping Pred(T ) which sends a predicate P ⊆ X on X
to a predicate Pred(T )(P ) on T (X), by induction on the structure of T . This
goes as follow.

1. If T is the identity mapping, then so is Pred(T ).
2. If T is the constant mapping X �→ A, then Pred(T ) is the constant mapping

P �→ A, where A is considered as the “truth” predicate A ⊆ A.
3. If T is the product functor X �→ T1(X)× T2(X), then

Pred(T )(P ) = {(x, y) | Pred(T1)(P )(x) ∧ Pred(T2)(P )(y)}
⊆ T1(X)× T2(X)

4. If T is the coproduct functor X �→ T1(X) + T2(X), then

Pred(T )(P ) = {κx | Pred(T1)(P )(x)} ∪ {κ′y | Pred(T2)(P )(y)}
⊆ T1(X) + T2(X)

5. If T is the function space functor X �→ T1(X)A, then

Pred(T )(P ) = {f | ∀a ∈ A.Pred(T1)(P )(f(a))}
⊆ T1(X)A

For the polynomial functor T (X) = A + (X × X), a predicate P ⊆ X
is lifted to the relation Pred(T )(P ) ⊆ T (X) containing all elements κa and
those elements κ′(x1, x2) where both P (x1) and P (x2). In general, Pred(T )(P )
contains all elements from T (X) where P holds on all X-positions in T (X).

Definition 3. Let c:X → T (X) be a coalgebra of a polynomial functor T , and
P ⊆ X be a predicate on its state space.
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1. A new predicate NextTime(c)(P ) ⊆ X is defined as

NextTime(c)(P )(x) ⇐⇒ Pred(T )(P )(c(x)).

It expresses that P holds for all successor states of x.
2. The predicate P ⊆ X is then an invariant for c if it satisfies, for all x ∈ X,

P (x) =⇒ NextTime(c)(P )(x).

The requirement in the definition expresses that if an invariant P holds in
a state x, then it holds on each successor state of x. Using some elementary
properties of predicate lifting, one can show that invariants are closed under
conjunction ∧. Also, the predicate which is always true (or always false) is an
invariant. Further, if we have an arbitrary collection (Pi)i∈I of invariants, then
∀i ∈ I. Pi is an invariant, see the exercises below.

Let us consider the binary tree space specification from Figure 4. The poly-
nomial functor that captures the interface of this specification is:

BT 2(X) = A× (1 + (X ×X))× (1 + N)×X.

For a predicate P ⊆ X , the lifting Pred(BT 2)(P ) ⊆ BT 2(X) on a 4-tuple
(x1, x2, x3, x4) ∈ BT 2(X) is:

Pred(BT 2)(P )(x1, x2, x3, x4)
⇔ Pred(A)(P )(x1) ∧ Pred(1 + (X ×X))(P )(x2) ∧

Pred(1 + N)(P )(x3) ∧ Pred(X)(P )(x4)
⇔

(
x2 = κ∗ ∨ (x2 = κ′(x20, x21) ∧ P (x20) ∧ P (x21))

)
∧ P (x4).

An invariant on a coalgebra c = 〈label, children, size,mirror〉:X → BT 2(X) is a
predicate P ⊆ X with

P (x) =⇒ Pred(BT 2)(P )(c(x))

i.e. with

P (x) =⇒
{(
children(x) = κ′(x0, x1)⇒ P (x0) ∧ P (x1)

)
∧

P (mirror(x))

An invariant P thus holds on all successor states of an x ∈ P , produced either
as children of x, or as mirror of x.

A concrete example of an invariant for the binary tree specification is the
predicate stating that the size is finite: FinSize(x) ⇔ (size(x) �= κ∗). Clearly,
if FinSize(x), then none of the successor trees can have infinite size; and also
FinSize(mirror(x)) holds because mirroring does not change the size, see Propo-
sition 2 (1).

As we have seen, invariants and bisimulations on a coalgebra are unary and
binary predicates which are closed under the operations. The more operations the
coalgebra has, the more closure requirements there are. The approach that we
follow—via predicate and relation lifting—produces tailor-made requirements,
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following the structure of the interface (as given by a polynomial functor) of
a coalgebra. Since these requirements follow from the structure, they can be
generated automatically. That is precisely what is done by the LOOP tool
(from [9,38]).

As a final remark we add that predicates and relations which are closed
under the operations of an algebra (instead of a coalgebra) also make sense,
see [33,35,10]. A relationR ⊆ X×X on the carrier set of an algebra a:T (X)→ X
is closed under the operations if:

Rel(T )(R)(a(x), a(y)) =⇒ R(x, y).

In this case one may call R a congruence. But note that such an R need not be
an equivalence relation. There is no special name in mathematics for a predicate
P ⊆ X which is closed under the operations of an algebra a, i.e. which satisfies:

Pred(T )(P )(a(x)) =⇒ P (x).

Such a P is called an inductive predicate in [10] (since such predicates form the
assumptions of induction arguments), but invariant would be a reasonable name
also in this algebraic case.

Exercises

1. Prove for an arbitrary polynomial functor T that predicate lifting Pred(T )
satisfies:
(a) P ⊆ Q implies Pred(T )(P ) ⊆ Pred(T )(Q);
(b) Pred(T )(X ⊆ X) = (T (X) ⊆ T (X));
(c) Pred(T )(

⋂
i∈I Pi) =

⋂
i∈i Pred(T )(Pi).

2. Let c:X → T (X) be a coalgebra of a polynomial functor T . Prove that:
(a) P ⊆ X is an invariant if and only if {(x, y) | x = y ∧ P (x)} is a

bisimulation.
(b) If R is a bisimulation, then πR = {x | ∃y.R(x, y)} is an invariant.

3. Elaborate what it means for a relation to be a congruence for Abelian groups
and vector spaces, using the above formulation (and the interface functors
from Section 3).

7 Temporal Logic for Coalgebras

Temporal logic is a formalism for reasoning about assertions whose validity varies
with time. Time may be understood here in a loose sense, including situations
where one deals with later or earlier stages, or with successor and predecessor
states. Typical operators of temporal logic are “henceforth” � and “eventually”
♦. It was Pnueli [34,29] who first argued that temporal logic could be useful for
reasoning about computer systems with potentially infinite behaviour, such as
controllers which are meant to be running forever. Hence it comes as no surprise
that the operators of temporal logic arise quite naturally for coalgebras, because
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they abstractly capture dynamical systems, typically with infinite behaviour. In
this section we shall define � and ♦ in terms of invariants, and show how to use
them in the running example of binary trees.

Let c:X → T (X) be an arbitrary coalgebra of a polynomial functor T . For a
predicate P ⊆ X we shall define two new predicates �(c)(P ) ⊆ X and♦(c)(P ) ⊆
X . If the coalgebra c is clear from the context, we often omit it, and simply write
�(P ) and ♦(P ). For an element x ∈ X , we define the predicate “henceforth P”
(with respect to c) as:

�(c)(P )(x) ⇔ ∃I ⊆ X. I is an invariant for c and I ⊆ P and I(x). (4)

This says that �(c)(P ) is the greatest invariant contained in P 8. The associated
“eventually” operator ♦ is defined as ¬�¬, or, more precisely as:

♦(c)(P )(x) ⇔ ¬�(c)({y ∈ X | ¬P (y)})(x). (5)

Here we use ¬ for negation on truth values. These temporal operators satisfy the
familiar properties from modal logic. Basically they say that � is an interior op-
eration: �(P ) ⊆ P , �(P ) ⊆ �(�(P )), and P ⊆ Q ⇒ �(P ) ⊆ �(Q). Invariants
are its opens (i.e. fixed points).

In the remainder of this section we shall use � and ♦ for binary tree spaces,
as described in Figure 4 in the previous section (i.e. with mirror operation).
There we have already seen what it means for a predicate to be an invariant for
binary trees. With the above definitions we thus have � and ♦ for these trees.
We will first redescribe these operators concretely. Then we shall show how they
can be used in specification and verification (without relying on the concrete
description).

7.1 A Concrete Description of � and ♦ for Binary Trees

In order to convince the reader that �(P )—as defined in (4) above—holds for x
if P holds for all future states of x, and that ♦(P ) holds for x if P holds for some
future state of x, we first have to make explicit what ‘future state’ means for
binary trees. In principle we can proceed to a successor state via left and right
children, and via mirroring. A path to a future state of x can thus be described
by a finite lists of elements from {0, 1, 2}, where 0 stands for left child, 1 for right
child (if any), and 2 for mirror. But from the way that the children and mirror
operations interact, as given by assertion ‘children mirror’ in Figure 4, we can
simplify such paths into certain normal forms, with at most one mirror operation,
right at the beginning, and with paths consisting only of 0’s and 1’s. Therefore
we first introduce the following auxiliary function offspring:X×{0, 1}� → 1+X
producing the successor state offspring(x, α) of a tree x ∈ X along a path α ∈
8 More formally, �(c)(P ) = gfp(λQ ∈ PX. P ∧ NextTime(c)(Q)), using NextTime
from Definition 3 and the greatest fixed point operator gfp that will be introduced
in the beginning of Section 8.



7. Exercises in Coalgebraic Specification 257

{0, 1}�, if any.

offspring(x, 〈〉) = κ′x
offspring(x, a · α) = CASES offspring(x, α) OF

κ∗ �→ κ∗
κ′z �→ CASES children(z) OF

κ∗ �→ κ∗
κ′(v1, v2) �→ IF a = 0

THEN κ′v1

ELSE κ′v2

ENDCASES
ENDCASES

First we establish some auxiliary results about this offspring function. The last
point in the lemma below shows how offspring commutes with mirroring.

Lemma 4. Let x, y be arbitrary tree spaces. Then

1. For all lists α, β ∈ {0, 1}�,

offspring(x, α · β) = CASES offspring(x, β) OF
κ∗ �→ κ∗
κ′w �→ offspring(w,α)

ENDCASES

where · is concatenation.
2. Successor trees along the same path of bisimilar trees are bisimilar again:

x ↔ y =⇒ ∀α ∈ {0, 1}�. CASES offspring(x, α) OF
κ∗ �→ CASES offspring(y, α) OF

κ∗ �→ true
κ′v �→ false

ENDCASES
κ′w �→ CASES offspring(y, α) OF

κ∗ �→ false
κ′v �→ w ↔ v

ENDCASES
ENDCASES
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3. Let α ∈ {0, 1}� be obtained from α ∈ {0, 1}� by changing 0’s into 1’s and
vice-versa. Then:

∀α ∈ {0, 1}�. CASES offspring(x, α) OF
κ∗ �→ CASES offspring(mirror(x), α) OF

κ∗ �→ true
κ′v �→ false

ENDCASES
κ′w �→ CASES offspring(mirror(x), α) OF

κ∗ �→ false
κ′v �→ mirror(w)↔ v

ENDCASES
ENDCASES

The CASES notation gives a precise way of stating, for example in the last
point, that if offspring(x, α) = κ′w, then offspring(mirror(x), α) is of the form κ′v,
and this v is bisimilar to mirror(w).

Proof. By induction on α (in all three cases).  !

Proposition 5. Let P ⊆ X be a predicate on a binary tree space X, which
respects bisimilarity, i.e. which satisfies x ↔ y ∧ P (x)⇒ P (y), for all x, y ∈ X.
Then:

1. �(P )(x)⇐⇒
∀α ∈ {0, 1}�.


CASES offspring(x, α) OF

κ∗ �→ true
κ′w �→ P (w)

ENDCASES


∧



CASES offspring(mirror(x), α) OF

κ∗ �→ true
κ′w �→ P (w)

ENDCASES




2. ♦(P )(x)⇐⇒
∃α ∈ {0, 1}�.


CASES offspring(x, α) OF

κ∗ �→ false
κ′w �→ P (w)

ENDCASES


∨



CASES offspring(mirror(x), α) OF

κ∗ �→ false
κ′w �→ P (w)

ENDCASES




Proof. The second point follows directly from the first one, since ♦ = ¬�¬, and
so we concentrate on 1.

(⇒) Assume �(P )(x). Then there is an invariant Q ⊆ X with Q ⊆ P and
Q(x). The result follows from the statement:

∀α ∈ {0, 1}�.

CASES offspring(x, α) OF

κ∗ �→ true
κ′w �→ Q(w)

ENDCASES


 ∧



CASES offspring(mirror(x), α) OF

κ∗ �→ true
κ′w �→ ∃y ∈ X. y ↔ w ∧ Q(y)

ENDCASES



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which can be proved by induction on α.
(⇐) We have to produce an invariant Q ⊆ X with Q ⊆ P and Q(x). We can

take Q(y) as:

∀α ∈ {0, 1}�.

CASES offspring(y, α) OF

κ∗ �→ true
κ′w �→ P (w)

ENDCASES


 ∧



CASES offspring(mirror(y), α) OF

κ∗ �→ true
κ′w �→ P (w)

ENDCASES




Then Q(x) holds by assumption. The inclusion Q ⊆ P follows easily by taking
α = 〈〉, but invariance is more difficult, requiring Lemma 4.  !

7.2 Using � and ♦ for Specification and Verification of Binary
Trees

Now that we have seen how � and ♦ (for binary trees) indeed express “for all
future states” and “for some future state”, we start using these temporal opera-
tors in specifications. Subsequently we show how to reason with them (without
relying on the concrete descriptions of Proposition 5).

BEGIN BinaryTreeSpace[A: TYPE]
METHODS

label:X −→ A
children:X −→ 1 + (X × X)
size:X −→ 1 + N

mirror:X −→ X
elem:X × A −→ {false, true}

ASSERTIONS

size def:
h
see Figure 3

i

label mirror:
h
see Figure 4

i

children mirror:
h
see Figure 4

i

elem def:
h
∀x ∈ X.∀a ∈ A. elem(x, a) = ♦({y ∈ X | label(y) = a})(x)

i

CONSTRUCTORS
leaf:A −→ X
fill:A −→ X

CREATION

leaf def:
h
∀a ∈ A. label(leaf(a)) = a ∧ children(leaf(a)) = κ ∗

i

fill def:
h
∀a ∈ A.�({y ∈ X | label(y) = a ∧ children(y) �= κ∗})(fill(a))

i

END BinaryTreeSpace

Fig. 5. Specification of binary trees, version 3
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Recall from Subsection 4.1 that the naive assertion for a membership method
elem:X ×A −→ {false, true} does not work. We are now in a position to express
elem(x, a) as “in some future state y of x, label(y) = a”, namely as ♦({y ∈
X | label(y) = a})(x). This is incorporated in the next version of the binary tree
space specification in Figure 5.

Of course one can also define elem(x, a) via the auxiliary function offspring
from the previous subsection. But such a definition is too concrete, too verbose,
and not at the right level of abstraction. For instance, if we were using ternary
trees, with a children operation X → 1 + (X ×X ×X), instead of binary trees,
then the eventually assertion for elem would still work, because ♦ abstracts from
the particular tree structure.

New in this specification are the constructors. These are functions of the form
I → X , giving initial states, parametrised by the set I. These initial states are
required to satisfy the assertions listed under ‘CREATION’. In this case we have
two9 constructors, namely leaf:A → X and fill:A → X . The intention is that
leaf(a) is the tree with a as label and with no children. This is easy to express,
see the assertion ‘leaf def’ in Figure 5. The other constructor yields a tree fill(a)
that has a not only as direct label but also as label for all of its successors, which
are all required to exist. This can be expressed conveniently via a � formula.

We give an indication of what can be proved about this latest specification in
two lemmas. The next section elaborates further on (in)finiteness of behaviour
of binary trees.

Lemma 6. Consider the binary tree specification from Figure 5. The mirror of
a tree x ∈ X has the same elements as x, i.e. for all a ∈ A,

elem(x, a)⇐⇒ elem(mirror(x), a).

With this result one can show that mirroring is its own inverse, for binary
tree spaces as in Figure 5 (like in Figure 4, see Proposition 2 (2)).

Proof. What we have to prove is, for an arbitrary x ∈ X and a ∈ A:

∃I ⊆ X. (I is an invariant) ∧ (I ⊆ {y ∈ X | label(y) �= a}) ∧ (I(mirror(x))
⇐⇒

∃I ⊆ X. (I is an invariant) ∧ (I ⊆ {y ∈ X | label(y) �= a}) ∧ I(x).

For the direction (⇐) one can use the same predicate I, but for (⇒) one has to
do some work: assume I as in the assumption, and define I ′ ⊆ X as:

I ′(x)⇔ ∃y ∈ X. y ↔ mirror(x) ∧ I(y)

Then I ′ is the required predicate.  !

A next exercise that we set ourselves is to prove that the size of an initial
state fill(a), for a ∈ A, is infinite (i.e. is κ∗). We do so by first proving a more
general statement.
9 These two constructors can be combined into a single one with type A+ A → X.
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Lemma 7. Still in the context of the specification in Figure 5,

1. �({y ∈ X | children(y) �= κ∗})(x)⇒ size(x) = κ∗, for all x ∈ X.
2. size(fill(a)) = κ∗, for all a ∈ A.

Proof. The second point follows immediately from the first one using the def-
inition of fill(a). For 1 we first prove an auxiliary statement. Assume �({y ∈
X | children(y) �= κ∗})(x). Then, for all n ∈ N,

(size(x) = κ′n) =⇒ ∀m ∈ N.♦({y ∈ X | CASES size(y) OF
κ∗ �→ false
κ′v �→ v +m ≤ n

ENDCASES })(x)

In words: if the size of x is κ′n, then for all m ∈ N there is a future state y
of x whose size is κ′v and satisfies v +m ≤ n. The conclusion of this statement
follows by induction on m. This shows that size(x) cannot be of the form κ′n—
take m = n+ 1 in that case—and thus that size(x) must be κ∗.  !

Exercises

1. Prove that �(
⋂

i∈I Pi) =
⋂

i∈I �(Pi).
2. Prove that the predicate I ′ in the proof of Lemma 6 is an invariant.
3. Prove the following “induction rule of temporal logic”:

P ∩ �(P ⊃ NextTime(P )) ⊆ �(P ),

where P ⊃ Q = {x | P (x) implies Q(x)}.
4. Consider the specification in Figure 5, and prove, for all a, b ∈ A,

elem(fill(a), b) =⇒ a = b.

5. Note that Lemma 4 (1) describes the function offspring as a homomorphism
of monoids, when considered as a function {0, 1}� → (1+X)X from sequences
to partial functions.

8 Towards a µ-Calculus for Coalgebras

We continue the study of binary trees as in Figure 5. In the first point in
Lemma 7 in the previous section we have seen a certain property, namely �({y ∈
X | children(y) �= κ∗})(x), guaranteeing that size(x) is infinite. At this stage we
wonder: are there formulas expressing finiteness of behaviour, and also infinite-
ness behaviour, in such a way that a tree has finite behaviour if and only if its
size is finite (i.e. of the form κ′n, for some n ∈ N), and has infinite behaviour if
and only if its size is infinite (i.e. κ∗)?

In this section we give a positive answer to this question. In order to express
such formulas, say finite(x) and infinite(x), for a binary tree x, we shall make
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use of least and greatest fixed points, via operators µ and ν as are standard in
what is called the µ-calculus (see [42]). In the µ-calculus one allows µ and ν in
the construction of logical formulas, with associated rules for reasoning. Here
we shall only illustrate the usefulness of µ and ν in our running example. We
proceed at a semantical level, without developing a logic. So first we have to
make clear what we mean by these fixed points.

Let Y be an arbitrary set. The set P(Y ) of subsets of Y is partially ordered
by inclusion ⊆. A function F :P(Y ) → P(Y ) is called monotone if it respects
inclusions: P ⊆ Q⇒ F (P ) ⊆ F (Q). For such an F we define

lfp(F ) =
⋂
{U ⊆ Y | F (U) ⊆ U}

gfp(F ) =
⋃
{U ⊆ Y | U ⊆ F (U)}

Then it is not hard to prove (using that F is monotone):

F (P ) ⊆ P ⇒ lfp(F ) ⊆ P F (lfp(F )) = lfp(F )
P ⊆ F (P )⇒ P ⊆ gfp(F ) F (gfp(F )) = gfp(F ).

This says that lfp(F ) is the least fixed point, and gfp(F ) the greatest fixed point
of F . The µ-calculus offers a special syntax for the functions lfp and gfp, namely
the binding operators µ and ν. Their meaning is:

µP. F (P ) = lfp(F ) and νP. F (P ) = gfp(F ).

We return to binary tree spaces, and define for a subset P ⊆ X , two predi-
cates:

Fin(P ) = {y ∈ X |Pred(1 + (X ×X))(P )(children(y))}
= {y ∈ X | CASES children(y) OF

κ∗ �→ true
κ′(v1, v2) �→ P (v1) ∧ P (v2)

ENDCASES }
Inf(P ) = {y ∈ X | ¬Pred(1 + (X ×X))(¬P )(children(y))}

= {y ∈ X | CASES children(y) OF
κ∗ �→ false
κ′(v1, v2) �→ P (v1) ∨ P (v2)

ENDCASES }

It is not hard to see that both Fin and Inf are monotone functions10. Therefore
we can define the following two predicates on X .

finite = lfp(Fin) and infinite = gfp(Inf)

10 The occurrence of predicate lifting in this definition is not accidental. For an ar-
bitrary coalgebra c:X → T (X) of a polynomial functor, one can define the subset
of states with finite behaviour as µP.NextTime(c)(P ) = lfp(NextTime(c)), and the
subset of states with infinite behaviour as νP.¬NextTime(c)(¬P ).
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In the µ-calculus one would directly define:

finite = µP. {y ∈ X | CASES children(y) OF
κ∗ �→ true
κ′(v1, v2) �→ P (v1) ∧ P (v2)

ENDCASES }
infinite = νP. {y ∈ X | CASES children(y) OF

κ∗ �→ false
κ′(v1, v2) �→ P (v1) ∨ P (v2)

ENDCASES }

Such definitions in µ-calculus style are usually very compact (and elegant), but
not so easy to read and understand. In this case we shall first relate the definitions
of the predicates finite and infinite to the concrete description in terms of the
offspring function using paths (introduced in Subsection 7.1). Subsequently we
shall relate these predicates to the size function.

In order to familiarise the reader with reasoning using least and greatest fixed
points, we start with the following elementary observations.

Lemma 8. For binary trees x, y ∈ X satisfying the specification from Figure 5
we have:

1. If x ↔ y, then

finite(x)⇐⇒ finite(y) and infinite(x)⇐⇒ infinite(y).

2. Also:

finite(mirror(x))⇐⇒ finite(x) and infinite(mirror(x)) ⇐⇒ infinite(x).

Proof. 1. We shall prove the first part about finiteness. So assume x ↔ y and
finite(x), i.e. lfp(Fin)(x). Because lfp(Fin) is the least fixed point of Fin, it
suffices to find a predicate P with Fin(P ) ⊆ P and P (x) ⇒ finite(y). These
requirements suggest P = {z ∈ X | ∀w ∈ X. z ↔ w ⇒ finite(w)}.

2. We do the infinite case.
(⇒) Assume infinite(mirror(x)), i.e. gfp(Inf)(mirror(x)). In order to prove
infinite(x) we simply take P = {y ∈ X | infinite(mirror(y))}. The inclusion
P ⊆ Inf(P ) follows from 1, and P (x) is obvious. Therefore infinite(x).
(⇐) Assume infinite(x). In order to prove gfp(Inf)(mirror(x)) it suffices to
produce a predicate P with P ⊆ Inf(P ) and P (mirror(x)). We take P = {y ∈
X | ∃z ∈ X.mirror(z)↔ y ∧ infinite(z)}.  !

Proposition 9. Finiteness and infiniteness of behaviour for binary trees can be
expressed in terms of the offspring function from Subsection 7.1 as follows.

1. finite(x)⇐⇒ ∃n ∈ N. ∀α ∈ {0, 1}�. |α| ≥ n ⇒ offspring(x, α) = κ∗.
2. infinite(x)⇐⇒ ∀n ∈ N. ∃α ∈ {0, 1}�. |α| = n ∧ offspring(x, α) �= κ∗.
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Proof. 1. For the direction (⇒) one uses that finiteness is defined as a least
fixed point. The predicate P with Fin(P ) ⊆ P that one can use is given by
P = {y ∈ X | ∃n ∈ N. ∀α ∈ {0, 1}�. |α| ≥ n ⇒ offspring(y, α) = κ∗}.
For the reverse direction (⇐) assume, for some n ∈ N that offspring(x, α) =
κ∗ for all α ∈ {0, 1}� with |α| ≥ n. Then one can prove, by induction on m,
that:

∀m ≤ n. ∀α ∈ {0, 1}�. CASES offspring(x, α) OF
κ∗ �→ true
κ′v �→ |α| ≥ n−m ⇒ finite(v)

ENDCASES

But then we are done by taking m = n and α = 〈〉.
2. The implication (⇐) can be proved using that infinity is introduced via a

greatest fixed point. An appropriate predicate P with P ⊆ Inf(P ) is: P =
{y ∈ X | ∀n ∈ N. ∃α ∈ {0, 1}�. |α| = n ∧ offspring(y, α) �= κ∗}.
For the other implication (⇒), assume infinite(x). By induction on n we can
prove a slightly stronger statement:

∀n ∈ N. ∃α ∈ {0, 1}�. CASES offspring(x, α) OF
κ∗ �→ false
κ′v �→ |α| = n ∧ infinite(v)

ENDCASES �

In a next step we show that both finiteness and infinity can be expressed in
terms of size.

Proposition 10. For a binary tree space x as in Figure 5 we have

1. finite(x)⇐⇒ size(x) �= κ∗.
2. infinite(x)⇐⇒ size(x) = κ∗.

Proof. 1. The direction (⇒) follows from finite being a least fixed point. For
(⇐) we prove by well-founded induction (on the natural numbers) that:

∀n ∈ N. size(x) = κ′n ⇒ finite(x).

2. The greatest fixed point property of infinite takes care of the implication
(⇐). For (⇒), assume infinite(x) and size(x) = κ′n. The statement

∀m ∈ N.♦({y ∈ X | infinite(y) ∧ CASES size(y) OF
κ∗ �→ false
κ′v �→ n ≥ v +m

ENDCASES})(x)

can be proved by induction on m. But then we get a contradiction by taking
m = n+ 1. Hence size(x) = κ∗.  !
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This concludes our brief tour of a µ-calculus in a coalgebraic setting. It also
concludes our discussion of binary trees. We only mentioned a few operations
that can be used for binary trees, leaving out many others. Typically, one also has
operations for inserting and deleting labels, and for extracting (possibly infinite)
sequences of labels, using for example pre-order, in-order, or post-order tree
traversal. Insertion and deletion are usually defined for so-called binary search
trees where all labels appear in an ordered fashion (assuming the set A of labels
is totally ordered): labels in a left child are below the current label, which is
below labels in the right child. Such properties typically appear as invariants.
Here we did not include these additional operations in our discussion because
our sole aim is to illustrate coalgebraic specification and verification techniques
(especially using temporal and fixed point operators), and not to be in any sense
complete11.

Exercises

1. Prove that �(P ) = gfp(λQ.P ∩ NextTime(Q)).

9 A Case Study: Peterson’s Mutual Exclusion Algorithm

In this section we present a non-entirely-trivial application in coalgebraic spec-
ification and verification: Peterson’s mutual exclusion algorithm. It provides a
well-known mechanism for regulated access to what are called critical regions
(or critical sections): often in computer science there are situations with two
(or more) processes (running programs) which share certain resources, such as
computing devices or data in memory (or in files or on disks). In such cases it
is important that access is well-regulated, so that no corruption can take place.
This issue is called the mutual exclusion problem. What one needs is some mech-
anism which grants access to a critical region only to one process at a time. This
should be done in such a way that all requests for access will be granted at some
stage, in a reasonably fair manner. This issue is often discussed at length in
books on operating systems, like [43].

9.1 Peterson’s Solution for Mutual Exclusion

A particularly nice and easy way to achieve mutual exclusion was developed by
Peterson [32], see also [43, 2.2.3], [6, 7.2], [1, 6.5] or [27, 10.5.1]. The latter three
references also contain correctness proofs: in [6] the algorithm is presented as a
parallel composition of two automata, and its correctness is proved in temporal
logic; in [1] the algorithm is described as a parallel composition of two programs,
whose (safety only) correctness is established using (the Owicki-Gries extension

11 Also, the way we have set up our binary trees is probably not optimal for storage,
because, as is not hard to see, a finite binary tree will always have an odd size.
Hence adding single elements is problematic.
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of) Hoare logic; and in [28] state machines are used with a precondition-effect
notation. Here we shall describe the algorithm in coalgebraic specification, mak-
ing use of structuring techniques in object-oriented style. We shall return to this
example in the next section on refinement.

A first, intuitive impression of Peterson’s algorithm can be obtained from the
automata theoretic description used in [6]. It consists of two essentially identical
automata, put in parallel, see Figure 6. They both have a critical section, indi-
cated by the locations ,3 and m3 with double circles. They share a variable t,
which indicates whose turn it is (to proceed to the critical section), with true
for automaton 1 on the left, false for automaton 2 on the right. Both automata
can read and change the value of t. Reading is indicated by the question mark
‘?’, and writing by the assignment symbol ‘:=’. There are two additional vari-
ables yi, for i ∈ {1, 2}, indicating whether automaton i is interested in becoming
critical. Automaton i can read both y1 and y2, but change only yi. Through a
subtle interaction of these variables t, y1, y2 it is prevented that the automata
are both in their critical sections (i.e. at ,3 and m3) at the same time.

�0 �1

�2�3

y1 := true

t := false

¬y2 ∨ t?

y2 ∧ ¬t?

y1 := false

m0 m1

m2m3

y2 := true

t := true

¬y1 ∨ ¬t?

y1 ∧ t?

y2 := false

Fig. 6. Peterson’s algorithm, described as composition of two parallel automata
(from [6])

Of course, this statement needs a rigorous proof. First of all, such a proof
requires a precise formalisation of the algorithm. As such, the automata theoretic
description from Figure 6 is not ideal. For example, it is somehow implicit that
transitions ,1 → ,2 and m1 → m2 cannot happen at the same time, because they
involve an incompatible assignment to t. Also, in the transitions ,2 → ,3, m2 →
m3 the turn variable t does not change. Such facts are crucial in verification12.
Therefore we seek an alternative, purely assertional formalisation, in which all
these points will be written explicitly. Necessarily, such a description will be
much more verbose. It will be given as a coalgebraic specification below (in
Figure 13). Before presenting it, we have to deal with some new aspects that are
used in this specification.
12 All these aspects can be made precise in an automata theoretic framework, by

defining appropriate notions of behaviour and composition. But doing so is not our
aim. The description in Figure 6 only serves as a first introduction.
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9.2 Dealing with Time in Coalgebraic Specification

We shall briefly discuss a way of handling time in a coalgebraic setting, follow-
ing [18]. We concentrate on discrete time, as this will be used in the specification
of Peterson’s algorithm. But continuous time will also be mentioned.

BEGIN DiscreteTime
METHODS

tick:X −→ X
END DiscreteTime

Fig. 7. Discrete time

Discrete time can be modelled via a single operation tick:X → X , see Fig-
ure 7. The idea is that every unit of time, this function is called. How this
happens is not relevant, but one can think of it as resulting from the clock of
a computer system. So for a state x ∈ X , the state after two units of time is
tick(tick(x)). It is convenient to have suitable notation, like tickn, for iteration,
where:

tick0(x) = x and tickn+1(x) = tick(tickn(x)).

BEGIN Timer[N :N]
INHERIT FROM DiscreteTime // yields tick
METHODS

set:X −→ X
status:X −→ {on, off}

ASSERTIONS

off remains:
h
∀x ∈ X. ∀n ∈ N. status(x) = off ⇒ status(tickn(x)) = off

i

off happens:
h
∀x ∈ X.∀n ∈ N. n ≥ N ⇒ status(tickn(x)) = off

i

status set:
h
∀x ∈ X.∀n ∈ N. n < N ⇒ status(tickn(set(x))) = on

i

END Timer

Fig. 8. A simple parametrised timer

Figure 8 presents a timer which can be set by the user, and then goes off
“automatically” after N units of time (given as parameter). We have used IN-
HERIT FROM to indicate that this specification also has a method tick:X →
X . The polynomial functor T underlying the Timer specification then contains
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the polynomial functor DT of the DiscreteTime specification as ×-component13:

T (X) = DT (X)×X × {on, off} = X ×X × {on, off}.

The assertion ‘off remains’ tells that once the timer is off, it does not “sponta-
neously” become on by passage of time. This could be expressed via temporal
operators—see below—but here we choose to write it explicitly via iteration. The
next assertion ‘off happens’ expresses that no matter in which state the timer
is, it will be off after at least N units of time. Finally, the first N ticks after
an invocation of set the timer will be on, as expressed by the third assertion
‘status set’.

This specification has many models. For example, one can take for X the set
[0, N ] ⊆ N with functions tick, set: [0, N ] → [0, N ] and status: [0, N ] → {on, off}
given on x ∈ [0, N ] as:

tick(x) =
{
0 if x = 0
x− 1 otherwise set(x) = N status(x) =

{
off if x = 0
on otherwise

A state x ∈ [0, N ] thus represents the number of time units until the timer’s
status will be off.

The tick function in the specification of discrete time describes the passage
to a next state through the passage of time. It can thus be used to described
so-called primed versions of attributes: for a method (or attribute) a:X → A,
one sometimes sees in the computer science literature the notation a′:X → A
for “the attribute a evaluated in the next state”. Thus we can understand a′ as
a ◦ tick. In such a way one can translate specifications in the Temporal Logic of
Actions (TLA), see [25,26], into coalgebraic specifications. Actions in TLA are
predicates, which become methods X → bool. They describe the preconditions
and postconditions in a single conjunction, such as: (a(x) > 0) ∧ (a′(x) =
a(x) − 1). The temporal logic of TLA is linear temporal logic, and its � and ♦
operators are the ones that are associated with the DiscreteTime specification
from Figure 7 (following Section 7):

�(P )(x)⇐⇒ ∀n ∈ N. P (tickn(x))
♦(P )(x)⇐⇒ ∃n ∈ N. P (tickn(x)). (6)

because {y ∈ X | ∀n ∈ N. P (tickn(y))} is the greatest DiscreteTime-invariant
contained in P .

Notice that iteration yields a function ticks:X×N → X , namely ticks(x, n) =
tickn(x). This forms an action for the natural number monoid (N,+, 0), since

ticks(x, 0) = x and ticks(x, n+m) = ticks(ticks(x,m), n).

This action aspect is taken as fundamental in handling continuous time, see
Figure 9. There we have an action flow:X×R≥0 → X with respect to the monoid

13 And not as +-component, like in algebraic specification, see the functor for the
vector space example (2).
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BEGIN ContinuousTime
METHODS

flow:X × R≥0 −→ X // R≥0 = {s ∈ R | s ≥ 0}
ASSERTIONS

flow zero:
h
∀x ∈ X. flow(x, 0) = x

i

flow plus:
h
∀x ∈ X.∀s, t ∈ R≥0 . flow(x, s + t) = flow(flow(x, t), s)

i

END ContinuousTime

Fig. 9. Continuous time

(R≥0,+, 0) of non-negative real numbers. Such flows are fundamental in system
theory (see e.g. [24]) and are also known as motions, trajectories or solutions.
Indeed, unique solutions to differential equations give such flows, see e.g. [11,
8.7]. The temporal operators associated with the ContinuousTime specification
of Figure 9 are:

�(P )(x)⇐⇒ ∀s ∈ R≥0. P (flow(x, s))
♦(P )(x)⇐⇒ ∃s ∈ R≥0. P (flow(x, s)).

since the predicate {y ∈ X | ∀s ∈ R≥0. P (flow(y, s))} is the greatest Continuous-
Time-invariant contained in P . We shall not use these flows in this chapter. For
more information, see [18].

9.3 Class-Valued Methods

So far we have seen methods that return a value, like size→ 1+N or label:X → A
in Figure 3. Such methods simply describe functions. The question arises whether
one can also have “class-valued” methods such as tree:X → BinaryTreeSpace[N]
in coalgebraic specifications, yielding values in classes (also called objects). For
each state x ∈ X , tree(x) should then be a binary tree with natural numbers
as labels. Such methods are convenient because they allow us to incrementally
build structured specifications from smaller components (i.e. classes).

The question is: what kind of functions are such class-valued methods like
tree? They should return elements of a model14 of the tree specification. But
which model? We have seen several models in Section 4, but there seems to
be no canonical choice. Actually there is a canonical choice here, namely the
so-called terminal (or final) model. It is defined as the model F such that for
an arbitrary model M there is a unique homomorphism M → F , see [21] or
Chapter 3 for more information. Terminality is useful when casting is required,
i.e. when elements of classes which inherit from a class C must be regarded as
elements of C. This can be done via the unique homomorphism just mentioned,
see [13]. But this is beyond scope.
14 Even this condition can be relaxed: one can just require elements of the state space

of a coalgebra providing the binary tree space methods, without requiring that the
coalgebra also satisfies the assertions. In such a way one can model “casting with
late binding”. But that is beyond the scope of the present chapter.
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For many purposes, it really does not matter which model is used for class-
valued attributes. In such a situation one can use an arbitrary model—assuming
there is one15. Since the chosen model is arbitrary, there is nothing specific that
can be used about it. This is called loose semantics. It is what we shall use below.

DiscreteTime
(Figure 7)

PetersonProcess[true]
(Figures 11, 12)

�������������
Peterson

(Figure 13)

��

�� �� PetersonProcess[false]
(Figures 11, 12)

�������������

Fig. 10. The structure between specifications in Peterson’s algorithm

9.4 Peterson’s Algorithm in Coalgebraic Specification

We can finally describe Peterson’s mutual exclusion algorithm in coalgebraic
specification. The specification as a whole will be built up from smaller specifica-
tions, see Figure 10. The central specification is called Peterson. The arrows going
upwards point to superclasses (using inheritance), the horizontal ones to com-
ponent classes (via class-valued methods). The PetersonProcess is parametrised
by the set bool = {false, true}, so that the two versions (like in Figure 6) can be
described together.

We shall explain the main specifications PetersonProcess (Figures 11, 12) and
Peterson (Figure 13) in some more detail. Basically, it follows the automata-
theoretic description from Figure 6. In the PetersonProcess specification the
real work is done. There are Boolean-valued attributes critical, for describing
whether this process is in its critical section, own interest, telling whether this
process is interested in becoming critical (corresponding to y1 or y2 in Fig-
ure 6), other interest, telling whether the other process is interested (corre-
sponding to y2 or y1), turn, describing whose turn it is (like t does in Fig-
ure 6), and pre critical, indicating whether this process is in the waiting state
before becoming critical (corresponding to locations ,2 and m2 in Figure 6).
Finally, there is a method interest which can be used to indicate that a pro-
cess is interested in becoming critical, as expressed by the assertion ‘interest’
in Figure 11. The other assertions tell how the system changes under the in-
fluence of time: they describe the effect of the tick method under various cir-
cumstances. These assertions precisely describe the behaviour, by listing the
values of various attributes before and after a tick. One can notice that noth-
ing is stated about the other interest attribute after a tick, since this attribute
is not under the control of this process and can be changed at any time by
the other process. The turn attribute is under control of both processes. Hence
15 It is good practice to construct a model after introducing a new specification.
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BEGIN PetersonProcess[ ident: bool ] // where bool = {false, true}
INHERIT FROM DiscreteTime // see Figure 7
METHODS

critical:X −→ bool
own interest:X −→ bool
other interest:X −→ bool // describes interest of other process
turn:X −→ bool // will be shared
pre critical:X −→ bool // describes waiting state
interest:X −→ X // enables a user to indicate interest

// to proceed to critical section
ASSERTIONS

interest:
h
own interest(interest(x)) ∧ turn(interest(x)) = turn(x) ∧
other interest(interest(x)) = other interest(x) ∧
¬pre critical(interest(x)) ∧ ¬critical(interest(x))

i

remain not interested:
h
¬own interest(x) ⇒

�
¬own interest(tick(x)) ∧

¬critical(tick(x)) ∧ ¬pre critical(tick(x))
� i

become pre critical:
h �

own interest(x) ∧ ¬pre critical(x) ∧ ¬critical(x)
�

⇒
�
own interest(tick(x)) ∧ pre critical(tick(x)) ∧
¬critical(tick(x)) ∧
// turn cannot remain ident:

(turn(x) = ident ⇒ turn(tick(x)) �= ident)
� i

remain pre critical:
h �

own interest(x) ∧ pre critical(x) ∧ ¬critical(x) ∧
other interest(x) ∧ turn(x) �= ident

�

⇒
�
own interest(tick(x)) ∧ pre critical(tick(x)) ∧
¬critical(tick(x))

� i

· · · // see Figure 12
END PetersonProcess

Fig. 11. Specification of a (parametrised) Peterson process, part I

changes to turn must be expressed in a careful manner, to avoid clashes (lead-
ing to inconsistencies) with possible changes by the other process, see assertions
‘become pre critical’, ‘become critical’ and ‘critical remains or stops’ where re-
strictions occur which do not block changes by the other process. Notice how
the assertion ‘become pre critical’ can be used for both processes at the same
time—corresponding to transitions ,1 → ,2, m1 → m2 in Figure 6—but that
only one “assignment” to turn can take place. The final assertion ‘critical stops’
uses the eventually operator ♦(super). It refers to ♦ for the superclass Discrete-
Time, which can be expressed in terms of iteration, see the equivalences (6). It
thus says that the critical section will be left, after an unspecified amount of
time. This is needed for fairness: if processes do not leave their critical sections,
their competitors will never get access.
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BEGIN PetersonProcess[ ident: bool ]
· · · // see Figure 11

ASSERTIONS
· · · // see Figure 11

become critical:
h �

own interest(x) ∧ pre critical(x) ∧ ¬critical(x) ∧
(¬other interest(x) ∨ turn(x) = ident

�

⇒
�
own interest(tick(x)) ∧ ¬pre critical(tick(x)) ∧
critical(tick(x)) ∧
// turn cannot change to ¬ident:
(turn(x) = ident ⇒ turn(tick(x)) = ident)

� i

critical remains or stops:
h �

own interest(x) ∧ ¬pre critical(x) ∧ critical(x)
�

⇒
�
¬pre critical(tick(x)) ∧
(// either remain critical
(own interest(tick(x)) ∧ critical(tick(x)) ∧
(turn(x) = ident ⇒ turn(tick(x)) = ident))

∨ // or stop being critical

(¬own interest(tick(x)) ∧ ¬critical(tick(x))))
� i

critical stops:
h
critical(x) ⇒�
♦(super)({y ∈ X | ¬critical(y) ∧ ¬pre critical(y) ∧

¬own interest(y)})(x)
� i

END PetersonProcess

Fig. 12. Specification of a (parametrised) Peterson process, part II

We turn to the central specification Peterson in Figure 13. It has two at-
tributes for the two processes, and two methods for indicating interest of these
processes16. The assertions establish appropriate connections between the two
processes (‘share turn’ and ‘exchange interest’), and also between the methods
tick, interestT, interestF of the Peterson specification and corresponding methods
of the processes. Notice that we do not write a requirement ppF(interestT(x))↔
ppF(x), because it is too strong: interestT sets own interest of ppT to true, and
thereby other interest of ppF to false. Hence it does have an effect on ppF.
16 Actually, using some more expressive language of types, one could combine meth-

ods ppF, ppT into pp:X → Q
b∈bool PetersonProcess[b] and interestT, interestF into

interest:X → Xbool .
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BEGIN Peterson
INHERIT FROM DiscreteTime // see Figure 7
METHODS

ppT:X −→ PetersonProcess[true]
ppF:X −→ PetersonProcess[false]
interestT:X −→ X
interestF:X −→ X

ASSERTIONS

share turn:
h
turn(ppT(x)) = turn(ppF(x))

i

exchange interest:
h
own interest(ppT(x)) = other interest(ppF(x)) ∧
other interest(ppT(x)) = own interest(ppF(x))

i

interestT:
h
ppT(interestT(x)) ↔ interest(ppT(x)) ∧
own interest(ppF(interestT(x))) = own interest(ppF(x)) ∧
pre critical(ppF(interestT(x))) = pre critical(ppF(x)) ∧
critical(ppF(interestT(x))) = critical(ppF(x))

i

interestF:
h
ppF(interestF(x)) ↔ interest(ppF(x)) ∧
own interest(ppT(interestF(x))) = own interest(ppT(x)) ∧
pre critical(ppT(interestF(x))) = pre critical(ppT(x)) ∧
critical(ppT(interestF(x))) = critical(ppT(x))

i

synchronise:
h
ppT(tick(x)) ↔ tick(ppT(x)) ∧
ppF(tick(x)) ↔ tick(ppF(x))

i

CONSTRUCTORS
new:X

CREATION

init:
h
¬own interest(ppT(new) ∧ ¬pre critical(ppT(new) ∧ ¬critical(ppT(new) ∧
¬own interest(ppF(new) ∧ ¬pre critical(ppF(new) ∧ ¬critical(ppF(new)

i

END Peterson

Fig. 13. Specification of Peterson’s algorithm

Next we come to correctness, expressed in Theorem 12 below. In our reason-
ing about the Peterson specification we use the next five predicates: for x ∈ X ,

critical exclusionT(x)
=

(
critical(ppT(x))⇒ own interest(ppT(x)) ∧ ¬pre critical(ppT(x))

)
critical exclusionF(x)

=
(
critical(ppF(x))⇒ own interest(ppF(x)) ∧ ¬pre critical(ppF(x))

)
critical turnT(x)

=
(
critical(ppT(x)) ∧ pre critical(ppF(x)) ⇒ turn(ppT(x))

)
critical turnF(x)

=
(
critical(ppF(x)) ∧ pre critical(ppT(x)) ⇒ ¬turn(ppF(x))

)
critical exclusion(x)

=
(
critical exclusionT(x) ∧ critical exclusionF(x) ∧
critical turnT(x) ∧ critical turnF(x) ∧
¬
(
critical(ppT(x)) ∧ critical(ppF(x))

) )
.
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Lemma 11. The following five predicates are invariants for the Peterson class
specification in Figure 13.

critical exclusionT, critical exclusionF,
critical exclusionT ∧ critical exclusionF ∧ critical turnT,
critical exclusionT ∧ critical exclusionF ∧ critical turnF,

critical exclusion.

Below we shall only use the last invariant critical exclusion, but the others are
convenient as intermediate steps.

Proof. According to Definition 3 we have to prove for each of the above predi-
cates, say denoted by Q ⊆ X , that for all x ∈ X ,

Q(x) =⇒




Q(tick(x))
Q(interestT(x))
Q(interestF(x))

This is not hard, but a lot of work, because of the many case distinctions that
have to be made. Hence a proof tool is useful.  !

Theorem 12. The specification of Peterson’s algorithm in Figure 13 satisfies
the following two safety and progress properties.

1. Mutual exclusion holds in all reachable states:

�({y ∈ X | ¬(critical(ppT(y)) ∧ critical(ppF(y)))})(new)

2. For both processes, requests to proceed to their critical section will eventually
be granted: for all x ∈ X,

♦({y ∈ X | critical(ppT(y))})(interestT(x))
♦({y ∈ X | critical(ppF(y))})(interestF(x)).

Proof.

1. According to the definition of �, we have to produce an invariant Q with
Q(y) ⇒ ¬(critical(ppT(y)) ∧ critical(ppF(y))) and Q(new). We take Q =
critical exclusion from Lemma 11.

2. The two statements are proved in the same way, so we concentrate on the
first one. The following intermediate statement is convenient: for all x ∈ X ,(

own interest(ppT(x)) ∧ pre critical(ppT(x)) ∧ ¬critical(ppT(x)) ∧
∃n ∈ N.¬own interest(tickn(ppF(x))) ∨ turn(tickn(ppF(x)))

)
=⇒

∃n ∈ N. critical(ppT(tickn(x)))

The proof of this statement proceeds by considering the least n such that
¬own interest(tickn(ppF(x))) ∨ turn(tickn(ppF(x))). For all m ≤ n, one can
show that after m ticks own interest, pre critial and ¬critical hold for ppT.
Hence the assertion ‘become critical’ does the job after n ticks.  !
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10 Refinements between Coalgebraic Specifications

A refinement is a general construction to turn a model of one specification (usu-
ally called the concrete one) into a model of another specification (called the ab-
stract specification in this context), using (essentially17) the same set of states.
Typically, the concrete specification has more structure, and describes a partic-
ular way to realise the structure of the abstract specification in terms of its own
concrete structure. In computer science a refinement usually adds certain im-
plementation details, reducing the level of underspecification (sometimes called
non-determinism), and possibly increasing the use of concurrency.

Constructions to turn a model of one specification into a model of another
specification are well-known in mathematics. Typically, one can turn a pointed
topological space into its “fundamental” or “Poincaré” group by using as el-
ements homotopy classes of paths with the base point as beginning and end.
Also, one can construct the integers from the natural numbers (via a quotient
of N × N), but in both these cases the state space changes in an essential way.
An actual (but trivial) refinement is the construction of a topological space out
of a metric space.

In this section we define refinements between coalgebraic specifications, basi-
cally as in [16]. Further, we present an abstract Peterson specification, and show
how the specification from the previous section forms a refinement.

We now assume two coalgebraic specifications: A for abstract, and C for con-
crete. Let IA and IC be the associated polynomial functors capturing the inter-
face of methods. For didactic reasons we first define a “simple refinement” (of A
by C), and postpone the general definition. We assume that both specifications
have precisely one initial state18, written as new. For a coalgebra c:X → IA(X),
we have predicates

A-Assert(c) ⊆ X and A-Create(c) ⊆ X

combining all assertions and creation conditions. Similarly for C. How these pred-
icates are obtained can best be seen in Figures 11 and 12 where we have not
written quantifiers ∀x ∈ X. · · · in assertions. The induced predicate Peterson-
Process-Assert(x) is then obtained as conjunction of all seven assertions. The
predicate PetersonProcess-Create is obtained by viewing new as a parameter in
the creation condition init.

A simple refinement of A by C consists of a construction which turns an
arbitrary model of C, consisting of a coalgebra c:X → IC(X) and initial state
new ∈ X with ∀x ∈ X. C-Assert(c)(x) and C-Create(c)(new), into a model of A,
consisting of a coalgebra c′:X → IA(X) on the same state space, constructed
out of c, and an initial state new′ ∈ X constructed out of c and new, in such a
way that ∀x ∈ X.A-Assert(c′)(x) and A-Create(c′)(new′).

17 We shall see later what ‘essentially’ means: a subset of the set of states forming an
invariant is also allowed.

18 And not a parametrised collection of initial states. The definition of refinement can
easily be extended to include them as well.
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A simple refinement between coalgebraic specifications thus consists of two
things (as in TLA [25,26]): a “refinement mapping”

(c:X → IC(X), new ∈ X) �−→ (c′:X → IA(X), new′ ∈ X) (7)

together with an implication

C-Create(c)(new) ∧ ∀x ∈ X. C-Assert(c)(x)
=⇒

A-Create(c′)(new′) ∧ ∀x ∈ X.A-Assert(c′)(x).
(8)

The definition of refinement says that a concrete model can be turned into
an abstract model, in a straightforward way. In practice it usually does not work
like this, because the requirement ∀x ∈ X.A-Assert(c′)(x) cannot be proved for
all x ∈ X . Then we often need to restrict the state space X to some subset
P ⊆ X for which we can prove ∀x ∈ X.P (x) ⇒ A-Assert(c′)(x). This is good
enough if we can additionally prove that P is an invariant (with respect to the
constructed coalgebra c′), and that P holds for the constructed initial state new′.
Then we know that all states we can reach from new′ using c′ remain within P .
Thus, for a (non-simple) refinement the above implication changes into:

C-Create(c)(new) ∧ ∀x ∈ X. C-Assert(c)(x)
=⇒

A-Create(c′)(new′) ∧ �(c′)(A-Assert(c′))(new′).
(9)

See the definition of � in (4).
We turn to an example of a refinement with such an implication.

Proposition 13. Consider the MutualExclusion specification in Figure 14 de-
scribing the essentials of mutual exclusion. The Peterson specification from Fig-
ure 13 is a refinement of MutualExclusion.

Proof. We will construct a refinement mapping as in (7) with an implication (9).
Therefore we assume a coalgebra c = (tick, ppT, ppF, interestT, interestF) and
initial state new for the Peterson specification. We get a new coalgebra c′ =
(tick, criticalT, criticalF, interestT, interestF) for the MutualExclusion specification
by defining criticalT(x) = critical(ppT(x)) and criticalF(x) = critical(ppF(x)).
As new initial state new′ we simply take new from Peterson. Then clearly, the
(abstract) creation conditions from MutualExclusion hold for new. Further, the
predicate critical exclusion from Lemma 11 is an invariant for c′ (since it already
is one for c) and implies the abstract assertions, see Theorem 12, and the proof
of its first point.  !

Refinement is a fundamental technique to establish the correctness of larger
software (and also hardware) systems: the idea is to first concentrate on an
abstract specification of the system—describing the essentials of the required
behaviour, without going into any realisation issues—and refine this abstract
specification, possibly in several steps, into a concrete specification, coming close
to an actual implementation.
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BEGIN MutualExclusion
INHERIT FROM DiscreteTime // see Figure 7
METHODS

criticalT:X −→ bool
criticalF:X −→ bool
interestT:X −→ X
interestF:X −→ X

ASSERTIONS

exclusion:
h
¬(criticalT(x) ∧ criticalF(x))

i

progressT:
h
♦(super)({y ∈ X | criticalT(y)})(interestT(x))

i

progressF:
h
♦(super)({y ∈ X | criticalF(y)})(interestF(x))

i

critical interest:
h
¬criticalT(interestT(x)) ∧
criticalF(interestT(x)) = criticalF(x) ∧
criticalT(interestF(x)) = criticalT(x) ∧
¬criticalF(interestF(x))

i

CONSTRUCTORS
new:X

CREATION

init:
h
¬criticalT(new) ∧ ¬criticalF(new)

i

END MutualExclusion

Fig. 14. Specification of mutual exclusion

11 Conclusion

We have introduced the subject of specification and verification for coalgebras
via several examples, for which we have proved non-trivial results. The area is
still under development, but has already reached a certain level of maturity, with
its own theory and logic. For further background reading we refer to [21,40,7].
An impression of current research topics in coalgebra can be obtained from the
volumes [19,22,37,4] and [20].
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Chapter 8

Algebraic Methods for
Optimization Problems

Richard Bird, Jeremy Gibbons, and Shin-Cheng Mu

Computing Laboratory, University of Oxford

Abstract. We argue for the benefits of relations over functions for mod-
elling programs, and even more so for modelling specifications. To sup-
port this argument, we present an extended case study for a class of
optimization problems, deriving efficient functional programs from con-
cise relational specifications.

1 Introduction

It is very natural to model computer programs as functions from input to output;
hence our interest in functional programming, and the approaches to program
calculation described in Chapter 5.

However, sometimes the functional view is too concrete, too implementation-
oriented. Although functions may be a good model of programs, they are not a
particularly good model of specifications. It is often more natural to specify a
problem using features beyond the power of functional programming. Here are
some examples.

– It is easy to write the squaring problem sqr as a function. A natural spec-
ification of the square root problem sqrt is as its converse: the result of
sqrt x should be a y such that sqr y = x (subject to considerations of sign
and rounding). A more elaborate application is to specify a parser as the
converse of a pretty printer.

– Many problems involve computing a minimal — smallest, cheapest, best —
element of a set under some ordering — size, cost, badness. (We will see
some examples of such optimization problems later in this chapter.) Often
the ordering is a preorder rather than a partial order: two different elements
may be equivalent under the ordering. Then the problem minimal r, which
computes a minimal element under ordering r, is non-deterministic.

– The problem minimal r cannot return any result on an empty set. Even
on a non-empty set, for there always to be a minimal element the ordering
must be connected (any two elements must be comparable, one way or the
other); for an unconnected ordering there may again be no returnable result.
So minimal r will in general also be partial.

– Many problems involve simultaneously satisfying two requirements P and Q;
for example, sorting a sequence x under an ordering r involves constructing

R. Backhouse et al. (Eds.): Algebraic and Coalgebraic Methods . . . , LNCS 2297, pp. 281–308, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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a permutation (requirement P ) of x that is ordered according to r (require-
ment Q). One can specify such a problem by sequentially composing two
subproblems: first find all elements satisfying requirement P , then discard
those that do not satisfy requirement Q. However, doing so inevitably breaks
the symmetry in the problem description, thereby introducing a bias towards
one kind of solution. A more neutral specification retains the symmetry by
simply forming the conjunction of the two subproblems.

– Dually, some problems involve satisfying one of two alternative require-
ments — perhaps two different ways of giving an answer, or perhaps a ‘nor-
mal’ case and an ‘exceptional’ or ‘error’ case. Each subproblem is partial, but
the two together may be total. Modelling the problem as a function entails
entangling the two aspects; a better separation of concerns is obtained by
modelling each aspect independently and forming the disjunction of the two
subproblems.

In summary, many problems are most naturally specified using features (con-
verse, non-determinism, partiality, conjunction, disjunction) that are to varying
degrees inappropriate for a programming language.

The obvious way of resolving this dilemma is to use two languages, one for
specification and one for programming. In fact, it is most convenient if the pro-
gramming language is a sublanguage of the specification language. Then program
construction is a matter of reasoning within a single language, namely the wider
specification language, and restricting the features used to obtain an acceptable
expression in the implementable subset. Moreover, it is then straightforward to
have intermediate expressions that are a mixture of program and specification;
this is rather harder to achieve if the two are completely separate languages.

What could we choose as a language that encompasses functions and func-
tional programming, but that also provides the expressive power of converse,
non-determinism, conjunction, and so on? It is well-known that relations have
exactly these properties. This chapter, therefore, looks at lifting the results of
Chapter 5 from functions to relations. We will carry out an extended case study,
illustrating the gain in expressivity provided by the extra features. Our pro-
gramming methodology will be to refine a relational specification to a func-
tional implementation, reducing non-determinism while maintaining the domain
of definition. So we will take this case study all the way to code, as a functional
program.

There is an added bonus from studying relations as well as functions. Even
when a specification and its implementation are both functional, one sometimes
can gain greater insight and simpler reasoning by carrying out the calculation of
the latter from the former in more general theory of relations. (We see an exam-
ple in Exercise 2.6.7.) This is analogous to complex numbers and trigonometry
in high school mathematics: although trigonometric functions are completely
‘real’ concepts, it is enlightening to investigate them from the point of view of
complex numbers. For example, sin θ and cos θ are the imaginary and real parts
of eθi, the complex number with ‘angle’ θ radians and unit ‘radius’; so of course
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sin2 θ + cos2 θ = 1, by Pythagoras’ Theorem, and the ‘most beautiful theorem
of mathematics’ eπi = −1 is easy to visualize.

It turns out that the relational algebra is particularly powerful for specify-
ing and reasoning about optimization problems — informally, problems of the
form ‘the best data structure constructed in this way, satisfying that condition’.
This chapter is structured to lead to exactly this point: Section 2 introduces
the algebra of relations, Section 3 develops some general-purpose theory for op-
timization problems, and Section 4 applies the theory in a case study, which
we take all the way to runnable code. There are many interesting diversions en
route, some of which are signposted in the exercises; more sources are provided
in the bibliographic notes.

1.1 Bibliographic Notes

The relational algebra has been proposed as a basis for program construction
by many people; some representative strands of work are by de Roever [10],
Hoare [17], Berghammer [3], Möller [24], Backhouse [1,2], Hehner [16], Mili and
Desharnais [23], and Bird and de Moor [5]. Indeed, one could argue that relations
underlie the entire field of logic programming [22,29].

For more information about the use of relations for program calculation,
particularly in the solution of optimization problems, the interested reader is
directed towards [5], on which this chapter is based.

2 The Algebra of Relations

2.1 Relations

Like a function, a relation is a mapping between a source type and a target
type; unlike a function, a relation may be partial (mapping a source value to
no target value) and/or non-deterministic (mapping a source value to multiple
target values). We write ‘f ::A✿-✮ B’ to denote that relation f is a mapping from
source type A to target type B.

Example For example, consider the datatype PList A of non-empty lists with
elements drawn from A. In general, lists xs of this type can be split into a prefix
ys and a suffix zs such that ys++zs = xs (here, ‘++’ denotes list concatenation):

split :: PList A ✿-✮ PList A × PList A

Most lists can be split in many ways, corresponding to the choice of where to
place the division, so split is non-deterministic; for example, both ([1, 2], [3]) and
([1], [2, 3]) are possible results of split [1, 2, 3]. Singleton lists can not be split in
any way at all, so split is partial too.
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Pointwise Relational Programming Non-deterministic languages discour-
age reasoning with variables, because of the care that needs to be taken to retain
referential transparency. Basically, one cannot assign to a variable ‘the result of
running program p on input x’, because there may be no or many results. The
usual approach, then, is to eschew pointwise reasoning with variables represent-
ing values, in favour of pointfree reasoning with the programs themselves.

Nevertheless, there are times when it is much more convenient to name and
reason about particular values. This is especially the case when working on
applications rather than general-purpose theory, because one wants to name
and capitalize on specific dataflow patterns. The right approach to take to this
problem is still not clear; the approach we will follow in this chapter is just one
of several, and the details are not yet completely worked out. To be on the safe
side, we will not use these ‘pointwise relational programming’ notations for any
formal purpose; rather, we will resort to them only to provide informal but more
perspicuous characterizations of sometimes opaque relational expressions.

When we want to refer to the result of ‘applying’ a relational program, we
will avoid using ‘=’, and write instead ‘y ✭-✿ f x’ to mean that y is a possible
value of f x. For example, both

([1, 2], [3]) ✭-✿ split [1, 2, 3]

and

([1], [2, 3]) ✭-✿ split [1, 2, 3]

In functional programming, we find that it is often convenient to specify a
function by pattern matching. The function is defined by one or more equations,
but the arguments to the function on the left-hand side of the equations are
patterns rather than simply variables. For example, we might define the factorial
function on natural numbers by

fact 0 = 1
fact (n+ 1) = (n+ 1)× fact n

This works for functions because patterns are by definition injective (and usually
non-overlapping), and not arbitrary expressions: for any natural argument, ex-
actly one of these two equations applies, and moreover if it is the second equation,
the value of n is uniquely determined. Definition by pattern matching is often
just as convenient for relations, but with relations we can be more lenient: we can
allow non-exhaustive equations (which will lead to partiality) and overlapping
equations with non-injective patterns (which will lead to non-determinism). For
example, we could define the function split above by

split (ys++ zs) =̂ (ys, zs)

This pattern is not injective; nevertheless, this equation — together with the
type — completely determines the relation split. (We decorate the equals sign
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to emphasize that this is the definition of a relation, rather than a true identity
of values; in particular, = is transitive whereas =̂ is not.)

Non-injective patterns introduce non-determinism implicitly. Explicit non-
determinism can be expressed using the choice operator ✷. For example, here is
a more constructive characterization of split:

split (consp (x, xs)) = ([x], xs) ✷ (consp (x, ys), zs)
where (ys, zs) ✭-✿ split xs

Here, ‘consp’ denotes the prefixing of a single element onto a non-empty list.
The pattern is injective — it matches in at most one way for any given list —
but still the result is non-deterministic because of the explicit choice.

Composition Relations of appropriate types may be composed; if f :: A ✿-✮ B
and g :: B ✿-✮ C, then their composition g · f :: A ✿-✮ C is defined by

z ✭-✿ (g · f) x ⇔ ∃y. y ✭-✿ f x ∧ z ✭-✿ g y

For every type A, there is an identity relation idA ::A✿-✮A mapping each element
of A to itself. Identities are the units of composition: for f :: A ✿-✮ B,

f · idA = f = idB · f
We will usually omit the subscript, allowing it to be deduced from the context.

Inclusion One can think of a relation f :: A ✿-✮ B as a set of pairs, a subset of
A×B (so y ✭-✿f x precisely when (x, y) ∈ f). Unlike functions, different relations
of the same type may be comparable under inclusion: f ⊆ g precisely when
y ✭-✿ f x implies y ✭-✿ g x for all x and y.

Composition is monotonic under inclusion:

f1 ⊆ f2 ∧ g1 ⊆ g2 ⇒ f1 · g1 ⊆ f2 · g2
Moreover, pre- and post-composition have adjoints, called right division (‘over’)
and left division (‘under’) respectively:

(f ⊆ h / g) ⇔ (f · g ⊆ h) ⇔ (g ⊆ f \ h)
With points,

a ✭-✿ (h / g) b ⇔ ∀c. (a ✭-✿ h c⇐ b ✭-✿ g c)
a ✭-✿ (f \ h) c ⇔ ∀b. (b ✭-✿ f a⇒ b ✭-✿ h c)

Inclusion of relations is the foundation of our programming method, as
equality is for functional programming: we will start with a (presumably non-
deterministic) specification g, and manipulate it to construct a (presumably more
efficient, or otherwise easier to implement) refinement f ⊆ g. Provided that f is
still defined everywhere that g was, it is ‘at least as good’ as g.
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Meet and Join Any two relations f, g :: A ✿-✮ B have a meet f ∩ g :: A ✿-✮ B,
defined by the universal property that for all h :: A ✿-✮ B,

h ⊆ f ∩ g ⇔ h ⊆ f ∧ h ⊆ g

That is, f∩g is the greatest lower bound of f and g; it corresponds to intersection
of the sets of pairs in the relations. It follows (Exercise 2.6.1) that ∩ is associative,
commutative and idempotent, and that monotonicity of composition can be re-
expressed in terms of ∩.

Dually, the join f ∪ g of two relations f, g of the same type is defined by the
universal property

h ⊇ f ∪ g ⇔ h ⊇ f ∧ h ⊇ g

Converse Again unlike functions, relations can easily be reversed: if f ::A✿-✮ B,
then f◦ :: B ✿-✮ A, and satisfies

y ✭-✿ f x ⇔ x ✭-✿ f◦ y

Converse is:

– its own inverse: (f◦)◦ = f ;
– order-preserving: f ⊆ g ⇔ f◦ ⊆ g◦;
– contravariant: (f · g)◦ = g◦ · f◦;
– distributive over meet: (f ∩ g)◦ = f◦ ∩ g◦.

Any coreflexive f , that is, one satisfying f ⊆ id, is invariant under converse:
f◦ = f . One can think of a coreflexive of type A ✿-✮ A as a subset of A, or
equivalently as a predicate on A.

2.2 Special Kinds of Relation

Let f :: A ✿-✮ B; then

– f is entire if id ⊆ f◦ · f , or equivalently if for all x ∈ A there is at least one
y ∈ B with y ✭-✿ f x;

– f is simple if f · f◦ ⊆ id, or equivalently if for all x ∈ A there is at most one
y ∈ B with y ✭-✿ f x;

– f is surjective if id ⊆ f · f◦, or equivalently if for all y ∈ B there is at least
one x ∈ A with y ✭-✿ f x;

– f is injective if f◦ · f ⊆ id, or equivalently if for all y ∈ B there is at most
one x ∈ A with y ✭-✿ f x.

A simple relation is also known as a partial function, and a simple and entire
relation as a total function. We write ‘f :: A → B’ to indicate that f is a total
function. Functions enjoy special shunting rules:
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Lemma 1. If f is a function, then

f · g ⊆ h⇔ g ⊆ f◦ · h
g · f◦ ⊆ h⇔ g ⊆ h · f

Note that f ⊆ g ⇒ f = g if f, g are total functions. For function p :: A → Bool,
we define the corresponding coreflexive p? :: A ✿-✮ A by

p? = exr · fsttrue · (p� id)

where the coreflexive fsttrue holds of pairs whose first component is true.

2.3 Breadth

There is a one-to-one correspondence between relations A ✿-✮ B and set-valued
functions A → Set B, where Set is the powerset functor (Set B is the set of all
subsets of B). The operator Λ is a witness to this isomorphism, yielding the
breadth of a relation, that is, the corresponding set-valued function:

(Λf) x = {y | y ✭-✿ f x}
For example, Λsplit is the function that returns the set of all possible splits of a
given list.

Note that Λf is an entire and simple relation (a function) for any f . If f
itself is a function, then Λf returns singleton sets.

2.4 Folds

Functional folds were discussed in depth in Chapter 5. To summarize, an F-
algebra (A, f) for a functor F consists of a type A and a function f :: F A → A.
An F-algebra (T, inT) is initial if, for every F-algebra (A, f), there is a unique
homomorphism h :: T → A such that

h · inT = f · F h
We write foldT f for this h, giving the universal property

h = foldT f ⇔ h · inT = f · F h
Thus, foldT has type (F A → A) → (T → A).

The datatype definition

T = data F

introduces the initial F-algebra (T, inT) and the fold operator foldT. This was
generalized to polymorphic datatypes, using bifunctors rather than functors:
the datatype definition

T A = data (A⊕)

introduces the initial (A⊕)-algebra (TA, inT A) and the fold operator foldT A, from
which we usually omit the type subscript A, if not the whole of the subscript.
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Example: Lists We define the datatype of lists by

List A = data (1 +̂ (A ×̂ Id))

where × is product, + is coproduct, 1 is the unit type, Id is the identity functor,
underlining denotes constant functors and a superscript hat denotes lifting of a
bifunctor. This induces a constructor

inList :: 1 + A × List A → A

and a fold operator

foldList :: (1 + B × List A → B) → (List A → B)

We introduce the syntactic sugar

const [ ] � cons = inList

foldr f e = foldList (const e � f)

where

const a b = a

This corresponds to the curried Haskell equivalents

[] :: [a]
(:) :: a -> [a] -> [a]

for the constructors, and

foldr :: (a -> b -> b) -> b -> ([a] -> b)
foldr f e [] = e
foldr f e (x:xs) = f x (foldr f e xs)

for the fold.

Example: Non-empty Lists In our case study at the end of this chapter, we
will also require a datatype of non-empty lists

PList A = data (A +̂ (A ×̂ Id))

We introduce the syntactic sugar

wrap � consp = inPList

foldrp f g = foldPList (g � f)

The Haskell standard prelude has no equivalent, but encourages the reuse of
ordinary lists instead, trading notational convenience for lost structure.
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Relational Folds The theory from Chapter 5 summarized above is fine in the
categories Set and Cpo, but turns out not to be appropriate in the category
Rel of sets and relations, because too much of the structure collapses there. In
particular (Exercise 2.6.4), converses make products and coproducts coincide.

However, any functor in Set can be extended in a canonical way to a mono-
tonic functor (or relator) on Rel . In particular, the monotonic extension of carte-
sian product can be used in place of the true categorical product of Rel (which
coincides with disjoint sum).

As a result, folds can be generalized to relations. For monotonically extended
functor F, the initial (in Set) F-algebra (T, in) is also initial in Rel : we still have
the all-important universal property

h = foldT f ⇔ h · inT = f · F h
only now the fold acts on and yields relations: foldT :: (F A ✿-✮ A) → (T ✿-✮ A).

Some examples of relational folds on lists that will be used later (Exer-
cises 3.8.5 and 3.8.9) are as follows. Recall Lambek’s Lemma (§2.5.5 of Chap-
ter 5), which states that folding with the constructors is the identity function;
on lists this becomes foldr cons [ ] = id. Folding with any subrelation of the
constructors gives a coreflexive; for example, the coreflexive ordered that holds
of ascending lists is given by

ordered = foldr (cons · ok) [ ] where ok (x, xs) = map ((x ≤)?) xs

Using the power of relations in the other direction, namely non-determinism,
we can obtain simple characterizations of many combinatorial operations. For
example, the relation prefix returns an arbitrary prefix of a list:

prefix = fold (cons ∪ const [ ]) [ ]

and the relation subseq returns an arbitrary subsequence:

subseq = foldr (cons ∪ exr) [ ]

Unfolds One might expect now to dualize the relational generalization of folds
to get relational unfolds. However, this is not necessary, because converse gives us
everything we need: for functor F, the datatype T = data F is also a codatatype,
and for algebra f ::FA✿-✮A, the converse f◦::A✿-✮FA is a coalgebra, and (fold(f◦))◦

works as an unfold (Exercise 2.6.6).

Fusion Perhaps the fundamental property of folds, as illustrated at length in
Chapter 5, is the fusion theorem: for T = data F,

h · foldT f = foldT g ⇐ h · f = g · F h
There are two variants of this fusion theorem for relational folds:

h · foldT f ⊆ foldT g ⇐ h · f ⊆ g · F h
h · foldT f ⊇ foldT g ⇐ h · f ⊇ g · F h

Of course, fusion as an equality follows from these two.
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2.5 Bibliographic Notes

The relational algebra has a very elegant axiomatic characterization, dating back
to Tarski [30], and this is how it is often presented and used [1,2]. Our presenta-
tion follows the axiomatization as a (unitary tabular) allegory in [5], and owes
more to Freyd and Ščedrov [14] than to Tarski. (In an allegorical setting, the
join ∪ is actually not the dual of the meet ∩ in general; in fact, only locally
complete allegories have joins, and only in boolean locally complete allegories
are they dual to meets. We gloss over these details, because we are not directly
concerned with the axiomatization here.)

Using either axiomatization leads to pointfree reasoning, which is certainly
concise, but is often difficult to follow, especially when applied to specific pro-
gramming problems as opposed to general theory. This is because ‘plumbing
combinators’ must be used to pass values around. In computer programming,
we have long realized that variables are important, and that their names clarify
programs; the same observation applies to the relational algebra. However, vari-
ables interact awkwardly with non-determinism, and finding the right approach
is still a matter of ongoing research. The approach taken here is based on [11];
other approaches include [7,13,31,25,26,28].

2.6 Exercises

1. Using the universal property of ∩ (§2.1), show that it is associative, commu-
tative and idempotent:

f ∩ (g ∩ h) = (f ∩ g) ∩ h
f ∩ g = g ∩ f
f ∩ f = f

and that monotonicity of composition can be reexpressed as follows:

f · (g ∩ h) ⊆ (f · g) ∩ (f · h)
(f ∩ g) · h ⊆ (f · h) ∩ (g · h)

(that is, derive these properties from the original characterization, and vice
versa).

2. Prove the shunting rules in Lemma 1.
3. The Λ operation is an isomorphism; there is a one-to-one correspondence

between relations A ✿-✮ B and set-valued functions A → Set B. What is the
inverse operation? That is, given a set-valued function f of type A → Set B,
what is the corresponding relation of type A✿-✮B? (Hint: look ahead to §3.1.)

4. A straightforward interpretation in Rel of the standard theory of datatypes
from Chapter 5 is inappropriate: products and coproducts coincide, whereas
we intend them to be different constructions. Technically, this is because Rel
is its own dual, whereas Set and Cpo are not self-dual.
Categorically speaking, bifunctor ⊗ is a product if arrows f :: A ✿-✮ B and
g :: A ✿-✮ C uniquely determine a morphism h :: A ✿-✮ B ⊗ C with exl · h = f
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and exr · h = g. Dually, bifunctor ⊕ is a coproduct if arrows f :: A ✿-✮ C and
g ::B✿-✮ C uniquely determine a morphism h ::A⊕B ✿-✮ C with h · inl = f and
h · inr = g.
(a) Show that cartesian product is not a categorical product in Rel .
(b) Show that disjoint sum is a categorical coproduct in Rel .
(c) Show that disjoint sum is in fact also a categorical product in Rel .
(d) Show, using converses, that any categorical product in Rel is necessarily

a coproduct, and vice versa.
5. A tabulation of relation h ::A✿-✮ B is a pair of functions f ::C ✿-✮ A, g ::C ✿-✮ B

such that h = g · f◦ and (f◦ · f)∩ (g◦ · g) = id. Assuming that every relation
has a tabulation, show that for relator F:
(a) when h is a function, so is F h, and (F h)◦ = F (h◦);
(b) a functor is a relator iff (F h)◦ = F (h◦) for any (not necessarily func-

tional) h;
(c) if two relators F,G agree on functions, then they agree on all relations.
Thus, functors in Set can be extended in a canonical way to relators in Rel .

6. Show that datatype T = data F is also a codatatype, with final coalgebra
(T, in◦). That is, for algebra f ::FA✿-✮A, show that (foldT (f◦))◦ is an unfold:

h = (foldT (f◦))◦ ⇔ in◦ · h = F h · f
This is another consequence of Rel ’s self-duality.

7. Using relations, we can give very nice equational proofs of two theorems
presented in Exercises 2.9.9 and 2.9.12 of Chapter 5. Despite these being
properties of total functions, it seems that their simplest proofs are in terms
of relations. For datatype T = data F, show that function h ::T → A is a fold
iff h · in · F h◦ is simple, and function g ::A → T is an unfold iff F g◦ · in◦ · g is
entire. Explain why these conditions are equivalent to those from Chapter 5.

8. Prove the two inclusion fusion theorems

h · foldT f ⊆ foldT g ⇐ h · f ⊆ g · F h
h · foldT f ⊇ foldT g ⇐ h · f ⊇ g · F h

3 Optimization Problems

Optimization problems are typically of the form ‘select the best construct gener-
ated by this means, which satisfies that test’. Such a specification is executable,
provided that only finitely many constructs are generated, but it is in general
too expensive to compute because there still many constructs to consider. The
algorithm can be improved by promoting the test and the selection inside the
generation, thereby avoiding having to generate and eliminate constructs that
cannot possibly contribute to the optimal solution.

Sometimes the improved algorithm has exactly the same extensional be-
haviour as the original specification, but is faster to execute. More often, however,
the specification is non-deterministic (there may be several optimal solutions),
and the improved algorithm is a refinement of the specification, yielding only
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a subset of the optimal solutions. The missing solutions are pruned to permit
a more efficient algorithm; correctness is maintained by ensuring that for every
solution pruned, an equally good one is retained. This refinement characteristic
is a strong motivation for the move from functional to relational programming:
refinement makes little sense with total functions.

In this chapter we will consider a restricted, but still large, class of optimiza-
tion problems, of the form

min r · Λ(fold f)

The ‘test’ phase is omitted, and the feasible constructs are generated directly by
a (relational) fold. We take the breadth of this fold to get the set of all feasible
constructs, and select from this set a minimal element under the preorder r.

We will develop two kinds of improved algorithm for such problems, depend-
ing on characteristics of the ingredients f and r. The first embodies a greedy
approach, building a single optimal solution step by step. The second embodies
a thinning approach, building up a (hopefully small) collection of representative
solutions, some unforeseeable one of which will lead to the optimal solution. The
second approach assumes weaker conditions on the ingredients, but yields a less
efficient algorithm.

3.1 The Eilenberg-Wright Lemma

Let choose :: Set A ✿-✮ A denote the membership relation for sets, so that

x ✭-✿ choose xs ⇔ x ∈ xs

Then we have the following lemma:

Lemma 2 (Eilenberg-Wright). For T = data F,

Λ(foldT f) = foldT (Λ(f · F choose))
Informally, the set of results returned by a relational fold can be obtained as a
functional fold that at each stage returns the set of all possible partial results.

In particular, we have that

min r · Λ(foldT f) = min r · foldT (Λ(f · F choose))
That is, rather than computing a single complete construct in all possible ways
and taking the best of the results, we can explore all choices at each step, building
up all constructs ‘in parallel’.

3.2 Preorders

A preorder r :: A ✿-✮ A is a relation that is

– reflexive, that is, id ⊆ r, and



8. Algebraic Methods for Optimization Problems 293

– transitive, that is, r · r ⊆ r.

In addition, preorder r :: A ✿-✮ A may or may not be

– connected, that is, r ∪ r◦ = A × A.

When we come to translate our results into Haskell, it will be convenient to
represent a preorder r by its characteristic function χ(r) of type A × A → Bool
(or perhaps its curried version A → A → Bool) such that x ✭-✿ r y ⇔ χ(r) (x, y).
With this representation, the properties become more long-winded but perhaps
more familiar:

– a preorder r is reflexive, that is, χ(r) (x, x) for every x ∈ A;
– a preorder r is transitive, that is, χ(r) (x, y) ∧ χ(r) (y, z) ⇒ χ(r) (x, z) for

every x, y, z ∈ A;
– a preorder r may or may not be connected, that is, χ(r) (x, y) ∨ χ(r) (y, x)

for every x, y ∈ A.

3.3 Monotonicity

We say that that an F-algebra f :: F A ✿-✮ A is monotonic under a preorder r if

f · F r ⊆ r · f

Equivalently, in terms of characteristic functions, we have that f is monotonic
under r if χ(Fr)(x, y) and u ✭-✿f x together imply that there exists a v ✭-✿f y such
that χ(r)(u, v). (Note that Fr is a relation of type FA✿-✮FA, so its characteristic
function χ(F r) has type F A × F A → Bool.)

For example, addition of naturals plus :: Pair Nat → Nat is monotonic under
leq, the normal linear ordering, because plus ·Pair leq ⊆ leq · plus, or in terms of
points, a ✭-✿ leq c and b ✭-✿ leq d imply that plus (a, b) ✭-✿ leq (plus (c, d)).

3.4 Minimum

The function min :: (A ✿-✮ A) → (Set A ✿-✮ A) is defined by

min r = choose ∩ (r / choose◦)

Informally, min r takes a set xs and returns a value x that both is an element of
xs and satisfies x ✭-✿ r y for every y ✭-✿ choose xs; in points,

x ✭-✿ min r xs ⇔ (x ∈ xs) ∧ (∀y ∈ xs. χ(r) (x, y))

Of course, this definition is perfectly symmetric: to obtain the maximum under
a preorder r, simply compute the minimum under r◦.

If every non-empty set has a minimum under a preorder r, then r is neces-
sarily connected. In general, therefore, we will only be interested in uses of min r
for connected preorders r.
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When it comes to implementing this operator in Haskell, we first must decide
how to represent sets. We choose the simplest representation, as an unordered
list, but because we will be computing minimum elements of sets, we will stick
to non-empty lists; so we define the function minlist as follows:

minlist :: (A × A → Bool) → (PList A → A)
minlist r = foldrp m id where m (x, y) = if r (x, y) then x else y

This implementation breaks ties in favour of the leftmost of two equivalent ele-
ments. If r is connected, then

minlist (χ(r)) ⊆ min r · setify
where setify ::PListA → SetA converts a non-empty list to the set of its elements.

3.5 The Greedy Theorem

Greedy algorithms for our class of optimization problems are captured by the
following theorem.

Theorem 3 (Greedy Theorem). Suppose T = data F, and F-algebra f ::
F A ✿-✮ A is monotonic under the preorder r◦. Then

foldT (min r · Λf) ⊆ min r · Λ(foldT f)

In fact, we have a stronger theorem, of which the above is a simple corollary.

Theorem 4 (Refining Greedy Theorem). Suppose T = data F, and F-
algebra f :: F A ✿-✮ A is monotonic under the preorder q◦, where q ⊆ r. Then

foldT (min q · Λf) ⊆ min r · Λ(foldT f)

Proof (Sketch). Using the Eilenberg-Wright Lemma, it suffices to show

foldT (min q · Λf) ⊆ min r · foldT (Λ(f · F choose))
This in turn follows, by fusion, from

min q · Λf · F (min r) ⊆ min r · Λ(f · F choose)
Discharging this final proof obligation is left as an exercise for the reader (Ex-
ercise 3.8.4).

Informally, to say that f is monotonic under r◦ is to say that for any ‘input’
x :: F A, any ‘worse input’ y ✭-✿ F r◦ x, and any result b ✭-✿ f y of f on this worse
input, there corresponds a result a✭-✿f x of f on the original input that is ‘better’
than b, that is, b ✭-✿ r◦ a. Thus, degrading the inputs to f will always degrade
the output, or conversely, it is never beneficial to pick suboptimal intermediate
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results, as they will only lead to suboptimal final results. Overall, the Greedy
Theorem states that a minimal result can be computed by maintaining a single
minimal partial result at each stage of the folding process, and so it lies at
the other extreme to the Eilenberg-Wright Lemma, which embodies a kind of
exhaustive search.

The Refining Greedy Theorem is a little more flexible. It is sometimes the
case that f fails to be monotonic under r◦, but enjoys monotonicity under a
refined ordering q◦ where q ⊆ r. We will see an example in §4.5. Provided
that q remains connected, the relation min q is entire (except for empty sets).
The greedy algorithm itself will also be entire (except for empty sets), refining
the plain greedy algorithm from Theorem 3: it computes an optimal solution
under q, and any optimal solution under q will also be optimal under r — but
the converse does not hold. If q is not connected, the theorem still holds, but the
resulting algorithm will not be entire (that is, will not always yield a result).

In order to implement the method as a functional program, we have to find
some function step::FA → A such that step ⊆ minq ·Λf . We will give an example
application of the Greedy Theorem in §4.

3.6 Thinning

Monotonicity under a connected preorder is a strong condition that is satisfied
in very few optimization problems; and indeed, few such problems admit greedy
solutions. More useful would be something between the two extremes of the
Eilenberg-Wright Lemma and the Greedy Theorems, involving maintaining some
but not all partial solutions.

For a not necessarily connected preorder q on A, the relation thin q :: Set A ✿-✮
Set A takes a set xs and returns some subset ys of xs with the property that all
elements of xs have a lower bound under q in ys. More precisely,

thin q = (choose \ choose) ∩ ((choose◦ · q) / choose◦)
If ys ✭-✿ thin q xs, then the first conjunct here says that ys is a subset of xs,
and the second says that for every x ✭-✿ choose xs, there is a y ✭-✿ choose ys with
y ✭-✿ q x; in points,

ys ✭-✿ thin q xs ⇔ (ys ⊆ xs) ∧ (∀x ∈ xs. ∃y ∈ ys. χ(q) (x, y))

The following lemma allows us to introduce applications of thin.

Lemma 5 (Thin introduction). Provided that q and r are both preorders and
q ⊆ r, we have

min r = min r · thin q

That is, any required minimum can be obtained by selecting that minimum from
a suitably thinned set. For the proof, see Exercise 3.8.6.

This leads us towards the following Thinning Theorem, which entails main-
taining a representative collection of partial solutions at each stage of the folding
process.
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Theorem 6 (Thinning). Suppose T = data F, and F-algebra f :: F A ✿-✮ A is
monotonic under a (not necessarily connected) preorder q◦, where q ⊆ r. Then

min r · foldT (thin q · Λ(f · F choose)) ⊆ min r · Λ(foldT f)

Proof (Sketch). We have min r = min r · thin q, so it suffices to show that

foldT (thin q · Λ(f · F choose)) ⊆ thin q · Λ(foldT f)

Just like the Greedy Theorem, this latter inclusion can be proved (Exercise 3.8.7)
by making use of the Eilenberg-Wright Lemma and fusion.

Implementation In order to implement the thinning method as a functional
program, we have to implement

thin q · Λ(f · F choose) :: F (Set A) ✿-✮ Set A

It seems reasonable to represent these sets as lists, sorted by some connected
preorder (but not necessarily by q itself); we can capitalize on the list ordering
to implement the thinning step efficiently. Therefore, we will actually construct
a function

step :: F (PList A) → PList A

such that

setify · step ⊆ thin q · Λ(f · F choose) · F setify

To do this, we will need a number of ingredients:

– a function

sort :: (A × A → Bool) → (Set A → PList A)

that sorts a finite set under a given connected preorder;
– a function

mergelists :: (A × A → Bool) → (PList (PList A) → PList A)

that merges a list of sorted lists into a single sorted list;
– a function

thinlist :: (A × A → Bool) → (PList A → PList A)

that implements thin:

setify · thinlist (χ(q)) ⊆ thin q · setify
on a suitably sorted list in a reasonably efficient manner, that is, quickly (in
linear time) and effectively (yielding a short result), and does so stablely:

thinlist (χ(q)) ⊆ subseq
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– a function

cpF :: F (PList A) → PList (F A)

that converts an F-structure of lists (possibly of differing lengths) into a list
of F-structures (all of the same shape);

– a function combine :: F A → PList A satisfying

combine ⊆ sort (χ(p)) · thin q · Λf

for some connected preorder p.

Given these ingredients, we define

step = thinlist (χ(q)) ·mergelists (χ(p)) · map combine · cpF

and claim (Exercise 3.8.8) that

minlist (χ(r)) · fold step ⊆ min r · fold (thin q · Λ(f · F choose))

There is no constraint on p for correctness, but for efficiency a suitable choice will
bring related elements together to allow effective thinning with thinlist (χ(q)).

3.7 Bibliographic Notes

The Eilenberg-Wright Lemma, and indeed relational folds themselves, were first
employed to reason about the equivalence of deterministic and non-deterministic
automata [12].

Greedy algorithms are well-known in the algorithm design community; an
in-depth study of their properties is in [21], and a more pragmatic description
with numerous examples in [8]. Thinning algorithms as an abstraction in their
own right are due to Bird and de Moor [4,5]. More results on greedy, thinning
and dynamic programming algorithms for optimization problems are given in
Curtis’ thesis [9]; there the emphasis is on algorithms in which the generation
phase is less structured, a simple loop rather than a fold or an unfold.

Cross products (§3.6) and the related zips are investigated in great depth in
Hoogendijk’s thesis [19].

3.8 Exercises

1. Prove the Eilenberg-Wright Lemma (§3.1), using the universal property of
folds.

2. Find an F-algebra f :: F A ✿-✮ A and a preorder r on A such that f is mono-
tonic under r but not under r◦. Prove that when f is a total function, f is
monotonic under r iff it is monotonic under r◦.

3. Why is connectedness of r necessary for the function minlist from §3.4 to
be an implementation of min?
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4. Complete the proof of the Refining Greedy Theorem (Theorem 4) from §3.5,
by showing that

min q · Λf · F (min r) ⊆ min r · Λ(f · F choose)

where f is monotonic under q◦ with q ⊆ r.
5. The function takewhile :: (A ✿-✮ A) → (List A ✿-✮ List A) yields the longest

prefix of its second argument, all of whose elements ‘satisfy’ the coreflexive
first argument:

takewhile p = longest · Λ(map p · prefix)

where prefix is defined in §2.4, and

longest = min (length◦ · geq · length)

and where length returns the length of a list, and geq is the usual linear
ordering on naturals. For example, takewhile prime [2, 3, 4, 5] = [2, 3]. Use
fusion to write map p · prefix as a fold, and hence use the Greedy Theorem
to derive the standard implementation of takewhile p as a fold.

6. Prove that

min r ⊇ min r · thin q

provided that q, r are preorders, and q ⊆ r. Because thin q ⊇ id too, this
proves Lemma 5.

7. Complete the proof of the Thinning Theorem from §3.6, by showing that

foldT (thin q · Λ(f · F choose)) ⊆ thin q · Λ(foldT f)

where T = data F and f is monotonic under q◦.
8. Justify the claim (§3.6) that the thinning algorithm

minlist (χ(r)) · fold (thinlist (χ(q)) ·mergelists (χ(p)) · map combine · cpF)

is indeed a refinement of the optimization problem.
9. The longest upsequence problem [15] is to compute the longest ascending

subsequence of a list; for example, the longest upsequence of [1, 6, 5, 2, 4, 3, 3]
is [1, 2, 3, 3]. Formally, the problem is to compute

longest · Λ(ordered · subseq)

where longest is as in Exercise 3.8.5, and ordered and subseq as in §2.4.
Derive a thinning algorithm to solve this problem.

10. In a sense, the Thinning Theorem always applies: one can always choose
q = id. Prove that this choice satisfies the conditions of Theorem 6, and that
the algorithm obtained by applying the theorem is the same as the problem
specification min r · Λ(fold f).
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11. At the other extreme, the Greedy Theorem is an instance of the Thinning
Theorem: choosing q = r in the Thinning Theorem gives ‘essentially’ the
greedy algorithm. More precisely, the thinning algorithm so obtained will still
return a set of elements, but all will be optimal; taking the breadth gives
the corresponding greedy algorithm. Justify this claim. (Thus, ‘thinning’
encompasses the whole spectrum from maintaining all partial solutions to
maintaining just one.)

4 Optimal Bracketing

To illustrate the foregoing theory, consider the (A,≤,⊕) bracketing problem,
defined as follows. Given a linearly ordered set (A,≤), an operator⊕::A×A → A,
and a non-empty list a1, a2, . . . an of values of type A, it is required to bracket
the expression

a1 ⊕ a2 ⊕ · · · ⊕ an

in such a way that the result is as small as possible under the ordering ≤. Of
course, if ⊕ is associative then all bracketings give equally small results.

Example 7. With a ⊕ b = max (a, b) + 1, the (Nat,≤,⊕) bracketing problem
corresponds to the task of combining a list of trees (with given heights a1, . . . an)
into a single tree of minimum height. For example, given subtrees with heights
[4, 2, 3, 5, 2, 4, 6], one optimal tree is

4 2
3

5
2

4 6

Example 8. Similarly, one interpretation of the (Nat × Nat,≤,⊕) bracketing
problem, where ≤ is the lexical ordering on pairs and

(c1, l1)⊕ (c2, l2) = (c1 + c2 + l1 × l2, l1 + l2)

corresponds to the task of multiplying a list of decimals in the shortest possible
time (without exploiting the commutativity of multiplication), where multiplying
decimals of lengths l1 and l2 costs l1 × l2, and yields a decimal of length l1 + l2.

Example 9. The (Nat × (Nat × Nat),≤,⊕) bracketing problem, where ≤ is the
lexical ordering and

(c1, (p, q))⊕ (c2, (q, r)) = (c1 + c2 + p× q × r, (p, r))

corresponds to the problem of multiplying a sequence of conformant matrices
with minimal cost, where multiplying a p × q matrix by a q × r matrix costs
p× q × r, and yields a p× r matrix.
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4.1 Representation

We will represent a single bracketing as a binary tree of type

Tree A = data (A +̂ (Id ×̂ Id))

for which we introduce the syntactic sugar

tip a = in (inl a)
fork (t, u) = in (inr (t, u))

for the constructors, and

foldT :: (B × B ✿-✮ B) → (A ✿-✮ B) → (Tree A ✿-✮ B)
foldT f g = foldTree (g � f)

for the fold.
In particular, the function flatten :: Tree A → PList A is defined by

flatten = foldT (++)wrap

The (A,≤,⊕) bracketing problem can now be formalized as one of computing

min r · Λ(flatten◦)

where cost = foldT (⊕) id, and r = cost◦ · leq · cost, or in points, χ(r) (x, y) =
cost x ≤ cost y (so r is connected). Note that flatten◦ is partial, giving a result
only on non-empty lists.

4.2 The Converse-of-a-Function Theorem

One could start by formulating methods for computing

min r · Λ((fold f)◦)

We will not take this approach (but see [5]); instead, we will make use of the
following theorem to express flatten◦ as a fold:

Theorem 10 (Converse of a function). Suppose f ::A → T (in particular, f
is a total function), where T = data F. Furthermore, suppose g :: F A ✿-✮ A is
surjective and satisfies f · g ⊆ in · F f . Then f◦ = foldT g.

Use of this theorem is a definite design step in solving an optimization problem:
it prescribes the structure of the resulting program, and thereby rules out some
potential solutions. It is therefore not always the right step to take; however, it
turns out to be a productive one for some instances of the bracketing problem.
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4.3 Spines

To express flatten◦ as a fold, we will represent trees by their left spines. The left
spine of a tree is a pair consisting of the leftmost tip value and the sequence of
right subtrees along the path from the leftmost tip to the root. Thus we define
Spine A = A× List (Tree A). For example, the optimal tree in Example 7 has the
left spine

(
4,

[
2

3
,

5
2

4 6

])

The bijection roll takes a spine (a, [t1, t2, . . . , tn]) and returns the tree

fork (· · · fork (fork (tip a, t1), t2) · · · , tn)
Formally, we have

roll (a, ts) = foldl fork (tip a) ts

where foldl is the natural fold function for snoc lists, that is, lists built by adding
elements to the end rather than the beginning. On ordinary lists we can simulate
foldl by

foldl f e [ ] = e

foldl f e (cons (x, xs)) = foldl f (f (e, x)) xs

Using the Converse-of-a-Function Theorem, we can now obtain
(Exercise 4.10.1)

(flatten · roll)◦ = foldrp add one

where one a = (a, [ ]) and add :: A × Spine A ✿-✮ Spine A is defined (using a non-
injective pattern) by

add (a, (b, xs++ ys)) =̂ (a, cons (roll (b, xs), ys))

For example,

foldrp add one [1, 2, 3]
= add (1, add (2, one 3))
= add (1, add (2, (3, [ ])))
= add (1, (2, [tip 3]))
= (1, [tip 2, tip 3]) ✷ (1, [fork (tip 2, tip 3)])
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That is, both

(1, [tip 2, tip 3]) ✭-✿ foldrp add one [1, 2, 3]

and

(1, [fork (tip 2, tip 3)]) ✭-✿ foldrp add one [1, 2, 3]

and nothing else is a possible result.
Now we reason, for any r,

min r · Λ(flatten◦)
= { roll is a surjective function1, so roll · roll◦ = id }

min r · Λ(roll · roll◦ · flatten◦)
= { claim, with χ(rr) (x, y) = χ(r) (roll x, roll y) }
roll · min rr · Λ(roll◦ · flatten◦)

= { converse of a function }
roll · min rr · Λ(foldrp add one)

The claim above is that computing a minimal tree under r is equivalent to
computing a minimal spine under rr, because roll is a bijection between the two
types.

So our problem now is to compute min rr ·Λ(foldrpaddone), where preorder
rr on Spine A is defined by

χ(rr) (x, y) = cost (roll x) ≤ cost (roll y)

4.4 An Application of Thinning

For most instances of the bracketing problem, the algebra one � add is not
monotonic under rr◦. For Example 7, for instance, the two trees fork (tip 1,
fork (tip 1, tip 1)) and fork (fork (tip 1, tip 1), tip 1) that can be built from the
list of heights [1, 1, 1] are equally good under r (and so their spines are equally
good under rr), but only the former can be extended by add to make the unique
optimal tree for cons (1, [1, 1, 1]). So the Greedy Theorem does not apply to
Example 7.

However, some instances of the bracketing problem succumb to a thinning
algorithm based on the ‘pairwise ordering’ of the left spines of the trees, defined
as follows. Let

lspinecosts (a, ts) = map (cost′ a) (prefixes ts)
cost′ a us = cost (roll (a, us))

where prefixes returns the prefixes of a list in order of decreasing length — for
example,

prefixes [1, 2, 3] = [[1, 2, 3], [1, 2], [1], [ ]]
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Then we choose the preorder q such that

χ(q) (x, y) = lspinecosts x � lspinecosts y

where � is pairwise ordering of sequences: [a1, . . . , am] � [b1, . . . , bn] if and only
if m ≤ n and ai ≤ bi for 1 ≤ i ≤ m. Informally, as � bs when as is no longer
than bs, and each element of as is at most the corresponding element of bs.
Note that this q is not connected. Note also that q ⊆ rr: because cost (roll x) =
head (lspinecosts x), if x ✭-✿ q y then certainly cost (roll x) ≤ cost (roll y).

Now we claim that, for Examples 7 and 9, the algebra one�add is monotonic
under this q◦. We will leave the proof of monotonicity as Exercise 4.10.5 for
the energetic reader. We will merely observe here that for the minimum height
tree problem, the spines of the two trees fork (tip 1, fork (tip 1, tip 1)) and
fork (fork (tip 1, tip 1), tip 1) introduced above are definitely not equally good
under q: the costs of the reverse prefixes of the two spines are [3, 1] and [3, 2, 1],
and the former is pairwise strictly less than the latter.

Therefore we conclude that, at least for these two examples,

min r · Λ(flatten◦)
= { Converse of a Function }
roll · min rr · Λ(foldrn add one)

⊇ { thinning }
= roll · min rr · fold (thin q · Λ((one � add) · F choose))

Unfortunately, although the resulting algorithm appears to perform well in prac-
tice, its worst-case running time is exponential, and knowing this it is not too
difficult to construct pathological inputs. The problem is that too few partial
solutions are thinned out in the worst case.

4.5 An Application of Greediness

In fact, for Example 7 we can do a lot better. We have already observed that The-
orem 3 does not apply; however, there is a connected preorder q which satisfies
the conditions of Theorem 4. We choose the preorder q characterized by

χ(q) (x, y) = lspinecosts x ✂ lspinecosts y

where ✂ is the lexicographic (as opposed to pairwise) ordering on sequences: for
sequences as = [a1, . . . , am] and bs = [b1, . . . , bn], the ordering as ✂ bs holds if
and only if there exists an i with 0 ≤ i ≤ m,n such that aj = bj for 1 ≤ j ≤ i
and either i = m (in which case as is a prefix of bs) or i < m, n and ai+1 < bi+1

(in which case as and bs differ first at position i+ 1).
Again, q ⊆ rr, for the same reason that the q of §4.4 is included in rr. We leave

the proof of monotonicity to Exercise 4.10.6, pausing only to observe as before
that the costs of the reverse prefixes of the two spines of the trees constructed
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from [1, 1, 1] are [3, 1] and [3, 2, 1], and the former is lexicographically (as well as
pairwise) strictly less than the latter.

Now, however, q is connected, and so a greedy algorithm works — it suffices
to keep a single partial solution at each stage. We have

min r · Λ(fold f)
⊇ {min r ⊇ min q }

min q · Λ(fold f)
⊇ { Refining Greedy Theorem, assuming f monotonic under q◦ }

fold (min q · Λf)

4.6 Refinement of the Greedy Algorithm to a Program

Returning to bracketing problems in general, provided that we can find a con-
nected preorder q under whose converse one�add is monotonic (as we have seen
we can do for the minimum height tree problem, for instance), we have

min r · Λ(flatten◦)
= { Converse of a Function }
roll · min rr · Λ(foldrn add one)

⊇ { strengthened preorder }
roll · min q · Λ(foldrn add one)

⊇ { Greedy Theorem }
roll · foldrn (min q · Λadd) (min q · Λone)

To obtain a deterministic program, we still have to refine min q · Λone and
minq · Λadd to functions. Since one is a function, min q · Λone = one. One can
also show (Exercise 4.10.7) that min q · Λadd ⊇ minadd, where

minadd (a, (b, ts)) = (a, cons (roll (cons (b, us)), vs))

where us++ vs = ts, and us is the shortest proper prefix of ts satisfying

max (a, cost (roll (cons (b, us)))) < cost (head vs)

If no such us exists, then us = ts and vs = [ ].

4.7 Summary

To summarize, the problem of building a tree of minimum height can be solved
by computing

roll · foldrp minadd one
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Moreover, this algorithm takes linear time. The time taken to compute minadd
is proportional to the length of the us chosen, but the length of the resulting
spine is reduced by this amount; a standard amortization argument then shows
that the total time taken for the algorithm is linear in the length of the given
list.

4.8 The Haskell Program

The program in Figure 1 is an implementation in Haskell [20] of the algorithm
derived above for the minimum height tree instance of the bracketing problem.
To avoid repeated computations, we label trees with their costs.

data Tree = Tip Int | Fork Int Tree Tree

type Spine = (Int, [Tree])

cost :: Tree -> Int

cost (Tip a) = a

cost (Fork a t u) = a

fork :: Tree -> Tree -> Tree

fork t u = Fork (max (cost t) (cost u) + 1) t u

roll :: Spine -> Tree

roll (a, ts) = foldl fork (Tip a) ts

greedy :: [Int] -> Tree

greedy = roll . foldrp minadd one

one :: Int -> Spine

one a = (a, [])

minadd :: Int -> Spine -> Spine

minadd a (b,ts) = (a, split (Tip b : ts))

where

split [t] = [t]

split (t:u:ts) = if max a (cost t) < cost u

then t:u:ts

else split (fork t u : ts)

foldrp :: (a -> b -> b) -> (a -> b) -> ([a] -> b)

foldrp f g [x] = g x

foldrp f g (x:xs) = f x (foldrp f g xs)

Fig. 1. Haskell implementation of minimum height tree algorithm
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4.9 Bibliographic Notes

The minimum height tree problem comes from [6], where a different greedy
solution is presented. This chapter could be thought of as an abstract of Mu’s
forthcoming DPhil thesis [27], which expands on the approaches discussed here,
in particular looking at other thinning algorithms, and exploring the relationship
with dynamic programming as well as greedy algorithms.

4.10 Exercises

1. Prove the Converse-of-a-Function Theorem from §4.2.
2. Theorem 10 applies only to total functions f . If f is a partial function (that is,

simple buyt not necessarily entire), the corresponding ‘Converse of a Partial
Function’ theorem states, when T = data F, that f◦ = foldT g provided that
f · g ⊆ in · F f and dom f = ran g. Prove this generalization.

3. Verify the application of the Converse-of-a-Function Theorem in §4.3.
4. Show that the Greedy Theorem is not applicable to (that is, one�add is not

monotonic under r◦ for) Example 9. What can you say about Example 8?
5. Show that for a bracketing problem (A,⊕,≤) such that ⊕ is commutative

(a ⊕ b = b ⊕ a), strict (a ⊕ b > a) and monotonic in its left argument
(a ≤ a′ ⇒ a ⊕ b ≤ a′ ⊕ b), the algebra one � add is monotonic under
q◦, where q is as introduced in §4.4. Verify that these conditions apply for
Examples 7 and 9.

6. Show that one � add for the minimum height tree problem is monotonic
under q◦, where q is as introduced in §4.5.

7. Show that min q · Λadd ⊇ minadd for the minimum height tree problem,
where minadd is as defined in §4.6.

8. Express as an instance of the bracketing problem the problem of concate-
nating a list of lists into a single list in the cheapest possible way, when the
cost of concatenating two lists is proportional to the length of the lefthand
list. Derive a suitable algorithm for solving the problem.
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Chapter 9

Temporal Algebra

Burghard von Karger

University of Kiel

1 Introduction

The complexity of software controlled systems is ever increasing, and so is the
need for mathematical theories and tools that help with their design and verifi-
cation. This need has not been answered by a single grand unified theory; on the
contrary the great variety of programming languages and paradigms has led to
an equally large number of different and, in most cases, incompatible formalisms.
This diversity is of growing concern to academia and industry alike and we have
reached the stage where the unification of existing theories should take priority
over the invention of new ones.

This tutorial is concerned with two families of programming theories. One
of them is the predicate calculus which Dijkstra [14] and Hoare [20] recommend
for the design of imperative programs. The other is temporal logic, which was
first advocated by Pnueli [35] for reasoning about reactive systems.

Temporal logics have been enormously successful because they combine sim-
plicity and appeal to intuition with practical usefulness. The temporal connec-
tives are easy to grasp, possess nice mathematical properties, and are well suited
for specifying properties of concurrent and reactive systems. The powerful de-
cision procedures and model checking algorithms for temporal logic have found
many industrial applications, especially in hardware design and telecommunica-
tions.

The algebraic approach to program design emphasizes a calculational style
based on equational and inequational rewriting. Proofs are guided by the shape
of formulae and a few heuristic rules. This style, which is in accordance with fa-
miliar mathematical practice, is designed to make proofs easy to conduct and to
remember. It is in sharp contrast with many logical deduction schemes that have
been invented for theoretical investigations or are geared towards implementa-
tion on a digital computer. Consequently, predicate algebras (more commonly
known as Boolean algebras) such as relation algebra and the algebra of predicate
transformers are especially successful in the construction of programs, and many
beautiful derivations of algorithms have been published in these notations. Pred-
icate calculi are sometimes denounced as being only pen-and-paper tools, but
they certainly exercise a strong influence on the education of computer scientists
and on the design of programming languages.

Our goal is to bring the two schools closer together by giving algebraic presen-
tations of the more well-known temporal logics, including linear temporal logic

R. Backhouse et al. (Eds.): Algebraic and Coalgebraic Methods . . . , LNCS 2297, pp. 309–385, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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(LTL), interval temporal logic (ITL) and the duration calculus. More specifi-
cally, we employ familiar algebraic structures such as complete lattices, Galois
connections and the algebra of binary relations for defining temporal operators
and exploring their properties. This approach is called temporal algebra, because
its subject matter are the structures of temporal logic but its tools and methods
are those of algebra.

Any attempt at unifying theories is motivated by the twin desires of sim-
plification and generalization. As an example of simplification, we have shown
in [45] that all seventeen axioms of Manna and Pnueli’s sound and complete
proof system for LTL [27] can be derived from just two Galois connections be-
tween the ‘next’ and the ‘previous’ operator. (We will not, however, reproduce
all seventeen proofs in this tutorial.)

Temporal algebra consists of two subdisciplines, which we have called Galois
algebra and sequential algebra. Galois algebra extends the predicate calculus
with a pair of conjugate functions which may be interpreted as the ‘next’ and
‘previous’ operators. It is the algebraic counterpart of logics such as LTL, CTL
and CTL∗ that are designed for reasoning about runs of reactive systems. Since
reactive systems are typically non-terminating, these logics offer no operator for
constructing a new system as a sequential composition of two given ones.

On the other hand, sequential composition is the most important combinator
of imperative programs. Among the calculi that include it the most well-known
is Tarski’s algebra of relations [41], which has been remarkably successful in rea-
soning about possibly non-deterministic systems, provided that their behaviour
can be fully characterised by observation of just their initial and final states.
Many alternative models have been proposed for reactive systems, whose be-
haviour between initiation and termination is also of significance. A common
feature of these calculi is that past events cannot be cancelled or undone by
what comes after. As a consequence, the converse operation of relation algebra
must be abandoned. We introduce sequential algebra as a common framework
of laws applicable to many of these alternative models, including dynamic logic,
process algebra, interval temporal logic and the duration calculus.

Temporal algebra emphasises commonalities rather than differences between
formalisms. Often two theories are only distinguished by a single axiom. For
example, relation algebra is obtained from sequential algebra by postulating an
associativity axiom for division, or LTL from CTL by requiring that ‘previous’
and ‘next’ form a Galois connection. In either case, both learning and teaching
these theories is made easier because large common parts can be factored out.

Further integration is achieved by building models for one theory within an-
other. We will study a number of canonical constructions that yield temporal
logics from any given sequential algebra. In this way, we obtain a large number
of interesting new models for the previously developed theory, and various prop-
erties that a sequential algebra may or may not have (branching, interleaving,
confluence, etc.) translate to postulates that one may add to the axioms of Ga-
lois algebra, thereby providing additional insight into the hierarchy of temporal
logics. Finally, the construction of Galois algebras from sequential ones yields
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algebras that admit the operators of both signatures. One may well view the
temporal connectives as specification constructs and the sequential ones as pro-
gram operators, so that we have built a mixed calculus which allows the stepwise
derivation of an executable program from an abstract specification. The power
of this approach has been illustrated in [5] and [6], where we used the mixed
calculus for deriving CSP programs from temporal specifications.

Temporal algebra is intended as a link between theories, and there is no
suggestion whatsoever that it could be an alternative, let alone a replacement,
for temporal logic. Because it is a purely semantic theory, temporal algebra
cannot express, much less prove, results about expressivity, completeness and
decidability, for these concepts require a syntax for their definition.

Acknowledgements

I am very grateful to Roland Backhouse (and his colleagues at Eindhoven) for
teaching me many things about calculations and inviting me to present my ideas
in this forum. A special debt is owed to Tony Hoare who started my investigations
into temporal algebra with a couple of design exercises for the duration calculus
(you can find them in Section 6). His insights have guided my work many times.

This chapter is a revision and expansion of [46].

2 Preliminaries

2.1 Lattices

We describe systems by the set of their possible behaviours; specifications are
sets of allowed behaviours. A system P implements a specification S if every
behaviour that P can exhibit is allowed by S:

P ⊆ S .

The implementation relation is a partial order on system descriptions. A system
is usually required to have many properties:

P ⊆ S1 ∧ . . . ∧ P ⊆ Sn .

To express multiple constraints by a single specification, we need conjunction:

P ⊆ S1 ∩ . . . ∩ Sn .

Systems that are built of interactive components typically exhibit non-determin-
istic behaviour. If a system can behave like P1 or like P2, we must show that

P1 ∪ P2 ⊆ S ,

in order to ensure that the specification S is satisfied. Thus it seems that order-
ing, disjunction and conjunction are very desirable constituents of a theory of
systems and specifications. These operations form the signature of a lattice. We
recall the definition.
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Definition 1 (Lattice). A partially ordered nonempty set G is called a lattice
when the least upper bound and greatest lower bound of {x, y} exist for every
x, y ∈ G. Least upper bounds are also called conjunctions or intersections and
greatest lower bounds are referred to as disjunctions or unions. We use the sym-
bols ⊆, ∩ and ∪ to denote the lattice ordering and operations.

2.2 Galois Connections

Whenever an algebraic structure is introduced, attention must be given to struc-
ture-preserving maps. An isomorphism between two lattices G and H is a bijec-
tive function f : G → H such that

f.x ⊆ y ⇔ x ⊆ f−1.y for all x ∈ G and y ∈ H .

The dot in terms like f.x denotes functional application. It associates to the
right, so that f.g.x = f.(g.x). If such an isomorphism exists then G and H are
essentially the same and every theorem that holds for one of them is also true
of the other. A more common and more interesting situation occurs when the
two functions relating G and H are not each other’s inverses. A pair of functions
f : G → H and g : H → G is a Galois connection if

f.x ⊆ y ⇔ x ⊆ g.y for all x ∈ G and y ∈ H .

Galois connections should be thought of as two-way homomorphisms between
lattices. The reader may be familiar with the homomorphism theorem for groups,
rings, vector spaces, etc: If f : G → H is a homomorphism and ≈ the equiva-
lence induced by f then G/≈ is isomorphic to the image of f (see Figure 1(a)).
The corresponding theorem for a Galois connection (f, g) states that f is an
isomorphism from the image of g to the image of f , and that g is its inverse.

G H

G/≈

f .G

❍❍❍❍❍❍❍❥
❍❍❍❍❍❍❍❥✲

G H

g.H

f .G

❍❍❍❍❍❍❍❥
❍❍❍❍❍❍❍❥

❍❍❍❍❍❍❍

❍❍❍❍❍❍❍

✲

✛

(a) (b)

Fig. 1. (a) The usual homomorphism theorem, and (b) the one for Galois con-
nections
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Figure 1(b) shows that a Galois connection establishes a very close link be-
tween two lattices. The following results are well-known and their proofs can be
found in, for example, in [1] or [2].

Definition 2 (Adjoints). If (f, g) is a Galois connection then we say that f
is a lower adjoint (of g) and that g is an upper adjoint (of f). In the preceding
figure, the lower adjoint is the one that moves downwards, and the upper adjoint
is the one that moves upwards. Adjoints are unique in the sense that each func-
tion in a Galois connection determines the other. We use the symbol 
 for the
function that maps a lower adjoint to its upper adjoint and the symbol � for its
converse. In other words,

(f, g) is a Galois connection ⇔ g = f � ⇔ f = g� .

Note that 
 and � are partial functions.

Proposition 3 (Cancellation rule). Suppose f and g are two functions be-
tween complete lattices. Then (f, g) is a Galois connection if and only if

f ◦ g ⊆ id and id ⊆ g ◦ f .

Proposition 4 (Anti-Monotonicity of � and 
). If f and g are lower adjoints
then we have

f ⊆ g ⇔ g� ⊆ f � .

An analogous equivalence holds for upper adjoints.

Proposition 5 (Composition Rule for Galois Connections). Like homo-
morphisms, Galois connections may be composed. Suppose that (f1, g1) is a Ga-
lois connection between G and F , and that (f2, g2) is a Galois connection between
H and G. Then (f1 ◦ f2 , g2 ◦ g1) is a Galois connection between H and F . In
other words, if f �

1 and f �
2 exist and f1 ◦ f2 is defined then

(f1 ◦ f2)� = f �
2 ◦ f �

1 .

Definition 6 (Sectioning). To exploit the calculational properties of Galois
connections involving binary operators, such as conjunction, it is frequently nec-
essary to keep one of the arguments fixed. Therefore we define, for any binary
infix operator �, the functions (x �) and (� x) by

(x �).y =df x � y and (� x).y =df y � x .

This process of constructing unary operators from binary ones is known as sec-
tioning and the functions (x �) and (�x) are the sections of �.

More detailed accounts of the theory of Galois connections can be found in
Chapter 4 and in [1,17,18,29,34].
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2.3 Boolean Algebra

Galois connections are very powerful calculation tools. In this section we give
a first demonstration by defining a Boolean algebra as a lattice with a certain
Galois connection and then deriving the familiar laws of Boolean algebra.

Definition 7. A Boolean algebra is a lattice with a unary operator ¬ that sat-
isfies the following law.

p ∩ q ⊆ r ⇔ q ⊆ ¬p ∪ r .

Because it so conveniently allows one to move terms from one side of an in-
equation to the other, this equivalence is called the shunting rule. Using sections,
the shunting rule can be expressed more succinctly as

(p∩)� = (¬p ∪) .
Throughout the rest of Section 2.3 we assume that B is a Boolean algebra.

Theorem 8 (Complements). B has a least element O and greatest element
U . Moreover, we have

p ∩ ¬p = O and p ∪ ¬p = U .

Proof. Let p ∈ B. The shunting rule yields
p ∩ ¬p ⊆ q and q ⊆ ¬p ∪ p

for every q ∈ B. It follows that p ∩ ¬p and p ∪ ¬p are the least and greatest
elements of B, respectively.
Theorem 9 (Distributivity). We have p ∩ (q ∪ r) = (p ∩ q) ∪ (p ∩ r) for
all p, q, r ∈ B.

Proof. The following calculation uses the principle of indirect equality, which is
a standard tool for establishing that two elements of a lattice are the same.

p ∩ (q ∪ r) ⊆ x

⇔ { Shunt p to the right }
q ∪ r ⊆ ¬p ∪ x

⇔ { Universal property of ∪ }
(q ⊆ ¬p ∪ x) ∧ (r ⊆ ¬p ∪ x)

⇔ { Shunt p to the left }
(p ∩ q ⊆ x) ∧ (p ∩ r ⊆ x)

⇔ { Universal property of ∪ }
(p ∩ q) ∪ (p ∩ r) ⊆ x .

To see that this equivalence chain really proves distributivity, instantiate x first
with one, then with the other side of the demonstrandum.
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Theorem 10 (Double Negation). ¬¬p = p for every p ∈ B.

Proof.

¬¬p
=

¬¬p ∩ U

= { ¬p is a complement of p }
¬¬p ∩ (¬p ∪ p)

= { Distributivity }
(¬¬p ∩ ¬p) ∪ (¬¬p ∩ p)

= { ¬¬p is a complement of ¬p }
O ∪ (¬¬p ∩ p)

⊆
p .

To prove the other inclusion, exchange p and ¬¬p in the above calculation.

Theorem 11 (Contraposition). For all p, q ∈ B we have

p ⊆ q ⇔ ¬q ⊆ ¬p .
In particular, negation is anti-monotonic.

Proof.

p ⊆ q

⇔ { By Theorem 10 and Theorem 8 }
p ⊆ ¬¬q ∪ O

⇔ { Shunt q to the lhs }
¬q ∩ p ⊆ O

⇔ { Shunt p to the rhs }
¬q ⊆ ¬p ∪ O

⇔
¬q ⊆ ¬p .

Remark 12 (The Duality Principle). Since the dual of a lattice is itself a
lattice, every theorem of lattice theory has a dual which is obtained by exchanging
∪ with ∩, O with U , and ⊆ with ⊇. Lattices with additional structure, such as
Boolean algebras, inherit the duality principle if each new operator has a dual and
the set of additional axioms is invariant under duality. Let us define negation to
be self-dual. Then dualizing the shunting rule gives

p ∪ q ⊇ r ⇔ q ⊇ ¬p ∩ r .

Since p = ¬¬p (as we just have proved), the dualized shunting rule is a conse-
quence of the original shunting rule. It follows that the duality principle carries
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over to Boolean algebra. We sometimes call it ‘logical duality’ or ‘de Morgan du-
ality’ to distinguish it from the temporal duality that arises from the symmetry
of past and future.

Definition 13. Suppose f is a function between Boolean algebras. Then the de
Morgan dual of f is defined by

f̃ .x =df ¬f.¬x .

The de Morgan dual of a binary function is similarly defined by negating both
arguments and the result.

The following law states that ∩ and ∪ are de Morgan duals.

Theorem 14 (De Morgan’s Rule). For all p, q ∈ B we have

¬(p ∩ q) = ¬p ∪ ¬q and ¬(p ∪ q) = ¬p ∩ ¬q .

Proof. By the duality principle we need only show the first equation.

x ⊆ ¬(p ∩ q)
⇔ { Contraposition }

¬x ⊆ p ∩ q

⇔ { Universal property of ∩ }
(¬x ⊆ p) ∧ (¬x ⊆ q)

⇔ { Contraposition }
(x ⊆ ¬p) ∧ (x ⊆ ¬q)

⇔ { Universal property of ∪ }
x ⊆ ¬p ∪ ¬q .

Theorem 15 (Complement Rule). For all p, q ∈ B we have

p ∩ (¬p ∪ q) ⊆ q ⊆ ¬p ∪ (p ∩ q) .

Proof. Apply the cancellation rule (Proposition 3) to the Galois connection
((p∩), (¬p∪)) .
Lemma 16. Suppose f is a function between Boolean algebras and g is its de
Morgan dual. If f distributes over ∪ then we have

f.p ∩ g.q ⊆ f.(p ∩ q) .

Proof. In the following chain of equivalences and implications we start from the
demonstrandum. This is the recommended style, because it is consistent with the
proof’s discovery: the individual steps are natural and in most cases motivated
by the desire to simplify the current expression, or, in some cases, to prepare for
such a simplification in the next step.
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f.p ∩ g.q ⊆ f.(p ∩ q)
⇔ { Shunting }

f.p ⊆ ¬g.q ∪ f.(p ∩ q)
⇔ { g is the de Morgan dual of f }

f.p ⊆ f.¬q ∪ f.(p ∩ q)
⇔ { f distributes over ∪ }

f.p ⊆ f.(¬q ∪ (p ∩ q))
⇐ { Disjunctive functions are monotonic }

p ⊆ ¬q ∪ (p ∩ q)
⇔ { Complement rule (Theorem 15) }

true .

Of course, we could have written this chain in the reverse order, deriving the
demonstrandum from ‘true’. If we had done so, the very first step of the proof
(deducing p ⊆ ¬q ∪ (p ∩ q) from ‘true’) would have come as a surprise, like the
proverbial rabbit from a conjurer’s hat, and the reader does not immediately see
the reason why this specific deduction is made rather than any one of a hundred
other possibilities [42].

Definition 17 (Conjugate functions). Galois connections are not symmet-
ric: one of the functions is a lower adjoint while the other is an upper adjoint. In
a Boolean algebra, symmetry can be forced by replacing the upper adjoint with its
de Morgan dual. Assume that f is a lower adjoint and define g by g.x = ¬f �.¬x.
Then the Galois connection can be rewritten as

f.x ∩ y = O ⇔ x ∩ g.y = O .

When this equivalence holds, f and g are said to be conjugate. If f and g are
conjugate functions between Boolean algebras then each of the two functions has
an upper adjoint, which is the de Morgan dual of the other function.

Theorem 18 (Dedekind law). Suppose f and g are conjugate functions be-
tween Boolean algebras. Then we have

f.x ∩ y ⊆ f.(x ∩ g.y) .

The Dedekind law was first known in group theory: for subsets O, P , Q of a
group one has

OP ∩ Q ⊆ O (P ∩ O−1Q) ,

where O−1 = {o−1 | o ∈ O}. In relation algebra it takes the form

O;P ∩ Q ⊆ O ; (P ∩ O∪;Q) .

Since these inequations have the same shape as the defining property of a mod-
ular lattice (replace ‘;’ with ‘∪’ and transposition with the identity), Dedekind
laws are often called modular laws . We will encounter many instances of the
Dedekind law in this chapter.
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Proof. Let h =df g�, the upper adjoint of g. Then f and h are de Morgan duals
and we may calculate:

f.p ∩ q

⊆ { Cancellation rule (Proposition 3) }
f.p ∩ h.g.q

⊆ { Lemma 16 }
f.(p ∩ g.q) .

Definition 19 (Implication and Modus Ponens). As usual, we introduce
p→ q (p implies q) as an abbreviation for ¬p ∪ q. With this notation, the first
inequation in the complement rule becomes the familiar modus ponens

p ∩ (p→ q) ⊆ q .

2.4 Fixed Points

The low popularity of the algebraic approach to temporal logic is partly due to
the lack of a convincing presentation. Usually, modal algebras are proposed as
an algebraic counterpart to temporal (or modal) logic [40,39]. A modal algebra
is a Boolean algebra with one or more unary operators that preserve its least
element and distribute over finite disjunctions.

We believe that these presentations suffer from excess of generality. All prac-
tically relevant Boolean algebras are complete, and most finitely disjunctive op-
erators distribute over infinite disjunctions as well. There is much to be gained
from strengthening the assumptions, because every universally disjunctive op-
erator on a complete lattice has an upper adjoint. This fact greatly simplifies
the theory because it allows us to define the ‘past’ operators as adjoints of the
‘future’ operators (whereas, in temporal logics, the ‘past’ operators are either
postulated or omitted). Completeness is also required for the fixed point theo-
rem of Knaster and Tarski. With the aid of recursion and Galois connections,
the entire zoo of operators that populate the treatments of LTL can be defined
in terms of just the ‘next’ operator.

Why, then, isn’t completeness assumed in most logical treatments of the
subject? The most compelling reason against completeness is that it is awkward
to state as a logical axiom or inference rule. In a finitary syntactical framework,
completeness can only be dealt with indirectly, by postulating the existence of
fixed point operators (as one does in the modal µ-calculus). Another reason for
not requiring completeness in the first place, is that it can be added a posteriori
if necessary, using the perfect extension theorem of Jónsson and Tarski [40]
which asserts that any Boolean algebra with finitely disjunctive operators can be
embedded in a complete Boolean algebra with universally disjunctive operators.
For these reasons, logicians rightly reject the power of completeness. In the
context of algebra, completeness is not a complicated postulate at all but a
necessary requirement for efficiently calculating with Galois connections and
fixed points.
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Definition 20 (Completeness). A lattice G is complete if every subset of
G has a greatest lower bound and a least upper bound. This requirement also
pertains to the empty set, so that every complete lattice has a least element
(denoted O or F) and a greatest element (denoted U , for universe, or T).

Definition 21 (Disjunctivity and Conjunctivity). A function between lat-
tices is disjunctive if it preserves all binary disjunctions

f.(x ∪ y) = f.x ∪ f.y .

A function between complete lattices G and H is universally disjunctive if it
preserves all disjunctions

f.
⋃

M =
⋃

m∈M

f.m for all M ⊆ G .

Conjunctivity is defined likewise. Every function that is disjunctive or conjunc-
tive is monotonic. Moreover a universally disjunctive (conjunctive) function
maps O to O (U to U).

Theorem 22 (Existence of Adjoint Functions). The following two equiva-
lences hold for every function between complete lattices.

1. f is universally disjunctive if and only if f is a lower adjoint.
2. f is universally conjunctive if and only if f is an upper adjoint.

Definition 23 (Fixed Point Operators). Recursion is the most powerful tool
for defining new operators in the calculi we are going to explore, and to determine
their properties we must calculate with fixed points. Suppose f is a monotonic
function on a complete lattice G. Then the theorem of Knaster and Tarski tells
us that f has a unique least fixed point, denoted µf , and a unique greatest fixed
point νf . Because it is frequently inconvenient to assign names to the functions
occurring in fixed point expressions we allow the notations µx(f.x) and νx(f.x)
instead of µf and νf . For example, µx(p ∪� x) denotes the least fixed point of
the (anonymous) function that maps x to p ∪�x.

Fixed points are studied in Chapter 4. We list some rules that we will need.
All functions mentioned below are assumed to be monotonic.

Proposition 24 (Fixed Point Rules).

1. Induction rules

µf ⊆ r ⇐ f.r ⊆ r .

p ⊆ νf ⇐ p ⊆ f.p .

2. Duality
µf̃ = ¬ (νf) and νf̃ = ¬ (µf) .
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3. Fusion. Assume σ is a lower adjoint. Then we have:

σ.µe ⊇ µf ⇐ σ ◦ e ⊇ f ◦ σ
σ.µe ⊆ µf ⇐ σ ◦ e ⊆ f ◦ σ
σ.µe = µf ⇐ σ ◦ e = f ◦ σ .

4. Convergence Theorems. If the underlying lattice is a Boolean algebra then

νf ∩ µg ⊆ µh ⇐ ∀x, y : f.x ∩ g.y ⊆ h.(x ∩ y)
νf ⊆ µg ∪ νh ⇐ ∀x, y : f.(x ∪ y) ⊆ g.x ∪ h.y .

2.5 Regular Algebra

Regular algebras are covered in Backhouse’s Chapter 4. Here we only give the
definition and list the algebraic laws of regular and semiregular algebras that
are needed for temporal algebra.

Definition 25. A regular (semiregular) algebra is a structure (R, �, id) where
R is a complete lattice, � is a binary operator on R and id is an element of R.
The following axioms are required.

1. Associativity: (x � y) � z = x � (y � z).
2. Unit element: id � x = x = x � id .
3. Monotonicity: The operator � is monotonic (in each argument).
4. Distributivity:

– (for semiregular algebras) � is universally disjunctive in its left argument,
i.e.

⋃
i(ai � b) = (

⋃
i ai) � b;

– (for regular algebras) � is universally disjunctive in both arguments.

Examples 26. The set of all binary relations on a fixed set is a regular algebra
(with relational composition). The set of all formal languages over a given al-
phabet is a regular algebra. If R is a complete lattice, then Mon(R), the set of all
monotonic functions on R, is a semiregular algebra (with functional composition
as its binary operation).

2.6 Iteration

This subject is also treated in Backhouse’s Chapter 4. We give only definitions
and algebraic laws here.

Definition 27 (Iteration of elements). Let (R, �, id) be a semiregular algebra
and r ∈ R. Then we define

r∗ =df µx(id ∪ r � x)
For formal languages, this definition coincides with the usual notion of Kleene
star. For binary relations the Kleene star is just reflexive and transitive closure.
The effect of iteration on functions is less obvious and is explained below.
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Proposition 28 (Iteration of functions). Let R be a complete lattice. Then
Mon(R) is a semiregular algebra, so f∗ is defined for every f ∈ Mon(R), namely

f∗ = µg(id ∪ f ◦ g) ,

where id is the identity function, ∪ takes the (element-wise) supremum of its
arguments and ◦ is functional composition.

Proposition 29 (The Transitivity Rule). The following law holds in every
semiregular algebra

r∗∗ = r∗ = r∗ ◦ r∗ .
Proposition 30 (Leapfrog Rule). The following law holds in every regular
algebra

r � s∗ = t∗ � r ⇐ r � s = t � r .
Proposition 31 (Tail Recursion Rule for Functions). Assume that R is
a complete lattice and f ∈ Mon(R). The Tail Recursion Rule states that the
application of f∗ to some r ∈ R can be computed as a fixed point in R

f∗.r = µx(r ∪ f.x) .

Proposition 32 (Tail Recursion Rule for Operators). Let (R, �, id) be a
semiregular algebra. Then we have, for all r, s ∈ R

s∗ � r = µx(r ∪ (s � x)) .

The two tail recursion rules look very similar. Modulo the following theorem,
the second one is, in fact, a corollary of the first.

Proposition 33 (Star Fusion). Let (R, �, id) be a regular algebra. Then, with
each element r ∈ R we may associate a function (r�) from R to R by ruling that
(r �).s = r � s. If apply is the function that maps r → (r �) then the star fusion
rule states that application and iteration commute:

apply ◦ ∗ = ∗ ◦ apply

which is the same as saying that, for every s ∈ R

(s∗ �) = (s �)∗ .

Proposition 34 (Star Absorption). Suppose (R, �, id) is a regular algebra
and e, f ∈ R. If e and f absorb each other, in the sense that e � f ⊆ id , then
repeated absorptions reduce everything of type ei � f j to a composition of only
e’s or only f ’s, depending on which kind there were more of to start with. More
generally, we have

e∗ � f∗ = e∗ ∪ f∗ ⇐ e � f ⊆ id .
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The Star Adjunction Theorem below allows us to lift a Galois connection
between functions f and g to a Galois connection between their iterates. Because
of the skew symmetric nature of Galois connections, a dual form of iteration
needs to be applied to the upper adjoint. Iteration is a closure operator; its dual
is the interior operator defined below.

Definition 35 (Interior). If f is a monotonic function on a complete lattice,
the interior of f is defined by

f◦.g =df νx(g ∩ f.x) .

This is dual to the expression given by the tail recursion rule for f∗, but unlike
Kleene star, the interior operator is only defined for functions. This restriction
is necessary because the dual of the tail recursion rule for operators is invalid
(whereas the one for functions holds).

Proposition 36 (Star Adjunction Theorem). Assume that f is a univer-
sally disjunctive function on a complete lattice. Then the upper adjoint of its
closure is the interior of its upper adjoint.

(f∗)� = (f �)◦ .

2.7 Repetition

Definition 37. The repetition operator models an infinite repetition of its op-
erand. Let (R, �, id) be a semiregular algebra and r ∈ R. Then we define

r∞ = νx(r � x) .
Proposition 38 (Transitivity of Repetition). Let (R, �, id) be a regular al-
gebra and r ∈ R. Then “executing” r first finitely and then infinitely often is the
same as “executing” r infinitely often in the first place.

r∗ � r∞ = r∞

Proposition 39 (Right Absorption Rule). Let (R, �, id) be a regular algebra
and r, s ∈ R. Then we have r∞ � s ⊆ r∞.

Proposition 40 (Repetition Rule). Let (R, �, id) be a regular algebra and
assume that R is, in fact, a Boolean algebra. Then we have

νx(r ∪ s � x) = s∗ � r ∪ s∞ .

3 Galois Algebra

Temporal logic was originally developed by philosophers to study assertions
whose truth is not absolute but depends on the time when they are made. In his
seminal paper [35], Pnueli argued that temporal logic could be a useful theory for
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specifying and verifying reactive computer programs, such as operating systems,
controllers, or network protocols. The normal behaviour of a reactive program
is a nonterminating computation that continuously or repeatedly interacts with
its environment. Such programs cannot be described in terms of initial and final
states, and consequently traditional verification techniques such as Hoare logic
and the weakest precondition calculus do not apply. The temporal operators such
as sometimes and always are more helpful in describing ongoing computations.

The enormous success of temporal logic is due to the fact that it combines
simplicity and appeal to intuition with practical usefulness. The temporal con-
nectives are easy to grasp, possess nice mathematical properties, and are well
suited for specifying properties of concurrent and reactive systems. Powerful de-
cision procedures and model checking algorithms exist and have proved their
worth in numerous practical applications.

It is known, although not widely, that temporal logic has an algebraic coun-
terpart. This connection has been neglected, perhaps, because all the spectacular
results (particularly model checking) were obtained using logical, rather than al-
gebraic, methods. We shall argue that the algebraic presentation deserves more
attention. The first argument is simplicity. For example, [27] gives a complete
proof system for LTL that requires seventeen axioms (not counting Boolean tau-
tologies). In a complete Boolean algebra, all of these can be deduced from just
two Galois correspondences. Secondly, in algebra, concepts can be introduced
and understood at a higher and more user-friendly level. For example, we have
the following theorem (Proposition 57) that relates the ‘Next’ and ‘Previous’
operators of temporal logic to the ‘Eventually’ and ‘Once’ operators.

Theorem. If (G,�,�) is a Galois algebra, then so is (G,+✸,−✸), where +✸ = �∗

and −✸ = �∗.

From that we can infer that every formula valid for � and � also holds for
+✸ and −✸. Thirdly, the concise definitions of algebra facilitate the discovery of
new models. We have found that the temporal connectives have natural inter-
pretations in a very diverse set of non-standard models, including monotonic
predicate transformers, fuzzy relations and prefix-closed sets of traces. None of
this can be guessed from reading, say, Manna and Pnueli’s book on temporal
logic [27] or Emerson’s handbook article [16].

Developing the temporal operators from lattice theory and Galois connections
yields algebraic theories that correspond to LTL (linear temporal logic) and CTL
(computation tree logic); and in both cases our approach is vindicated by the
fact that the axioms of a complete proof system appear as theorems of Galois
algebra. For a treatment of the full branching logic CTL∗ see [45].

3.1 Definition and Basic Properties

In this section, Galois algebras are introduced as complete Boolean algebras with
a pair of operators like the � and � operators from temporal logic.
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Definition 41 (Relational Image and Preimage). Consider a set M of
states and a relation R ⊆ M ×M . For any p ⊆ M the relational preimage of p
under R is defined by

R " p =df {l ∈M | ∃m : (l,m) ∈ R and m ∈ p} .
In other words, R " p consists of all points that have a successor in p. The
dual notion can be defined in terms of the relational converse operation which is
defined by

R∪ =df {(y, x) | (x, y) ∈ R} .
Now R∪ " p is the relational image of p under R.

Definition 42 (Next and Previous). A relation R ⊆M×M is often depicted
as a directed graph with vertex set M and edge set R. If p is a set of vertices
then R" p is the set of nodes from which a node in p can be reached in one step.
Similarly, R∪ " p is the sets of points from which a point in p can be reached in
one backward step. If the relation R is fixed it can be left implicit, and we define

� p =df R " p and � p =df R∪ " p .

These operators are pronounced as ‘next’ and ‘previous’.

Remark 43 (on notation). In CTL one usually writes EX or ∃� instead of
our �. Since we will later add axioms that make � more like the ‘next’ operator
of LTL, we do not wish to use the heavy notation of CTL here. The plus sign
is written inside the ‘next’ operator in order to stress the symmetry of past and
future.

Theorem 44 (Exchange Rule). When there is no forward arrow from p to q
then there is no backwards arrow from q to p and vice versa. This fundamental
connection between � and � is encoded by the following law.

� p ∩ q = F ⇔ � q ∩ p = F .

In other words, � and � are conjugate. Since each component of a conjugate pair
is determined by its partner, nothing more needs saying about the relationship
between � and �.

We are now ready for a definition.

Definition 45 ((Classical) Galois Algebra). A classical Galois algebra is
a complete Boolean algebra G with two additional unary operators � and �

satisfying the exchange rule (Theorem 44).

The qualifier ‘classical’ is employed because Galois algebra, as defined in [22],
requires only a Heyting algebra instead of a Boolean algebra. (A Heyting algebra
is a boolean without negation but with an implication operator→ satisfying the
Galois connection (p ∩ q) ⊆ r ⇔ p ⊆ (q → r); although ¬p can be defined
as p → O, the double negation rule is generally not valid.) In the rest of this
tutorial, however, we will omit the qualifier.
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Remark 46 (Duality). Galois algebra inherits the logical duality principle of
Boolean algebra: Given any valid equation or inequation, we obtain another one
by replacing every operator with its logical dual (and, in the case of an inequation,
reversing the inclusion sign). This follows from the fact that the exchange rule
(Theorem 44) is self-dual.

Unlike Boolean algebra, Galois algebra enjoys a second and independent sym-
metry, the time-wise duality, which replaces each occurrence of � with � and
vice versa. Thus, with every theorem we prove, we obtain three more for free.

Definition 47 (De Morgan Duals of � and �). In order to write the ex-
change rule as a Galois connection we introduce the de Morgan duals of � and
�. Let

�̃ p =df ¬�¬p and �̃ p =df ¬�¬p .
In the graph-theoretic interpretation, x is an element of �̃ p if every successor
of x is in p. For this reason, �̃ is sometimes called the universal next operator.
Note that we do not necessarily have �̃ ⊆ � because there may be points without
successors.

Theorem 48 (Galois Connections). With the aid of the universal next and
previous operators, we can restate the exchange rule as a Galois connection,
either as

� p ⊆ q ⇔ p ⊆ �̃ q ,

or as
� p ⊆ q ⇔ p ⊆ �̃ q .

We have already established the basic laws of Galois algebra in the section
on Galois connections. For ease of reference, these laws are repeated here in the
new temporal notation.

Theorem 49 (Junctivity). � and � are universally disjunctive. In particular,
� F = F = � F. By duality, �̃ and �̃ are universally conjunctive and preserve T.
In particular, all four operators are monotonic.

Proof. By Theorem 22.

Theorem 50 (Cancellation Rule). In every Galois algebra we have

� ◦ �̃ ⊆ id ⊆ �̃ ◦� and � ◦ �̃ ⊆ id ⊆ �̃ ◦� .

Proof. Apply the cancellation rule (Proposition 3) to the Galois connections in
Theorem 48.

Theorem 51 (Best-of-Both-Worlds).If some successor (of the current state)
enjoys property p, and furthermore every successor enjoys q, then there must be
a successor in the ‘best of both worlds’.

� p ∩ �̃ q ⊆ �(p ∩ q) and � p ∩ �̃ q ⊆ �(p ∩ q).
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Proof. By Lemma 16.

Theorem 52 (Dedekind Law). In every Galois algebra we have

� p ∩ q ⊆ �(p ∩ � q) and � p ∩ q ⊆ �(p ∩ � q).

Proof. By the Dedekind law (Theorem 18).

The Best-of-Both-Worlds and Dedekind Rules are illustrated in the proof of
the following law.

Exercise 53. Show that � ◦ �̃ ⊆ � ◦� .

Theorem 54 (Distributivity over Implication).

�̃(p→ q) ⊆ �̃ p→ �̃ q and �(p→ q) ⊆ �̃ p→ � q .

Proof. Shunting �̃ p to the left hand side, we rewrite the first claim to

�̃(p→ q) ∩ �̃ p ⊆ �̃ q ,

which follows from conjunctivity of �̃ and modus ponens. To prove the second
inequation we shunt �̃ p to the left hand side and obtain

�(p→ q) ∩ �̃ p ⊆ � q ,

which follows from best-of-both-worlds and modus ponens.

Figure 2 lists the laws of Galois algebra we have established (or postulated)
so far. Adding the time-wise and logical duals of these laws we obtain a wealth

� e� p ⊆ p ⊆ e� � p
� F = F = � F

�(p ∪ q) = � p ∪ � q
� p ∩ q ⊆ �(p ∩ � q)

� p ∩ e� q ⊆ �(p ∩ q)
e�(p → q) ⊆ e� p → e� q

�(p → q) ⊆ e� p → � q

Fig. 2. Laws of Galois algebra

of useful laws — all derived from the single exchange rule.
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3.2 New Algebras from Old

One advantage of algebra over logic is the ease with which new algebras can be
defined from old, for example by forming direct products and function spaces.
The following proposition shows a simple way to construct a Galois algebra from
any complete Heyting algebra. Trivial though they are, these are handy building
blocks and we will use them for defining the ‘since’ and ‘until’ operators of
temporal logic.

Proposition 55 (Sections of Conjunction). Assume that G is a complete
Heyting algebra and x ∈ G. Then (G, (x∩), (x∩)) is an intuitionistic Galois
algebra.

Proof. By the Shunting Rule, (x∩) has an upper adjoint, namely (x→). The
Dedekind law

(x∩).p ∩ q ⊆ (x∩).(p ∩ (x∩).q)
holds trivially.

The following proposition shows how functional composition can be extended
to an operator on Galois algebras. Note that the ‘previous’ operators are com-
posed in reverse order.

Proposition 56 (Composition of Galois Algebras). If triples (G,�1,�1)
and (G,�2,�2) are Galois algebras then so is their composition (G , �1 ◦�2 ,
�2 ◦�1) .

Proof. From the composition rule for Galois connections.

Proposition 57 (Iteration of Galois algebras). If (G,�,�) is a Galois al-
gebra then so is (G,�∗,�∗).
Proof. From the star adjunction theorem (Proposition 36).

3.3 Diamonds and Boxes

The expressions � p and �̃ p depend only on states that are just one moment
removed from the present; for this reason �, �̃, and their past counterparts are
sometimes called immediate operators. In contrast, non-immediate operators,
such as +✸, +�, and until construct expressions that refer to arbitrarily distant
points in time. With the aid of iteration, the non-immediate operators can be
defined in terms of the immediate ones (whereas in most logical treatments their
existence is postulated). As a consequence, we can calculate their properties
without having to introduce any new postulates.

Definition 58 (Operational Definition of +✸). We have seen in Section 3.1
that every binary relation R on a set M gives rise to a ‘next’ operator on the
powerset of M , defined by

� p =df R " p . (1)
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In this model, the set � p consists of all elements of M that have a one-step
successor in p. A related object of interest is the set of all points from which
an element in p can be reached in some arbitrary number of steps. This set
is denoted +✸ p (pronounced ‘eventually p’) and can be defined in terms of the
reflexive and transitive closure of R.

+✸ p =df R∗ " p . (2)

Remark 59 (Deriving an Algebraic Definition). We notice that (2) may
be seen as an instance of (1). Since a � operator defined by (1) satisfies the
axioms of Galois algebra, the same must be true for a +✸ operator defined by (2).
However, (2) does not apply to abstract Galois algebra. To make it so, rewrite
definitions (1) and (2) to � = (R") and +✸ = (R∗ "), respectively. By the star
fusion theorem (Proposition 33) we have (R∗ ") = (R")∗. Therefore, (1) and (2)
imply

+✸ = �∗ .

Now we do have an equation for +✸ that we can use as a definition.

Definition 60. In every Galois algebra we define the box and diamond operators
by

+✸ = �∗ −✸ = �∗ +� = −✸� −� = +✸� .

Theorem 61 (Algebraic Laws). By the iteration rule for Galois algebras,
(G,+✸,−✸) is itself a Galois algebra. Therefore, all the calculation rules for the
round operators translate into rules for the angular ones. They are captured in
Figure 3.

✸+−� p ⊆ p ⊆ +�✸− p

✸+ F = F = ✸− F

✸+(p ∪ q) = ✸+ p ∪ ✸+ q

✸+ p ∩ q ⊆ ✸+(p ∩ ✸− q)

✸+ p ∩ +� q ⊆ ✸+(p ∩ q)
+�(p → q) ⊆ +� p → +� q

✸+(p → q) ⊆ +� p → ✸+ q

Fig. 3. Laws for non-immediate operators

Proposition 62 (Idempotence). We have seen that iteration produces a new
Galois algebra from a given one. If we play the same trick again we do not get
any new results because, unlike the round operators, +✸ and +� are idempotent.

+✸ ◦+✸ = +✸ and +� ◦+� = +� .

As a consequence we have +✸∗ = +✸.
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Proof. The idempotence of +✸ is a special case of the transitivity rule (Proposi-
tion 29). Using the composition rule for Galois connections (Proposition 5), we
obtain: +� ◦+� = +✸� ◦+✸� = (+✸ ◦+✸)� = +✸� = +� .

Theorem 63 (Commutativity of � and +✸). From the leapfrog rule (Propo-
sition 30) and the composition rule (Proposition 5) we obtain

+✸ ◦� = � ◦+✸ and +� ◦ �̃ = �̃ ◦+� .

Analogous rules apply to the past operators.

Theorem 64 (Fixed Point Definitions). We can apply the tail recursion rule
for functions (Proposition 31) to the defining equations +✸ = �∗ and −✸ = �∗.
This yields the well-known fixed point characterizations for +✸ and −✸

+✸ p = µx(p ∪�x) and −✸ p = µx(p ∪�x) .

Theorem 65 (Fixed Point Definitions for +� and −�). The fixed point
expressions for the boxes are dual to those for the diamonds.

+� p = νx(p ∩ �̃x) and −� p = νx(p ∩ �̃x) .

Proof. By the star adjunction theorem (Proposition 36).

These fixed point expressions are sometimes used for defining the diamonds
and boxes. But if one does that, it becomes necessary to construct an argument
why these definitions are consistent with the usual semantics of +✸ and +�. Such
an argument being painful, there is a strong temptation to replace it by hand-
waving. In contrast, we have started from the ‘obviously correct’ definition (2)
and derived the fixed point expressions by rigorous calculation.

Remark 66 (Logical Duality). If the underlying lattice G is Boolean then the
duality of ν and µ (see Proposition 24) applied to the above fixed point expressions
yields

+� p = ¬+✸¬p and −� p = ¬−✸¬p .
In standard treatments of temporal logic these equations serve as definitions of
the box operators. We have departed from tradition and introduced +� and −� as
upper adjoints of −✸ and +✸, because that also works in the absence of a negation
operator.

Theorem 67 (Temporal Induction Rule). The fixed point expressions in
Theorems 64 and 65 are important because they allow us to prove properties of
+✸ and +� by induction. Temporal logic, which does not have the Knaster-Tarski
theorem, employs different induction rules, such as the following

+�(p→ �̃ p) ⊆ +�(p→ +� p) .
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Proof.

+�(p→ �̃ p) ⊆ +�(p→ +� p)
⇐ { +� is monotonic and idempotent }

+�(p→ �̃ p) ⊆ p→ +� p

⇐ { Shunting }
p ∩ +�(p→ �̃ p) ⊆ +� p

⇐ { Induction rule (Proposition 24) and Theorem 65 }
p ∩ +�(p→ �̃ p) ⊆ p ∩ �̃(p ∩ +�(p→ �̃ p))

⇔ { Drop conjunct p on the rhs, �̃ is conjunctive }
p ∩ +�(p→ �̃ p) ⊆ �̃ p ∩ �̃+�(p→ �̃ p)

⇔ { +� ⊆ �̃ ◦+� }
p ∩ +�(p→ �̃ p) ⊆ �̃ p

⇔ { +� ⊆ id , modus ponens }
true .

Definition 68 (Strict Operators). In [27], Manna and Pnueli define so-
called strict versions of +✸ and +� by

+̂✸p = �+✸ p and +̂�p = �̃+� p .

The strict past operators are defined similarly. We could easily derive the calcu-
lational laws for the strict operators from those for the non-strict ones, but the
following theorem saves us from going through such a tedious procedure.

Theorem 69. If (G,�,�) is a Galois algebra, then so is (G, +̂✸, −̂✸).
Proof. The proof of this theorem highlights the difference between algebraic rea-
soning and logical deduction. Rather than mindlessly checking that the proposed
structure satisfies all the axioms, we simply remark that it is the sequential com-
position of two previously known Galois algebras:

(G , � ◦+✸ , � ◦−✸) is a Galois algebra
⇔ { Commutativity of � with +✸ (Theorem 63) }

(G , +✸ ◦� , � ◦−✸) is a Galois algebra
⇐ { Composition of Galois algebras (Proposition 56) }

(G,+✸,−✸) and (G,�,�) are Galois algebras .

As a consequence, the laws in Figure 3 remain valid when all the temporal
operators are decorated with hats.

3.4 ‘Until’ and ‘Since’

The diamond operator is useful for specifying that a program must eventually
arrive at a certain desirable state, but it does not allow us to constrain the path
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by which it gets there. Often it is necessary to ensure that some invariant prop-
erty holds until the desirable state is reached. The ‘until’ operator of temporal
logic has been invented for this very purpose. As with the diamond and box
operators, we shall first explain it in terms of a transition relation R ⊆M ×M
and then generalize it to arbitrary Galois algebras.

Definition 70 (Operational Definition of ‘Until’). Assume p and q are
subsets of M . Then x ∈ (p until q) if and only if there is a path from x to some
y ∈ q such that every edge (a, b) in this path satisfies (a, b) ∈ R and a ∈ p.

• • • • • •✲ ✲ ✲ ✲ ✲ ✲· · ·
p p p p p q

x y

Remark 71 (Deriving an Algebraic Definition). If we represent p by the
diagonal relation

∆p =df {(y, y) | y ∈ p} ,
then the two requirements on edges (a, b) can be condensed into the single con-
dition (a, b) ∈ ∆p ;R. Thus we have

p until q = (∆p ;R)∗ " q .

Now we can calculate an algebraic expression for the section (p until) as follows.

(p until)
= { Definition }

((∆p ;R)∗ ")
= { Star fusion }

((∆p ;R) ")∗

= { " distributes over composition }
((∆p ") ◦ (R"))∗

= { ∆p " q = p ∩ q , definition of � }
((p∩) ◦�)∗ .

We have now derived an expression that can serve as a definition of the ‘until’
operator. Its dual is the ‘since’ operator.

Definition 72 (‘Until’ and ‘Since’). In every Galois algebra, we define

(p until) = ((p∩) ◦�)∗ and (p since) = ((p∩) ◦�)∗ .

The following lemma shows that the ‘until’ operator gives rise to yet another
Galois algebra.

Lemma 73. If (G,�,�) is a Galois algebra, then so is (G, ((p∩) ◦ �)∗,
(� ◦(p∩))∗) .
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Proof. From the fact that (G , (p∩) , (p∩)) is a Galois algebra (by Proposi-
tion 55), the composition lemma (Proposition 56) and the iteration lemma
(Proposition 57).

Remark 74 (Algebraic Laws). By the preceding theorem, every law we have
established for +✸ yields an analogous law for (p until). This includes laws men-
tioning � if we replace � by (p∩) ◦�. For example, �+✸ q = +✸ � q translates to
the following rolling rule for ‘until’:

p ∩ �(p until q) = p until (p ∩� q) .

Definition 75 (Fixed Point Definitions for ‘Until’ and ‘Since’). Using
tail recursion, we may rewrite Definition 72

p until q = µr(q ∪ (p ∩� r)) and p since q = µr(q ∪ (p ∩� r)) .

3.5 Confluence

The algebra we have investigated so far works for any pair of operators defined
by

� p = R " p and � p = R∪ " p , (3)

where R ⊆M ×M is an arbitrary relation, R∪ is its transposition, and p ranges
over subsets of M . In Manna and Pnueli’s logic, the relation R is required to
have certain linearity properties. We propose to translate these properties into
postulates that can be imposed on Galois algebras, so that we may employ the
calculus to explore their consequences. As it turns out, a number of these can
be proved from a much weaker assumption, namely that the transition relation
R be confluent . We will therefore look at confluent Galois algebras first.

Definition 76 (Operational Definition of Confluence). A relation R ⊆
M ×M is called right-confluent if its associated directed graph (M,R) has the
following property: Any two paths that have the same initial point can be extended
(to the right) in such a way that they end up in a common final point. For ex-
ample, ◦

◦ ◦ ◦✘✘✿
	 ✲ is right-confluent, whereas ◦ ◦ ◦

◦✲ ✘✘✿	 is not. In relational
terms, relation R is right-confluent if and only if

(R∪)∗;R∗ ⊆ R∗; (R∪)∗ .

Remark 77 (Deriving an Algebraic Definition). If R has this property we
may calculate

−✸ ◦+✸
= { Definitions }

�∗ ◦�∗

= { Definitions }
(R∪ ")∗ ◦ (R")∗
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= { Star Fusion }
((R∪)∗ ") ◦ (R∗ ")

= { Distributivity of " over composition }
((R∪∗;R∗) ")

⊆ { Right Confluence }
((R∗;R∪∗) ")

= { Unwind first four steps }
+✸ ◦−✸ .

This result motivates the following definition.

Definition 78. A Galois algebra is called right confluent if it satisfies the in-
equation −✸ ◦+✸ ⊆ +✸ ◦−✸. A Galois algebra in which the dual inequation holds is
left confluent.

Theorem 79 (Weak Commutativity of +� and −�). As expected, the (semi-)
commutativity of the diamond operators induces a similar relation between the
box operators. In every right-confluent Galois algebra we have

+� ◦−� ⊆ −� ◦+� .

Proof.

+� ◦ −�
= { Definitions }

−✸� ◦+✸�

= { Composition rule (Proposition 5) }
(+✸ ◦−✸)�

⊆ { −✸ ◦+✸ ⊆ +✸ ◦−✸, anti-monotonicity of 
 (Proposition 4) }
(−✸ ◦+✸)�

= { Unwind first two steps }
−� ◦+� .

Theorem 80 (Absorption Laws). Confluence reduces the number of distinct
operators that can be formed from composing boxes and diamonds: in every right-
confluent Galois algebra, we have

+� ◦+✸◦+� = +✸ ◦+� and +✸ ◦+� ◦+✸ = +� ◦+✸ .

Proof. Since +� ⊆ id we certainly have +� ◦+✸◦+� ⊆ +✸ ◦+�. For the other inclu-
sion, we calculate

+✸ ◦+�
⊆ { Cancellation rule (Proposition 3): id ⊆ +� ◦−✸ }

+� ◦−✸ ◦+✸ ◦+�
⊆ { −✸ ◦+✸ ⊆ +✸ ◦−✸, idempotence of +� }
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+� ◦+✸ ◦−✸ ◦+� ◦+�
⊆ { Cancellation rule (Proposition 3): −✸ ◦+� ⊆ id }

+� ◦+✸ ◦+� .

The proof of the second equation is left as an exercise.

Remark 81 (Reverse Induction). Temporal induction rules are suitable for
establishing safety properties (expressions that start with a box). The rule we
have seen in Theorem 67 starts from the present and works its way, step by step,
into the future (or the past). In the presence of confluence it is also possible to do
it the other way round, establishing first the truth of the desired property at the
very first (or last) moment in time and working from there towards the present.
Since a state is initial if it has no predecessors, we can describe the set of all
initial states as follows.

first =df �̃ F .

The reverse induction rule (Theorem 83) is one of Manna and Pnueli’s axioms.
The following lemma prepares its proof.

Lemma 82 (Reverse Induction Base). In every Galois algebra we have p∩
first ⊆ −� p .

Proof. The claim is easily proved by appealing to the induction rule of fixed
point calculus but, as a matter of style, we use this theorem only where it can’t
be avoided. Instead, we calculate:

p ∩ first ⊆ −� p

⇔ { Galois connection }
+✸(p ∩ first) ⊆ p

⇔ { +✸ = id ∪ +✸ ◦� }
+✸ �(p ∩ first) ⊆ p

⇐ { Monotonicity }
+✸(� p ∩ � first) ⊆ p

⇔ { first = �̃ F, cancellation rule (Theorem 50) }
+✸(� p ∩ F) ⊆ p

⇔ { +✸ F = F }
true .

Theorem 83 (Reverse Induction Rule). In every left-confluent Galois al-
gebra we have

first ∩ +�(p→ �̃ p) ⊆ +�(p→ −� p) .

Proof.

first ∩ +�(p→ �̃ p)
⊆ { Reverse induction base (Lemma 82) }

−�+�(p→ �̃ p)
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⊆ { Theorem 79 (dual version) }
+�−�(p→ �̃ p)

⊆ { Temporal induction rule (Theorem 67) (dual version) }
+�−�(p→ −� p)

⊆ { −� ⊆ id }
+�(p→ −� p) .

We include one more related law, on the grounds that it is also one of Manna
and Pnueli’s axioms.

Lemma 84. In every left-confluent Galois algebra we have

first ∩ +� p ⊆ +� �̃ p .

Proof.

first ∩ +� p

⊆ { Reverse induction base (Lemma 82) }
−�+� p

⊆ { Theorem 79 (dual version) }
+�−� p

⊆ { −� ⊆ �̃ }
+� �̃ p .

3.6 Linearity

Definition 85 (Operational Definition of Linearity). A relation R ⊆
M ×M is called right-linear if every node of its associated directed graph has at
most one successor (R does not branch to the right). For example, ◦

◦ ◦ ◦✘✘✿
	 ✲

is right-linear, whereas ◦ ◦ ◦
◦✲ ✘✘✿	 is not. In relational terms, R is right-linear

if
R∪ ; R ⊆ id ,

and left-linear if
R ; R∪ ⊆ id .

Remark 86 (Deriving an Algebraic Definition). In order to express lin-
earity in terms of the temporal operators, we calculate:

R∪ ; R ⊆ id
⇔

∀p ⊆M : (R∪ ; R) " p ⊆ p

⇔ { Distributivity of " over composition }
∀p ⊆M : R∪ " (R " p) ⊆ p

⇔ { Operational definitions of � and � }
∀p ⊆M : � � p ⊆ p .
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Similarly, R is left linear if and only if � ◦� ⊆ id. Thus we propose the following
definition.

Definition 87 (Linearity). A Galois algebra is linear if

� ◦� ⊆ id and � ◦� ⊆ id .

Theorem 88 (Weak Next and Weak Previous). In LTL, �̃ is called the
‘weak previous’ operator. This is because a Galois algebra is linear if and only if

� ⊆ �̃ and � ⊆ �̃ .

Proof. From the Galois connections in Theorem 48.

Theorem 89 (Linearity Implies Confluence). Every linear Galois algebra
is both left and right confluent, in the sense that

−✸ ◦+✸ = +✸ ◦−✸ .

Proof. By the star absorption theorem (Proposition 34), both sides are equal to
−✸∪+✸.
Theorem 90 (Distributivity over Implication). Theorem 54 provides one
inclusion (from left to right) of the following distribution law. In a linear Galois
algebra the other inclusion holds as well.

�̃(p→ q) = �̃ p → �̃ q .

Proof.

�̃ p → �̃ q = �̃(p→ q)
⇔ { By Theorem 54 }

�̃ p → �̃ q ⊆ �̃(p→ q)
⇔ { Galois connection }

�(�̃ p → �̃ q) ⊆ p→ q

⇔ { Shunting }
p ∩ �(�̃ p → �̃ q) ⊆ q

⇐ { Dedekind }
�(� p ∩ (�̃ p → �̃ q)) ⊆ q

⇔ { Galois connection }
� p ∩ (�̃ p → �̃ q) ⊆ �̃ q

⇔ { � ⊆ �̃ (by Theorem 88) and modus ponens }
true .
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3.7 Infinity

In a linear Galois algebra we have only � ⊆ �̃, whereas in LTL these two
operators coincide. In terms of a transition relation, the identification occurs
when every state has precisely one successor, whereas the linearity axiom requires
only that there be at most one. We say that a Galois algebra is infinite to the
right if it satisfies

� T = T .

There are two reasons why we did not introduce this postulate earlier. Firstly,
we wished to show that all the hard work is done by the linearity properties,
whereas postulating infinity to the right has very little effect. More specifically,
we will prove in the next section that a linear Galois algebra which is infinite
to the right satisfies all seventeen of Manna and Pnueli’s axioms, but sixteen of
these axioms can be derived without the infinity postulate.

Another and even more serious objection to postulating infinity is the viola-
tion of time-wise symmetry. On the other hand, there is no reason for disliking
infinity if we can also have its time-wise dual, � T = T. Then there is an even
simpler way to describe the entire situation, namely by

� is an order isomorphism, and � is its inverse.

In terms of a transition relation, this means that every state also has precisely
one predecessor. This postulate is usually rejected, and rightly so, because every
program and every system starts life in some initial state, but some do not
terminate.

Definition 91 (Perfect Galois Connections). In [34], a Galois connection
(f, g) is called perfect if g ◦ f = id . A Galois connection is perfect if and only
if its lower adjoint is injective; for this reason, perfect Galois connections are
sometimes called Galois insertions [29,30].

Proposition 92. Now assume that (G,�,�) is a Galois algebra. Then the fol-
lowing conditions are mutually equivalent.

1. � ⊆ �̃ and �̃ = � ;
2. (�,�) is a perfect Galois connection;
3. � ◦� ⊆ id and � ◦� = id;
4. � ◦� ⊆ id and � ◦� ⊆ id and � T = T .

We omit the proof because it is completely straightforward. Some authors
call a pair of functions satisfying these four conditions an injection-projection
pair.

4 Sequential Algebra

Galois algebra is an excellent tool for reasoning about the possible behaviours
of reactive programs, but its ability to describe a system in term of its con-
stituent parts is very limited. To allow compositional reasoning, an algebra must
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have operations that correspond to the ways larger programs can be built as
a combination of smaller ones. For example, the behaviour of a program that
is constructed as a non-deterministic choice between, say, P and Q is obtained
as the disjunction of the behaviours of P and Q. But apart from disjunction
and conjunction, Galois algebra has no operators for combining the meaning of
subprograms. The most notable omission is sequential composition. Therefore
we shall now investigate Boolean algebras with a binary composition operator.
These correspond to a class of programming calculi which is roughly delineated
by the following two principles:

– each program or system P is described by a set whose elements represent
single observations of a single experiment on P , according to the catch phrase
‘Programs are Predicates’ [20];

– there is a sequential composition operator that can make a possibly longer
observation x; y from subobservations x and y.

The earliest and most well-known such calculus is the calculus of binary rela-
tions [41], which has been remarkably successful in reasoning about possibly
non-deterministic systems [31,21,4,26,7], provided that their behaviour can be
fully characterized by observation of just their initial and final states. Many
alternative models have been proposed for reactive systems, whose behaviour
between initiation and termination is also of significance.

A common feature of these calculi is that past observations cannot be can-
celled or undone by what comes after. As a consequence, the converse operator
of relation algebra must be abandoned. We will see that the converse opera-
tor can be replaced with left and right division operators, with the effect that
much of relation algebra is preserved. Axiomatizing the resulting structure pro-
duces the notion of a sequential algebra, and its theory is the sequential calculus,
which provides a set of algebraic laws for many models of programs and reactive
systems.

Sequential algebra is the lowest common denominator of a number of for-
malisms that are built around a sequential composition operator, including re-
lation algebra, regular expressions, dynamic logic, interval temporal logic and
the duration calculus. In addition, the temporal logics like LTL and CTL can
be modelled inside sequential algebra, which therefore serves as an anchor for
combining and unifying theories.

The sequential calculus integrates specification operators like negation and
the temporal connectives in a single algebra with programming constructs like
conditionals and recursion and thereby allows to move from a specification to a
program by stepwise refinement, where each step is justified by an algebraic law.
This has been illustrated in [5] and [6], using CSP as the programming language.

The downside of power is complexity. Already Tarski’s calculus of relations
is very badly behaved, logically speaking: It is undecidable and seriously incom-
plete (to the point that it cannot be made complete by adding finitely many
axioms). Since sequential algebra generalizes relation algebra, it inherits this
deficiency. However, neither undecidability nor incompleteness has been consid-
ered an impediment for relational reasoning about programs. Also, practitioners
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are not expected to work directly in abstract sequential algebra, but always in
some subtheory suitable to the problem domain, and endowed with additional
operators and axioms, which may well be decidable or complete.

4.1 Observations

Before the design of a new system, or the analysis of an existing one, can start we
need to determine those properties that are essential to its function. Following
established practice in physics and engineering, unnecessary detail is eliminated
by restricting attention to observation of relevant data. Choosing the appropri-
ate set of allowed observations is a difficult task, and one with many degrees of
freedom. It is a fair assumption that here is one of the reasons why so many com-
peting and often only marginally different theories of programming and system
design have emerged.

We aim at a calculus that is applicable to many different kinds of observa-
tions. Let us simply say that a system is represented by the set of all observa-
tions that could be made on it, and try to develop a calculus of systems from
this premise. Any calculus for sets should start from consideration of the prop-
erties of their members. What kind of observations we can make depends on the
type of experiment we conduct. Typically, such an experiment — or test, as it
is more commonly called in computing — is performed by providing some input
and then recording the system’s reaction, or at least some essential aspect of it.

A simple test is to start a system in some predetermined state and then
to measure its final state, if it reaches one. If successful, this test yields a pair
(s, t), where s and t are drawn from the same set of states. Axiomatic relation
algebra [41,38] formalizes the calculus of sets of such pairs. It has a subtheory,
called the interval calculus [9], obtained by requiring s and t to be related by a
total ordering (s ≤ t).

A different kind of test, often carried out on automata, is to present a system
with a sequence of stimuli which it may or may not accept. An observation can
then be formalized as a finite sequence, and regular expressions [24] provide a
calculus for sets of observations. An interesting variation is Dijkstra’s regularity
calculus [13] which admits backtracking by giving negative stimuli; this gives the
set of observations the structure of a free group. Also the traces and refusals used
for describing Communicating Sequential Processes [19] belong in this class.

A more radical approach is to observe the system state at each point in its
life-time. In interval temporal logic e.g. [32,43,47], the observations are timing
diagrams : functions from time intervals to states, where time is a total ordering
and may be discrete or continuous, finite or infinite.

A common property of all these observation spaces is the existence of a
composition operation which makes a possibly longer observation x; y from sub-
observations x and y. For the set of strings over some alphabet this is just
concatenation, and for free groups it is the group multiplication. In other cases,
composition is a partial operator: in the relational calculus, the pair (r, s) can
be composed with (s′, t) only if s = s′; and when this equality holds, the inter-
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mediate state is omitted:
(r, s); (s, t) = (r, t).

Similarly, for timing diagrams, composition is defined only when the end time
and final state of the first operand are the same as the start time and initial
state of the second operand. Then the two functions are compatible, so that
their union is a function and can be taken as the result of the composition.

We are mainly interested in properties shared by all the observation spaces
in question. The first and most important such property is the associativity of
composition:

(O1) (x; y); z = x; (y; z) provided both sides are defined.

To help reasoning about the definedness of composition, we introduce two
functions between observations. Each observation x has a left unit ←x and a right
unit →x , which satisfy the unit properties for composition:

(O2)
←
x ;x = x = x;→x.

For example, in the relational and interval calculi
←−−
(s, t) = (s, s) and

−−→
(s, t) = (t, t).

If x is a timing diagram then ←x is the initial state and time, whereas →x is the
final state and time. In both cases, and in all others, we have

(O3) x; y is defined ⇔ →
x = ←y .

In a space of strings (as in a free group) there is just a single unit for compo-
sition, the empty sequence. As a consequence, → and ← are constant functions,
and composition is everywhere defined.

The unit functions have two additional properties: they map units to them-
selves,

(O4) (e = ←x) ∨ (e = →x) ⇒ (←e = e = →e ).

and they depend only on the left or right operands of composition

(O5)
←−−
x; y = ←

x and −−→
x; y = →y provided x; y is defined.

Note that (O3) and (O5) allow us to drop the proviso in (O1), as the definedness
of either side now implies the definedness of the other side.

These properties endow the set of observations with the structure of a small
category. This gives some hope that our calculus may have even wider applica-
tions than those listed. But no acquaintance with category theory is needed for
an understanding of this section, or for application of its results.

We assume that an observer will not discard information, once it has been
obtained. This postulate is known as cancellativity, and it holds in all the obser-
vation spaces mentioned so far, and in all that we shall mention later.

(O6) (x; y = x′; y)⇒ (x = x′) and (x; y = x; y′)⇒ (y = y′).
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When observations are allowed to take an infinite time, cancellativity is usually
lost. For example, in the space of finite and infinite strings we have a; aω = aa; aω.
We shall later see that the cancellativity postulate may safely be replaced with
the following weaker axiom

(O6) If (x; y) is a unit then so is y;x .

For the moment, however, we shall assume cancellativity, because it makes the
presentation simpler.

Summing up, an observation space is a set equipped with two unary opera-
tions ← and →, and one (possibly partially defined) binary operation ; satisfying
(O1–O6).

The observation space that consists of all pairs of states enjoys another char-
acteristic property, namely

(O7) for all units e and f
there is an observation x with ←x = e and →x = f .

An observation space satisfying (O7) is said to be simple.
The following axiom clearly distinguishes the relational and regularity calculi

from all the others. These two calculi apply to systems in which each observation
x has an inverse x−1, which cancels its effect:

(O8) x−1;x = →x and x;x−1 = ←x.

(O1–O8) are the defining properties of a groupoid [8,11]. On the other hand, in
reactive systems, it is not possible to backtrack or rewrite history by an inverting
operation. The only action that can be undone is the trivial action that has not
actually done anything, i.e. a unit ←z ; all other observations record some real
progress. Accordingly, an observation space is said to be an antigroupoid if and
only if

(O8) x; y = ←z implies x = y = ←z .

The existence of a converse operator is an extremely helpful circumstance;
which is why group theory has been so much more successful than semigroup
theory. But even in its absence, we may be able to find a substitute. For ex-
ample, the natural numbers do not have a converse operation with respect to
multiplication; the only natural number the converse of which is also a natural
number is one. Still we can define a division operator on natural numbers by

x÷ z = y if and only if x = yz (x, y, z ∈ N),

which is a useful operation, although it is only partially defined. Similarly we
can define the right quotient of two observations x and z by

x ; - z = y if and only if x = y; z.
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If there is no y with x = y; z then x ; - z is undefined. The cancellativity axiom
(O6) ensures that there cannot be more than one solution y to the equation
x = y; z. Unlike integer multiplication, composition of observations is not com-
mutative and so there are two distinct division operations. Cancelling y from
the left of x is defined by

y -; x = z if and only if x = y; z.

If observers cannot be distributed in space we may assume that the progress
of time is linear within any single observation. Linear observations enjoy a special
property. If a linear observation is decomposed in two different ways, then the
two transition points can be ordered in time. This concept is formalized easily.
First, x is an initial subobservation of z if x; y = z for some observation y. Now
an observation z is linear if the initial subobservations of z are totally ordered
in the following sense: For any initial subobservations x and y of z it is true that
either x is an initial subobservation of y or y is an initial subobservation of x.
An observation space is said to be locally linear if all its elements are linear:

(O9) If x; y = x′; y′ then
there is some r such that either x′ = x; r or x = x′; r.

All observation spaces mentioned so far satisfy (O9). However, combining
two observation spaces L1 and L2 into a composite space L1 × L2 models hav-
ing two independent observers each contributing one component of the overall
observation, and in the absence of synchronization, local linearity is lost. Other
examples of non-linear observations are bags (with bag union as composition),
Mazurkiewicz traces [28] and pomsets [36].

It is sometimes convenient to encode the entire history of an observation into
its final state, for example using a history variable. In a deterministic setting
we have a dual situation: The entire observation is implicit in its initial state,
except that the observer may have a choice when to terminate the experiment.
In either case, we obtain a stronger calculus, so it is worthwhile to formalize
these notions.

Two observations x and y are co-initial (respectively co-final) if ←x = ←
y

(respectively →x = →y ). An observation space is called right confluent if and only
if

(O10) For any pair x and y of co-initial observations
there is an observation z such that
both x and y are initial subobservations of z.

Symmetrically, an observation space is left confluent if any two co-final observa-
tions are final subobservations of some common observation z.

Bags, groups and the spaces of pairs or intervals are both left and right con-
fluent, but the spaces of strings or timing diagrams are neither. The observation
space consisting of all finite paths through a fixed tree (starting at any node and
always moving away from the root) is left confluent but not right confluent.
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A locally linear observation space U satisfying (O8) may be visualized as
a set of lines or curves that may overlay each other and can be concatenated
when adjacent. For example, they might be segments of particle trajectories
through phase space. In this picture right confluence means that trajectories
do not branch. In other words, each trajectory is completely determined by its
initial state. For this reason, an observation space that is locally linear and right
(left) confluent is said to be right linear (left linear). An observation space is
linear if it is both left and right linear.

Let us forestall a possible misunderstanding. Linear observation spaces can
be quite appropriate for describing non-deterministic systems, as witnessed by
the relational calculus. Non-determinacy is modelled by admitting that several
different observations can be made on the same system.

4.2 Lifting to Sets

The objective of sequential algebra is to formalize a calculus of sets of observa-
tions in the same way that the relational calculus helps in reasoning about sets
of ordered pairs. Assume G is a given universe of observations. Our first step is
to restore as much as possible of the standard theory of relation algebra. The
axioms formalizing a Boolean algebra are obviously inherited by the powerset of
any carrier set of observations; we can therefore concentrate on the specifically
relational laws, involving composition and units.

Relational composition is just a lifted form of the composition of observations;
and our more general composition is defined similarly: For arbitrary R,S ⊆ G
let

(G1) R;S =df {r; s | r ∈ R ∧ s ∈ S ∧ r; s is defined}.
This has the advantage of being defined everywhere. We often write RS

instead of R;S, but we do use the semicolon when it helps visual grouping.
In both cases, composition binds more strongly than union and intersection.
Composition has a unique identity, which is the set of all unit observations

(G2) I =df {←x | x ∈ G}.
Let us consider first the case where G is a groupoid. Then G has a converse

operation, which may also be lifted to the set level

(G3) R∪ =df {r−1 | r ∈ R}.
So the calculus of sets of observations has the same operators, and indeed

the same axioms, as the relational calculus.1 Formally speaking, the powerset
of a groupoid, with the operations defined by (G1–G3), constitutes a relation
algebra. We recall the definition:
1 This has been known for long, especially in the case where G is a group. See [23] for

historical details. Dijkstra called this fact to the attention of the computer science
community by basing his regularity calculus on it [13].
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Definition 93 (Relation Algebra). A relation algebra is a complete Boolean
algebra (R,∩,∪, · ) with additional operators ; and ∪ satisfying

1. composition is associative and has a unit I ;
2. the Exchange law

PQ∪ ∩R = O ⇔ P ∩RQ = O ⇔ R∪P ∩Q = O .

The second axiom is also called the Schröder equivalence; the term ‘exchange’
is due to Dijkstra. All the familiar equational and inequational laws governing
composition and converse of binary relations can be deduced from the above
axioms [41,38]. See [25] for a historical review of the research on relation algebras
and [10] for its current uses in computing.

Nothing more needs saying about a calculus for subsets of a groupoid G. But
the groupoid axiom (O8) fails in most observation spaces used for modelling re-
active systems because the impossibility of backtracking precludes the existence
of inverse observations. However, it is often possible to embed a given observa-
tion space U into a groupoid G. If so, we can continue to use relation algebra
for reasoning about sets of observations, and the relational axioms are comple-
mented by additional laws relating U to G. Our starting point is the following
proposition.

Proposition 94. Assume G is a groupoid and U is a subset of G. Then U is an
observation space if and only if U is a preorder, in the sense that the following
two inequations hold:

(L1) UU ⊆ U ; (Transitivity)

(L2) I ⊆ U. (Reflexivity)

Now assume that U ⊆ G is indeed transitive and reflexive. Our next goal is
to capture other interesting qualities of observation spaces at the set level.

Proposition 95 (Symmetry). U is a groupoid if and only if

(L3) U∪ ⊆ U . (Symmetry)

Proposition 96 (Antisymmetry). U is an antigroupoid if and only if

(L4) U∪ ∩ U ⊆ I . (Antisymmetry)

Proposition 97 (Simplicity). U is simple if and only if

(L5) I ⊆ UPU∪ for all non-empty P ⊆ U . (Tarski’s Rule)

Since Tarski’s rule holds for the set of all binary relations on a fixed set, some
authors include it in the definition of a relation algebra. Those who do not, call
a relation algebra simple if and only if it satisfies Tarski’s rule. Since we defined
simplicity at the observation level we obtained the equivalence of simplicity with
Tarski’s rule as a theorem.
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Proposition 98 (Local Linearity). U is locally linear if and only if

(L6) UU∪ ∩ U∪U ⊆ U ∪ U∪. (Local Linearity)

It is instructive to interpret (L6) in the case where U is a concrete partial
order. For better readability let us write x ≤ y instead of (x, y) ∈ U . Then (L6)
holds if and only if the set of points between any given ordered pair a ≤ b forms
a linear chain

a ≤ x, y ≤ b ⇒ x ≤ y ∨ y ≤ x .

In other word, the Hasse diagram of ≤ possesses no diamonds, which is why
locally linear orders are sometimes called poorsets, or antilattices. Figure 4 shows
the smallest partial order which is not locally linear.










❅
❅
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a
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Fig. 4. The smallest non-locally-linear partial order

Proposition 99 (Confluence). U is right confluent if and only if

(L7) U∪U ⊆ UU∪. (Right Confluence)

In the case where U is a concrete preorder ≤, (L7) stipulates that every triple
a ≤ x, y can be completed to a diamond a ≤ x, y ≤ b as in Figure 4. This is
indeed the usual definition of confluence. Similarly, U is left confluent if and only
if UU∪ ⊆ U∪U .

Proposition 100 (Right Linearity). Recall that U is right linear if and only
if U is locally linear and right confluent. It follows that U is right linear if and
only if

(L8) U∪U ⊆ U∪ ∪ U. (Right Linearity)

In the case where U is a partial order ≤, right linearity means that for any
given x the set of all y with y ≥ x forms a linear chain.

The correspondences (L3–L8) capture properties of individual observations
at the level of sets, so that they can be exploited in a relational calculus of
system descriptions. Of course, this works only for observation spaces that can
be embedded into groupoids. The following theorem breathes life into the above
correspondence results.



346 Burghard von Karger

Theorem 101 (Embedding Theorem of Sequential Algebra). Every lo-
cally linear observation space can be embedded into a groupoid.

Proof. The proof of this theorem is given in [45].

In general the assumption of local linearity cannot be dropped. In the special
case where composition is total, the existence of an embedding can be reformu-
lated as: can every cancellative semigroup be embedded into a group? which was
believed to be true for many years before Malcev finally discovered a counterex-
ample (see [12], volume 2 for details).

The embedding theorem clarifies the link between the two main classes of
observation spaces, namely groupoids and locally linear spaces. A valuable con-
sequence is that we can use the relational calculus for reasoning also about sets
of observations that cannot be inverted, simply by postulating the missing in-
verses. The additional flexibility may be valuable for specification and design,
even though any implementation must be confined to sets of proper observations.
And finally, the relational calculus, including the converse operator, can be used
to define the primitive operations and prove the basic axioms of a more specific
calculus for sets of observations. That will be done in the following section.

4.3 Sequential Set Algebras

Let us now confine attention to subsets P, Q, R of an observation space U . Our
goal is to define operators on subsets of U which are similar to the relational op-
erators, and to establish a collection of algebraic laws describing their properties.
By the embedding theorem (Theorem 101) it is no significant loss of generality
to assume that U is a reflexive and transitive subset of some groupoid G.

The main difference between a calculus for U and a calculus for G is the
absence of a converse operator. If P is a subset of U , then P∪ is not a subset of
U (except in the special case where P ⊆ I ). We will use the division operators
as a substitute. Just like composition, division can be lifted to sets:

(G4) R ; - S = {r ; - s | r ∈ R ∧ s ∈ S ∧ r ; - s is defined}

(G5) R -; S = {r -; s | r ∈ R ∧ s ∈ S ∧ r -; s is defined}.
The powerset of an observation space U equipped with the constant I and

the further operations defined by (G1), (G4) and (G5) is called the sequential
set algebra over U .

Definition 102 (Priorities). By convention, composition and division bind
more tightly than union and intersection. When composition is expressed by jux-
taposition, it binds more tightly than division (i.e. PQ ; - R = (PQ) ; - R).

When an embedding groupoid G is available, we can use relation algebra to
develop the theory of sequential set algebras. This is true because the division
operators can be expressed in terms of the relation-algebraic ones.

(L9) R ; - S = RS∪ ∩ U .

(L10) R -; S = R∪S ∩ U .
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The axioms of the relational calculus together with the axioms (L1–L2) and
equations (L9–L10) above constitute a calculus for subsets of an observation
space. In addition, each of the further axioms (L3–L8) may be adopted or rejected
individually.

Many laws of this calculus are hedged with side conditions on their free
variables, and it turns out to be quite painful to work with two ‘universes’ G and
U , each with their own complement operations. Therefore we plan to eliminate
the converse operator completely, so that we can restrict attention to subsets
of U . Unlike converse, division does not introduce artificial observations: when
R and S are subsets of U then so are R -; S and R ; - S. Therefore division is,
besides composition, a basic constituent of the new calculus. As a final boon, we
will discover that the reduced calculus applies to a wider range of models.

To put our plan into action we replace the axioms and correspondences in-
volving converse by laws that employ division instead. We will use the relational
calculus to prove the replacements as theorems of the old calculus before we take
them as axioms of the new one. In the remainder of this section, P , Q, and R
denote subsets of U .

Proposition 103 (Exchange Axiom). To translate the exchange law from
relation algebra to sequential algebra, we simply replace PQ∪ with P ; - Q and
P∪Q with P -; Q. Each of the equations states that there are no p ∈ P , q ∈ Q
and r ∈ R such that q = p; r (see Figure 5).

P -;Q ∩ R = O ⇔ Q ∩ PR = O ⇔ Q ; - R ∩ P = O .

As an aid to memory note that the first equation is obtained from the second
one by cancelling P from the left. If, instead, we cancel R from the right we
obtain the last equation. Alternatively, try to remember that composing with P
from one side is conjugate to dividing by P from the same side.

✲
✲ ✲

q ∈ Q

p ∈ P r ∈ R

Fig. 5. The exchange law in sequential algebra

Proof. By symmetry, we need only show the first equivalence.

P -;Q ∩ R = O

⇔ { (L10) }
P∪Q ∩ U ∩ R = O

⇔ { R ⊆ U }
P∪Q ∩ R = O

⇔ { Exchange law of the relational calculus }
Q ∩ PR = O .
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Proposition 104 (Euclidean Axiom). A look at Figure 6 reveals an associa-
tivity between ‘cutting’ and ‘pasting’. The name of this axiom is motivated by a
geometric interpretation which we will not explain here. The interested reader is
referred to [37].

P (Q ; - R) ⊆ PQ ; - R.

✲
✲ ✲

r ∈ R

p ∈ P q ∈ Q

Fig. 6. The Euclidean Axiom

Proof.

P (Q ; -R)
= { (L9) }

P (U ∩ QR∪)
⊆ { Monotonicity of composition }

PU ∩ PQR∪

⊆ { PU ⊆ UU ⊆ U , by transitivity (L1) }
U ∩ (PQ)R∪

= { (L9) }
PQ ; - R .

Proposition 105 (Reflection Axiom).

I ; - P = P -; I .

Proof.
I ; - P = IP∪ ∩ U = P∪I ∩ U = P -; I .

The reflection axiom is valuable because it allows us to define I ; - P as the
weak converse of P without breaking symmetry. The weak converse operator is
studied in [45].

The three axioms proved above (Exchange, Euclid and Reflection) are valid
in all calculi we have discussed. It now remains to discover axioms that capture
additional properties that distinguish the calculi from each other.

Proposition 106 (Symmetry). Recall that an observation space U is sym-
metric, U∪ = U , if and only if every observation has an inverse. We can express
symmetry without using converse:

I ; - U = U ⇔ U is symmetric.
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Proof.

U is symmetric
⇔

U ⊆ U∪

⇔
U = U∪ ∩ U

⇔
U = IU∪ ∩ U

⇔
U = I ; - U .

Proposition 107 (Antisymmetry). At the other extreme, an observation
space is antisymmetric, U ∩ U∪ = I , when only unit observations have a con-
verse. Here is a converse-free version of this statement; note the nice contrast
to the formula expressing symmetry.

I ; - U = I ⇔ U is antisymmetric.

Proof.

U is antisymmetric
⇔

U ∩ U∪ = I
⇔

U ∩ IU∪ = I
⇔

I ; - U = I .

Proposition 108 (Simplicity). It is obvious from (L9) that I ⊆ UPU∪ is
equivalent to I ⊆ UP ; -U . Thus we can reformulate Tarski’s Rule (the condition
for simplicity) as follows:

P "= O ⇒ I ⊆ UP ; - U . (Tarski’s Rule)

Proposition 109 (Local Linearity). Assume that U is locally linear: UU∪ ∩
U∪U ⊆ U ∪ U∪. Suppose we take a composite observation p; q and cut r off its
right, say x = (p; q) ; - r. Then x; r = p; q and local linearity allows us to order
the two cut points in time; the two possibilities are illustrated in Figure 7.

This suggests the following strengthening of the Euclidean axiom.

PQ ; - R = P (Q ; - R) ∪ P ; - (R ; - Q)

Proof. By Euclid we have P (Q ; - R) ⊆ PQ ; - R . Less obviously, the Eu-
clidean axiom also implies P ; - (R ; - Q) ⊆ PQ ; - R ; this will be shown in
Proposition 130. Here, we show the inclusion from left to right.
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✲
✲ ✲

✲
r ∈ R

p ∈ P q ∈ Q

x
✲

✲ ✲
✲

r ∈ R

p ∈ P q ∈ Q

x

Fig. 7. Local linearity: either x ∈ P (Q ; -R) or x ∈ P ; - (R ; -Q)

PQ ; -R
= { (L9) }

U ∩ P (QR∪)
⊆ { Dedekind law of the relational calculus (cf. 18) }

U ∩ P (P∪U ∩QR∪)

⊆ { P∪U ∩QR∪ ⊆ U∪U ∩ UU∪ ⊆ U ∪ U∪ ,
by local linearity (L6)

}
U ∩ P ((U ∪ U∪) ∩ QR∪)

⊆ { ∩ distributes over ∪ }
U ∩ P ((U ∩QR∪) ∪ (U∪ ∩QR∪))

= { U∪ ∩QR∪ = (U ∩RQ∪)∪, (L9) }
U ∩ P (Q ; -R ∪ (R ; -Q)∪)

⊆ { Composition distributes over ∪, (L9) }
P (Q ; -R) ∪ P ; - (R ; -Q) .

Proposition 110 (Confluence). Suppose U is right confluent, U∪U ⊆ UU∪,
and consider two observations x and y as depicted in Figure 8. Clearly, y extends
an initial subobservation of x, but due to confluence we might as well say that y
is an initial subobservation of some extension of x.

This is captured in the following law.

(P ; - U)U = PU ; - U.

x

y

Fig. 8. Right confluence
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Proof. The inclusion PU ; - U ⊆ (P ; - U)U can be proved without the axiom of
confluence (see Proposition 146). Here we prove the inclusion from left to right
using transitivity (L1) and confluence (L7).

(P ; - U)U
=

(PU∪ ∩ U)U
=

PU∪U ∩ UU

=
PUU∪ ∩ U

=
PU ; - U .

Similarly, U is left confluent if and only if

U (U -; P ) = U -; UP .

And, of course, U is confluent when U is both left and right confluent.

Proposition 111 (Right Linearity). Assume U is right linear, so that we
may visualize observations as unbranching trajectories, and let x = (p ; - q) ; r ∈
(P ; -Q) ; R. Then q and r are co-initial, so one must be an initial subobservation
of the other. The two possible cases are depicted in Figure 9.

(P ; - Q)R ⊆ P ; - (R -;Q) ∪ P (Q -;R) .

Proof.

(P ; -Q)R
= { (L9) }

(PQ∪ ∩ U)R
⊆ { Monotonicity }

PQ∪R ∩ UR

⊆ { R ⊆ U , transitivity (L1) }
PQ∪R ∩ U

✲p ∈ P
✲q ∈ Q

✲r ∈ R
✲x

✲p ∈ P
✲q ∈ Q

✲r ∈ R
✲x

Fig. 9. Right linearity: either x ∈ P ; - (R -;Q) or x ∈ P ;Q -;R
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⊆ { Q∪R ⊆ U∪U ⊆ U∪ ∪ U , by Right Linearity }
P (Q∪R ∩ (U∪ ∪ U)) ∩ U

⊆ { Relational calculus }
(P (R∪Q ∩ U)∪ ∩ U) ∪ P (Q∪R ∩ U)

⊆ { (L9) and (L10) }
P ; - (R -;Q) ∪ P (Q -;R) .

Proposition 112 (Absence of Branching). Suppose U is both left and right
linear. Then we have the previous inequation and its dual. These two can be
combined into a single equation

(P ; - Q)R ∪ (Q ; - P ) -;R = P ; - (R -;Q) ∪ P (Q -;R) .

Proof. The two sides of the above equation are mirror images, so it is sufficient
to prove, say, the inclusion from left to right. By the axiom of right linearity,
(P ; -Q)R is contained in the left hand side, so it remains to prove that

(Q ; - P ) -; R ⊆ P ; - (R -;Q) ∪ P (Q -; R) .

This inequation follows from right linearity. We leave the proof as an exercise.

4.4 Abstract Sequential Algebras

Before taking the next abstraction step, let us review what we have achieved
so far. We started by embedding an observation space U into a groupoid G,
because the subsets of G enjoy the same algebraic properties as binary relations.
Then we noticed that U is characterized within G by precisely the same laws
that define a preorder.

At this stage we performed our first abstraction. We replaced the powerset of
G by an arbitrary relation algebra R, and the observation space U by a reflexive
and transitive element of R (also denoted U). In doing so, we moved to an
abstract universe and restricted ourselves to formal axiomatic reasoning.

Within this calculus we defined division operators and derived their funda-
mental laws, without ever referring to concrete observations. After doing this we
are able to drop the converse operator and restrict the calculus to those elements
of the underlying relation algebra that represent sets of proper observations.

Now we take a second abstraction step, dropping the assumption that there
is an embedding relation algebra in which a converse operation is defined. We
do this by taking the operators and laws of the restricted first calculus as an
axiomatic definition of a new calculus.

Definition 113. A sequential algebra is a complete Boolean algebra (S,∩,∪,¬)
with greatest element U and least element O, equipped with three additional bi-
nary operators (composition, left division and right division) satisfying the fol-
lowing axioms.
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– (S, ; ) is a monoid with an identity I (Monoid)
– P -;Q∩R = O ⇔ Q∩PR = O ⇔ Q ; -R∩P = O (Exchange)
– P (Q ; - R) ⊆ PQ ; - R (Euclid)
– I ; - P = P -; I (Reflection)

A sequential algebra is called symmetric, simple, locally linear, confluent etc.
if the corresponding axiom (Propositions 106 to 112 of Section 4.3) is valid. The
elements of a relation algebra are called relations or (in the Dutch school) specs.
By analogy, an element of a sequential algebra is called a sequential, or seq for
short.

Proposition 114 (Correspondences). Let U be an observation space and let
S be the sequential set algebra over U . Then S satisfies the axioms in Defini-
tion 113. Moreover, we have the following correspondences.

(i) S is symmetric ⇔ U is a groupoid;
(ii) S is antisymmetric ⇔ U is an antigroupoid;
(iii) S is simple ⇔ U is simple;
(iv) S is locally linear ⇔ U is locally linear;
(v) S is right (left) confluent ⇔ U is right (left) confluent;
(vi) Assume that S is locally linear. Then we have

S is right (left) linear ⇔ U is right (left) linear.

Remark 115 (A Nonstandard Model). Every sequential set algebra satis-
fies the four axioms in Definition 113. On the other hand, not every sequential
algebra is a sequential set algebra. For example consider a non-cancellative ob-
servation space. In the absence of cancellativity we cannot define the quotient of
two observations. For when x; y = z = x′; y then z ; - y must be equal to both x
and x′. But we can still define division on the level of sets:

(G′4) R ; - S = {x | ∃r ∈ R, s ∈ S : x; s = r}
(G′5) R -; S = {x | ∃r ∈ R, s ∈ S : r;x = s}.

As an example, consider the set A∗ ∪ Aω of all finite and infinite strings over
A. The composition of two strings is defined as concatenation when the first
operand is finite, but s; t = s when s is infinite. Then A∗ ∪Aω is an observation
space, except that it is neither left nor right cancellative. Thus the powerset of
A∗ ∪ Aω is not a sequential set algebra, but the following result shows that it is
a sequential algebra.

Proposition 116. Assume U satisfies (O1–O5) and

(O′6) If (x; y) is a unit then so is y;x .

Then the powerset of U is a sequential algebra, with division defined by (G′4) and
(G′5). On the other hand, there is no way of embedding the powerset of A∗ ∪Aω

into a relation algebra. This shows that sequential algebra is truly more general
than relation algebra.
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The assumption (O′6) is necessary for ensuring the reflection axiom (which
previously followed from cancellativity). In view of this proposition you might
ask why we required cancellativity in the first place. Without cancellation, we
could not have defined the quotient of two observations, which would be a pity
because the lifted definitions (G4) and (G5) are much more intuitive than (G′4)
and (G′5). Even more seriously, it is impossible to embed any non-cancellative
space into a groupoid. Of course, we might just have taken Definition 113 as
our starting point—that would certainly have saved a lot of work. But such a
presentation would not explain our particular choice of axioms, and it would not
do justice to the intimate connection between sequential and relational algebra.

4.5 Time-Wise Duality

An apparent flaw in the definition of a sequential algebra is the asymmetry of the
Euclidean axiom. Some of the optional axioms also appear to violate symmetry.
We shall remove these blemishes now by showing that these axioms do, in fact,
imply their mirror images, so that time-wise duality is preserved after all.

Theorem 117 (Euclidean Axiom (dual version)). In every sequential al-
gebra we have

(P -;Q)R ⊆ P -; QR.

Proof.

(P -;Q)R ∩ X = O

⇔ { Exchange (heading for Euclid) }
P -;Q ∩ X ; -R = O

⇔ { Exchange }
Q ∩ P (X ; -R) = O

⇐ { Euclid }
Q ∩ (PX) ; - R = O

⇔ { Exchange (with the aim to isolate X) }
QR ∩ PX = O

⇔ { Exchange }
P -; QR ∩ X = O .

Taking X = ¬(P -; QR) yields the dual Euclid inequation.

Since the Euclidean axiom is the only axiom of sequential algebra that is not
obviously self-dual, it follows that sequential algebra enjoys perfect symmetry
between left and right (past and future) and that the time-wise dual of any
theorem is itself a theorem. Therefore, we will prove only one of each pair of
theorems we state.

Exercise 118 (Symmetry and Antisymmetry). It is immediate from the
reflection axiom that the symmetry axiom I ; - U = U and the antisymmetry
axiom I ; -U = I each imply their time-wise duals. As an exercise, we invite the
reader to prove this self-duality using exchange instead of reflection.
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Proposition 119 (Left and Right Linearity). Right linearity is independent
of left linearity, because there are observation spaces which are right linear but
not left linear (and vice versa). The same remark applies to confluence. But
the equation in Proposition 112, which subsumes both left and right linearity, is
self-dual.

Proposition 120 (Local Linearity). The axiom of local linearity also implies
its time-wise dual.

P -;QR = (P -;Q)R ∪ (Q -; P ) -;R.

Proof. By indirect equality:

P -;QR ∩ X = O

⇔ { Exchange, heading for local linearity }
QR ∩ PX = O

⇔ { Exchange }
QR ; -X ∩ P = O

⇔ { Local linearity (Proposition 109) }
(Q (R ; -X) ∩ P = O) ∧ (Q ; - (X ; -R) ∩ P = O)

⇔ { Exchange, with the aim of isolating X }
(R ; -X ∩ Q -; P = O) ∧ (Q ∩ P (X ; -R) = O)

⇔ { Exchange }
(R ∩ (Q -; P )X = O) ∧ (P -;Q ∩ X ; -R = O)

⇔ { Exchange }
((Q -; P ) -; R ∩ X = O) ∧ ((P -;Q)R ∩ X = O)

⇔
((Q -; P ) -; R ∪ (P -;Q)R) ∩ X = O .

Proposition 121 (Simplicity). Simplicity is also equivalent to its own dual

(∀P "= O : I ⊆ UP ; - U) ⇔ (∀P "= O : I ⊆ U -; PU).

The proof of this result is more difficult, so we postpone it until Proposition 147.

5 Relational Laws of Sequential Algebra

The sequential calculus provides a collection of algebraic laws which apply to
many more specialized calculi. This section and the next are intended as a ref-
erence and a number of the laws given here have been used without proof in
application papers [5,6,44,3]. Section 5 concentrates on re-proving many laws
of the relational calculus from the weaker assumptions of sequential algebra
whereas the first sections of Section 6 collects algebraic laws with a more dis-
tinct temporal flavor.
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5.1 Basic Laws

In this section we show the power of division in re-establishing many familiar
laws of the relational calculus. The following Dedekind laws are instances of the
general Dedekind law for conjugate functions (Theorem 18).

Proposition 122 (Dedekind Law of Composition). The Dedekind law al-
lows us to factor any expression of the form (P ∩ QR), either by pulling Q to
the left, or by pulling R to the right:

P ∩ QR ⊆ Q (Q -; P ∩ R) and P ∩ QR ⊆ (P ; - R ∩ Q)R .

Exercise 123. Show that the two Dedekind laws of composition can be combined
into the following law.

P ∩ QR ⊆ (P ; - R ∩ Q) (Q -; P ∩ R) .

Proposition 124 (Dedekind Law of Division). We may likewise factor P ∩
Q ; - R by pulling out the ‘denominator’ R.

P ∩ Q ; - R ⊆ (PR ∩ Q) ; - R .

An analogous rule holds for division from the left.

Exercise 125. Prove that the Dedekind inequations imply the exchange axiom.
Since every inequation P ⊆ Q may be written as an equation P ∩ Q = Q, it
follows that sequential algebras form a variety (also called an equational class).
The classical reference on varieties of relation algebras is [23].

Proposition 126 (Eliminate Division). The following laws are immediate
consequences of the exchange axiom:

¬(P ; - Q)Q ⊆ ¬P and ¬(PQ) ; - Q ⊆ ¬P .

Analogous rules apply to division from the left.

Proposition 127 (Associativity of Division). When cutting something off
an observation from both ends, it makes no difference which cut comes first.

P -; (Q ; - R) = (P -;Q) ; - R .

(see Figure 10). This law can be used tacitly by omitting parentheses.

Proof.

P -; (Q ; -R) ∩ X = O

⇔ { Exchange first P then R }
Q ∩ PXR = O

⇔ { do it again }
(P -;Q) ; -R ∩ X = O .
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✲
✲ ✲

Q

P R

Fig. 10. Associativity of division

Proposition 128 (Identity of Division).

I -; P = P = P ; - I .

Proof.

I -; P ∩ X = O

⇔
P ∩ IX = O

⇔
P ∩X = O .

Proposition 129 (Division by a Product). The relational converse reverses
the order of sequential components. So does division: Cutting an observation q; r
off p from the right has the same effect as first cutting off r, then q.

PQ -; R = Q -; (P -;R) and P ; - QR = (P ; - R) ; - Q.

(see Figure 11).

✲P
✲

Q
✲

R

Fig. 11. Division by a product

Proof. Exercise (use indirect equality and repeated application of exchange.)

Proposition 130 (Division by a Quotient). In the proof of Proposition 109
we claimed that one inclusion of the local linearity axiom followed from Euclid
and exchange. Here is the missing law:

P ; - (R ; - Q) ⊆ PQ ; - R and (Q -; P ) -; R ⊆ P -; QR .

(see Figure 12).
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✲
✲ ✲

R

P Q

Fig. 12. Division by a quotient

Proof. By indirect inequality.

P ; - (R ; -Q) ∩ X = O

⇔ { Exchange }
P ∩ X (R ; -Q) = O

⇐ { Euclid }
P ∩ XR ; - Q = O

⇔ { Exchange (twice) }
PQ ; - R ∩ X = O .

Now take X = ¬(PQ ; - R).

Remark 131 (A Counterexample). After we sacrificed the converse opera-
tion, which gives the relational calculus its characteristic power and expressive-
ness, it is gratifying to find that a large part of the relational calculus can be
salvaged with the aid of division—which at first sight may seem a poor substi-
tute for converse. However, there are limits. Consider the following theorem of
relational calculus

(PQ∪)R = P (Q∪R) .

Translating into the sequential calculus yields

(P ; - Q)R = P (Q -; R) ,

which is not a theorem. To see the problem consider Figure 13. At the level of
individual observations the equation (p ; - q) ; r = p ; (q -; r) is indeed valid —
but only when both sides are defined! If, say, r is ‘shorter’ than q, then only the
left hand side is defined. In a sense, this is the only place where the relational
calculus is stronger than the sequential calculus, as shown by the following result.

✲r ∈ R
✲q ∈ Q
✲p ∈ P

Fig. 13. Relational calculus is stronger than sequential calculus
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Theorem 132. A sequential algebra is a relational algebra (with the converse
operator defined by P∪ =df I ; - P ) if and only if the following identity is valid.

(P ; - Q)R = P (Q -; R) .

Proof. Exercise.

5.2 Predicates

In the relational calculus, a state s can be represented by the observation (s, s).
So, a predicate on states may be given as a set of observations x with ←x = x = →x .
Generalizing this idea to the sequential calculus, we call P a predicate if P ⊆ I .
By convention, B and C always denote predicates. The set of all predicates forms
a Boolean algebra (where the complement of a predicate B is I ∩ ¬B).

Predicates can play the rôle of pre- and postconditions. To specify that P
must refine Q, whenever precondition B holds, we write

BP ⊆ Q .

The following formula may be used to state that every execution of P that starts
from a state allowed by the precondition B will end in a state allowed by the
postcondition C:

BP ⊆ PC .

The last inequation is traditionally written in Hoare-logic style

B {P}C .

Proposition 133 (Superdistributivity). Pre- and postconditions distribute
over conjunctions, and may be shifted from one conjunct to another

B(P ∩Q) = BP ∩Q and (P ∩Q)B = P ∩QB .

Proof. By mutual inclusion.

BP ∩Q

⊆ { Dedekind law of composition (Proposition 122) }
B(P ∩B -;Q)

⊆ { B ⊆ I , identity law of division (Proposition 128) }
B(P ∩Q)

⊆ { Monotonicity }
BP ∩BQ

⊆ { B ⊆ I }
BP ∩Q .

Proposition 134 (Predicate Merge Law). Applying superdistributivity with
P = I and Q = C we find that the composition of two predicates is just their
conjunction.

BC = B ∩ C .
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Exercise 135 (Vectors). We have encoded sets of states as predicates, but that
is not the only possibility. Sets of states may also be encoded as vectors [38] (also
called left conditions [13]). A seq P is called a vector if there is a predicate B
such that P = BU . Show the following.

1. The set of all vectors forms a Boolean algebra;
2. P is a vector if and only if P = (P ; - U)U .

Proposition 136 (Division by a Predicate). Dividing by a predicate has the
same filtering effect as multiplying with the same predicate.

B -; P = BP and P ; - B = PB .

Proof.

B -; P ∩ X = O

⇔ { Exchange }
P ∩BX = O

⇔ { Superdistributivity }
BP ∩X = O .

Proposition 137 (Flip Quotient Law). By cancellativity, x; -y is a unit only
when x = y, in which case x ; - y = y ; - x. Therefore we have

P ; - Q ∩ I = Q ; - P ∩ I .

Proof. By indirect equality.

P ; -Q ∩ I ∩ X = O

⇔ { Exchange Q }
P ∩ (I ∩X)Q = O

⇔ { Division by a predicate (Proposition 136) }
P ∩ (I ∩X) -;Q = O

⇔ { Exchange I ∩ X }
(I ∩X)P ∩ Q = O

⇔ { Exchange P }
Q ; - P ∩ I ∩ X = O .

Proposition 138 (Predicate Quotient Laws). If x = p ; - q ∈ P ; - Q then
p and q are co-final (see Figure 14). Thus filtering the final state of p has the
same effect as filtering the final state of q.

It follows that a a postcondition can be shifted freely between the ‘numerator’
and the ‘denominator’ of a right quotient:

PB ; - Q = P ; - QB .

Moreover, p and x are co-initial, so a precondition may be moved freely from
P to P ; - Q:

BP ; - Q = B (P ; - Q) .
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✲p ∈ P
✲

x
✲

q ∈ Q

Fig. 14. Filtering final states

Finally, →x = ←
q , so a postcondition on P ; - Q translates to a precondition

on Q.
P ; - BQ = (P ; - Q)B .

Proof. We prove the first of the above three laws.

P ; - QB

= { Division by a product (Proposition 129) }
(P ; -B) ; - Q

= { Division by a predicate (Proposition 136) }
PB ; - Q .

The remaining two equations are left as exercises (hint: use associativity of di-
vision, Proposition 127).

5.3 Left and Right Domain

One of the qualities of an effective notation for reasoning about reactive systems
is the ability to express assertions about the initial and final state of a program,
the start and end of a phase, the transition of a state, or the rise and fall of a
waveform. Each of these events occurs at the boundary of an observation such
as the very first point in time for which a program is executing, or a system is
in a certain phase, or for which a waveform is high.

Every observation has a start point and an end point, and in a sequential set
algebra we may define left and right domain operators by

←
R =df {←x | x ∈ R } and

→
R =df {→x | x ∈ R } .

Definition 139 (Algebraic Definition). At the set level, the domain opera-
tors may be defined as follows:
←
R =df I ∩ R ; -R = I ∩ R ; -U and

→
R =df I ∩ R -;R = I ∩ U -;R .

We deduce the nontrivial inclusion of the equation I ∩ R ; - R = I ∩ R ; - U
from the Flip Quotient Law (Proposition 137) and the Dedekind Law of Division
(Proposition 124) as follows.

I ∩ R ; - U = I ∩ U ; - R ⊆ (IR ∩ U) ; - R = R ; - R .
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Each of the next three laws corresponds directly to one of the axioms of ob-
servation spaces. Such laws are especially helpful for translating proofs involving
individual observations to the set level.

Proposition 140 (Domain Identity Law). Observations are required to obey
the single-sided unit laws ←x ;x = x = x;→x . At the calculus level we have

←
RR = R = R

→
R .

Proof. Using the Dedekind law of composition (Proposition 122) we obtain

R = IR ∩R ⊆ (I ∩ R ; -R)R =
←
RR .

The converse inequation is trivial.

Proposition 141 (Domains of a Predicate). A unit observation e must be
equal to its left and right codomain. Since predicates represent sets of unit ob-
servations, the postulate ←e = e = →e translates to

←
B = B =

→
B .

Proof. ←
B = B ; -B ∩ I = BB ∩ I = B .

Proposition 142 (Definedness of Composition). Recall that we originally
introduced the domain operators on observations to characterize the definedness
of composition:

x; y is undefined ⇔ →
x "= ←y .

In the calculus, we have

PQ = O ⇔ →
P ∩ ←Q = O .

Proof. Assume first that
→
P ∩←Q = O. Then PQ = P

→
P
←
QQ = P (

→
P ∩←Q)Q = O as

well. Conversely, assume that PQ = O. Then
→
P ∩ ←Q

⊆ { Definitions }
P -; P ∩ Q ; -Q

⊆ { Dedekind law of division (Proposition 124) }
P -; (P (Q ; -Q))

⊆ { Euclid }
P -; (PQ ; - Q)

= { Assumption }
O .

Whenever a new operator is introduced, it is our duty to find out how it
distributes over the previously given ones. We already know that the domain
operators are disjunctive, and in the remainder of this section we determine the
left and right domains of intersections, products and quotients.
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Proposition 143 (Domains of an Intersection). The domain operators do
not distribute over conjunctions, but we have the following helpful law:

←−−−−
P ∩Q = P ; - Q ∩ I and

−−−−→
P ∩Q = P -;Q ∩ I .

Proof.

P ; -Q ∩ I
= { Dedekind law of division (Proposition 124) }

(P ∩Q) ; - Q ∩ I
= { Flip quotient (Proposition 137) }

Q ; - (P ∩Q) ∩ I
= { Repeat first two steps }

(P ∩Q) ; - (P ∩Q) ∩ I
= { Definition }←−−−−

P ∩Q .

Proposition 144 (Left Domain of Quotients).
←−−−−
P ; - Q =

←−−−−−−
P ∩ UQ and

←−−−
P -;Q =

−−−−−−−−→
P ∩ Q ; - U.

Proof. Both proofs use Proposition 143.
←−−−−
P ; -Q = (P ; -Q) ; - U ∩ I = P ; - UQ ∩ I =

←−−−−−−
P ∩ UQ .

←−−−
P -;Q = (P -;Q) ; - U ∩ I = P -; (Q ; - U) ∩ I =

−−−−−−−−→
P ∩ Q ; - U .

Proposition 145 (Left Domain of a Product).
←−−
PQ =

←−−
P
←
Q .

Proof. This is left as an exercise (if you can’t solve it, see [45]).

Proposition 146 (Confluence). Recall that a sequential algebra is confluent
if it satisfies (P ; - U)U = PU ; - U . When we established the correspondence
between properties of preorders and properties of sequential algebras, we claimed
that one inclusion of the confluence axiom was valid in every sequential algebra.
It is now time to discharge this proof obligation.

PU ; - U ⊆ (P ; - U)U .

Proof.

PU ; - U
= { Domain identity law (Proposition 140) }

(
←
PPU) ; - U

= { Predicate quotient law (Proposition 138) }
←
P (PU ; - U)
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⊆
←
P U

⊆ { Definition of
←
P }

(P ; - U)U .

Proposition 147 (Simplicity). Recall that a sequential algebra S is called sim-
ple if it obeys Tarski’s rule:

P "= O ⇒ I ⊆ UP ; - U .

In the case where S is a relation algebra, this is equivalent to the more familiar
law

P "= O ⇒ U = UPU .

In Proposition 121 we promised to show that Tarski’s rule implies its own tem-
poral dual. More precisely, we will now prove that

(∀P "= O : I ⊆ U -; PU) ⇔ (∀P "= O : I ⊆ UP ; - U).

Proof. By symmetry, we need only show one implication, so let P ∈ S and
assume that I ⊆ U -; QU for all non-zero Q. In the following calculation, B
ranges over predicates.

P "= O

⇔ { Domain identity law (Proposition 140) }
←
P "= O

⇒ { Definedness of composition (Proposition 139) }
∀B : I ⊆ −−→BU ⇒ BUP "= O

⇒ { Contraposition }
∀B : BUP = O ⇒ ¬(I ⊆ −−→BU)

⇒ { −−→BU ⊆ U -; BU by Proposition 139 }
∀B : BUP = O ⇒ ¬(I ⊆ U -; BU)

⇔ { Assumption }
∀B : BUP = O ⇒ B = O

⇒ { Take B = ¬←−UP }
¬←−UP = O

⇔
I =

←−
UP

⇒ { ←−UP ⊆ UP ; - U by Proposition 139 }
I ⊆ UP ; - U .

6 Interval Calculi

The previous section emphasized the similarities between the relational calculus
and the sequential calculus. We will now turn our attention to temporal phe-
nomena, especially ones that have a duration. Sections 6.1 and 6.2 explain how
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the sequential calculus is used for reasoning about intervals. Introducing states
and durations we successively extend sequential calculus and demonstrate how
it may be used in the design of reactive systems.

6.1 Somewhere and Everywhere

Relations are sets of pairs. An interval can also be described as a pair (a, b)
but there is the additional constraint that a should be less than or equal to b.
The presence of an ordering permits—and requires—the definition of temporal
concepts. All of these are related to the notion of subobservations. Let u and v
be observations. We say that u is a subobservation of v if the equation

x;u; y = v

can be solved. Every relation between observations can be lifted. Let P be a set
of observations. Then +✸P (‘somewhere P ’) is the set of all observations that
have a subobservation in P .

+✸P =df {x;u; y | x;u; y is defined and u ∈ P} = UPU.

The definition of +✸ in terms of sequential composition is well-known from in-
terval temporal logic and is used, for example, in [33,47]. The dual modality
(‘everywhere P ’) is defined by

+�P =df ¬+✸¬P ,

so x ∈ +�P just when all subobservations of x are in P . The +� and +✸ operators
(and their Galois adjoints) are referred to as interval modalities. By convention,
the interval modalities bind more strongly than composition and division. Ap-
plying the above definitions to relations is rather uninteresting, as can be seen
from the following restatement of Tarski’s rule:

+✸P = U unless P = O.

This indicates that our decision to abandon the converse operation was necessary
for obtaining an interesting and useful temporal calculus. We intentionally use
the same symbols +✸ and +� both in Galois algebra and for the interval modalities.
This is justified because — in the discrete setting at least — interval algebra is
a special case of Galois algebra in the sense that +✸ = �∗ where � is defined
by �P = step;P ∪ P ; step where step = ¬I ∩ ¬((¬I )(I )). Indeed, many laws of
interval algebra are familiar from Galois algebra, but the former is distinguished
from the latter by the existence of a composition operator. As a consequence, the
calculus of intervals is much richer than Galois algebra. The following properties
are immediate from the definitions.

Proposition 148 (Basic Properties).

1. +✸ is universally disjunctive and +� is universally conjunctive;
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2. +✸ and +� are idempotent;
3. +�P ⊆ P ⊆ +✸P .

Definition 149 (Galois Adjoints). As before, we let −✸ =df +�� and −� =df +✸�.
Then we have

−✸P = U -; P ; - U and −�P = ¬−✸¬P .

Since the somewhere operator is universally disjunctive, we obtain the usual
best-of-both-worlds and Dedekind laws.

Proposition 150 (Dedekind).

+✸P ∩ Q ⊆ +✸(P ∩ −✸Q) and −✸P ∩ Q ⊆ −✸(P ∩ +✸Q) .

Proposition 151 (Best of Both Worlds). If P holds everywhere and Q holds
somewhere then they must hold together somewhere.

+�P ∩+✸Q ⊆ +✸(P ∩Q) .

Proposition 152. Suppose that S is antisymmetric (i.e. I ; - U = I = U -; I ).
Then we have

+�B = B for every predicate B.

Proof.

B = +�B

⇔ { +�B ⊆ B by Proposition 148, definition of +� }
B ⊆ ¬(U(¬B)U)

⇔ { Exchange (twice) }
U -;B ; - U ⊆ B

⇐ { Euclid (twice) }
(U -; I )B(I ; - U) ⊆ B

⇐ { Antisymmetry }
true .

If the underlying sequential algebra has additional properties (such as anti-
symmetry, confluence or local linearity) then these can be exploited for the alge-
bra of intervals. Paragraphs 153 to 155 provide some examples. Note that the fol-
lowing absorption laws differ from those of LTL where we have +�+✸+�P = +✸+�P
(see Theorem 80).

Proposition 153 (Absorption Laws). Assume that S is antisymmetric.
Then we have

+✸ ◦+�◦+✸ = +✸ ◦+� and +� ◦+✸ ◦+� = +� ◦+✸ .

Proof. We need two auxiliary calculations. The first is:
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I ∩ +✸P

= { Definition of +✸ }
I ∩ UPU

= { Antisymmetry axiom,importability of I (Proposition 165) }
(I ∩ U)(I ∩ P )(I ∩ U)

= { Unit of composition }
I ∩ P .

The second auxiliary calculation is as follows

I ∩ P

= { Boolean algebra }
I ∩ ¬(I ∩ ¬P )

= { Previous calculation }
I ∩ ¬(I ∩ +✸¬P )

= { Boolean algebra, ¬+✸¬P = +�P }
I ∩+�P .

We can now prove the first claim in the Absorption Law (Proposition 153). The
inclusion from right to left follows immediately from Proposition 148(3). For the
other inclusion, we calculate:

+✸+�+✸P

= { +✸ I = U }
+✸(+✸ I ∩ +�+✸P )

⊆ { Best of Both Worlds }
+✸+✸(I ∩ +✸P )

= { +✸ is idempotent }
+✸(I ∩ +✸P )

= { Previous two calculations }
+✸(I ∩ +�P )

⊆ { Monotonicity }
+✸+�P .

The second absorption law follows from (logical) duality.

Remark 154 (Duality). In Galois algebra the operators +✸ and −✸ are time-
wise duals, but in interval algebra the symmetry is fundamentally broken. Here
+✸ and −✸ are self-dual, rather than each other’s duals. For example, the above
absorption laws do not have time-wise duals. The reader may wish to prove that
the expression −� ◦−✸ ◦−� cannot be reduced to a composition of only two operators
(unless S is confluent).



368 Burghard von Karger

Proposition 155 (Confluence). Assume that S confluent (see Proposition 110
for the definition and explanation of confluence in sequential algebras). Then +✸
and −✸ satisfy the left confluence law (cf. Section 3.5).

+✸ ◦−✸ ⊆ −✸ ◦+✸ .

Proof.

+✸ −✸P

= { Definitions, Associativity of Division (Proposition 127) }
U ((U -; P ) ; - U) U

⊆ { Euclid, dual version (Theorem 117) }
(U(U -; P ) ; - U) U

= { Left Confluence: U(U -; P ) = U -; UP }
((U -; UP ) ; - U) U

= { Associativity of Division (Proposition 127) }
(U -; (UP ; - U)) U

⊆ { Euclid }
U -; (UP ; - U)U

= { Right Confluence: (UP ; - U) U = UPU ; - U) }
U -; (UPU ; - U)

= { Definitions, Associativity of Division (Proposition 127) }
−✸ +✸P .

Exercise 156. Assume that S is confluent. Then we have the absorption laws

−� ◦−✸ ◦−� = −✸ ◦−� and −✸ ◦−� ◦−✸ = −� ◦−✸ .

6.2 Importability

A seq may be regarded as a property of observations; in this section we will study
the ways in which properties may be inherited by sub- and superobservations.
Inheritable properties abound in temporal algebra, and their identification is
useful because they obey additional distribution laws which aid compositional
reasoning [33].

Definition 157 (Importability). A seq P is importable if it is inherited by
subobservations

x; y; z ∈ P ⇒ y ∈ P .

which translates, at the set level, to

U -; P ; - U ⊆ P .

It is the latter inequality that we take as the definition of importability in an
(abstract) sequential algebra.
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Importable properties are extremely common. For example, take observations
to be timing diagrams and assume a to be one of the observable variables. Then
the set of all observations x satisfying any one given property from the following
list is importable:

– the length of x is at most 3.14;
– a is constant;
– a changes at most once;
– a changes continuously with time;
– the derivative of a exists everywhere;
– a increases all the time;
– a is always positive and

∫
x a dt < 1.414.

Note that importability is not a useful concept for relations, because a relation
is importable only if it is either empty or universal.

Definition 158 (Safety Properties). According to Manna and Pnueli’s book
on temporal logic, P is called a safety property if there is some Q with P = +�Q.
Since +� is idempotent, every safety property P satisfies P = +�P .

Proposition 159 (Characterizations of Importability). For any given
seq P , the following four statements are equivalent.

1. P is a safety property, i.e. P = +�P ;
2. P is importable, i.e. U -; P ; - U ⊆ P ;
3. ∀Q,R : P ∩ QR ⊆ (P ∩Q) (P ∩R).
4. ¬P is invariant under composition: U(¬P )U ⊆ ¬P ;

Proof. By mutual implication:

‘1⇒ 2’ P = +�Q

⇒ { +� is idempotent }
P ⊆ +�P

⇒ { +�P = ¬+✸¬P , Exchange }
U -; P ; - U ⊆ P .

‘2⇒ 3’ P ∩QR

⊆ { Double-sided Dedekind law (Exercise 123) }
(P ; -R ∩ Q) (Q -; P ∩ R)

⊆ { Assumption: P is invariant under division }
(P ∩Q) (P ∩R) .

‘3⇒ 4’ U ; (¬P );U ⊆ ¬P
⇔ { Shunting }

U(¬P )U ∩ P = O

⇔ { Assumption (twice) }
(P ∩ U)(P ∩ ¬P )(U ∩ P ) = O

⇔
true .
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‘4⇒ 1’ Take the contraposition of statement 4 and choose Q = P .

Proposition 160 (Importability of Safety Properties). Recall that a seq
P is importable if P ∩QR ⊆ (P ∩Q)(P ∩R) for all Q and R. The box operator
of ITL gives us the following characterization of importability:

P is importable iff P = +�P .

Proof.

P is importable
⇔ { Proposition 159 }

U -; P ; - U ⊆ P

⇔ { Galois connection (Definition 149) }
P ⊆ +�P

⇔ { +�P ⊆ P by Proposition 148 }
P = +�P .

Corollary 161. Since +�P = +�+�P , it follows that +�P is itself importable.
Therefore, we have

PQ ∩ +�R ⊆ (P ∩+�R)(Q ∩+�R) .

Definition 162 (Exportability). A property is called exportable if it is in-
herited by superobservations

x; y ∈ P ⇐ x ∈ P ∨ y ∈ P .

In other words, a seq is exportable if and only if its complement is importable.

Definition 163 (Transitivity). We have seen that a seq P is importable if

P ∩ QR ⊆ (P ∩Q)(P ∩R) .

for all Q,R. A seq P is called transitive when the converse inequation holds or,
more simply put, if PP ⊆ P .

Definition 164 (Compositionality). A seq that is importable and transitive
is said to be compositional [33]. In other words, P is compositional if and only
if P distributes over composition

P ∩ QR = (P ∩Q)(P ∩R) .

Proposition 165 (Predicates are Compositional). In an antisymmetric se-
quential algebra, predicates are compositional.

B ∩ PQ = (B ∩ P ) (B ∩Q) provided I ; - U ⊆ I .

Proof. Transitivity follows from the predicate merge law (Proposition 134) and
importability was proved in Proposition 152.

Exercise 166. Assume that P is compositional and I ⊆ P . Then show that P
distributes over iteration:

P ∩ Q∗ = (P ∩Q)∗ .
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6.3 Engineer’s Induction

Safety requirements are best expressed by describing behaviours that may never
occur (for example, explosions). If Q is the description of a disaster then an
implementation X must solve the inequation

X ⊆ ¬+✸Q ,

Industrial plants are often controlled by looping programs that repeatedly cycle
through a fixed set of production steps or alternate between a sensing phase and
a correction phase. To ensure that a control program is safe we must therefore
verify an inequation of the form

P ∗ ⊆ ¬+✸Q .

There is an old joke about engineers doing induction by just checking the cases
n = 0, n = 1 and n = 2. The following theorem provides a criterion for the
correctness of this approach, for it reduces the verification of an unbounded
number of iterations to the verification of at most two iterations.

Theorem 167 (Engineer’s Induction). Assume that Q ⊆ ¬+✸P . Then we
have

P ∗ ⊆ ¬+✸Q ⇐ id ∪ P ∪ PP ⊆ ¬+✸Q .

The remainder of Section 6.3 is taken up by the proof of this rule. In Sec-
tion 6.4 we will show that — under mild conditions on P and Q — the same
rule can be used to verify infinite loops. Two example applications are described
in Section 6.6 and Section 6.7.

Since ¬+✸Q = +�¬Q we can apply the Galois correspondence between −✸ and
+� and rewrite the conclusion P ∗ ⊆ ¬+✸Q to

−✸P ∗ ⊆ ¬Q .

This inequation is more tractable than the previous one because its left hand
side allows an application of the local linearity rule. In fact, Theorem 167 follows
immediately from the lemma below (with one more application of the Galois
connection (Definition 149) between −✸ and +�).

Lemma 168. Assume that S is locally linear. Then we have

−✸P ∗ = −✸ id ∪ −✸P ∪ (U -; P );P ∗; (P ; - U)
⊆ −✸(id ∪ P ∪ PP ) ∪ +✸P .

Proof.

−✸P ∗

= { Definition of −✸ }
U -; P ∗ ; - U
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= { Lemma 169 below }
U -; (id ; - U ∪ P ∗(P ; - U))

= { Distributivity, definition of −✸ }
−✸ id ∪ U -; (P ∗(P ; - U))

= { Local linearity }
−✸ id ∪ (P ∗ -; U) -; (P ; - U) ∪ (U -; P ∗)(P ; - U)

= { P ∗ -; U = U , definition of −✸ }
−✸ id ∪ −✸P ∪ (U -; P ∗)(P ; - U)

= { Lemma 169 below }
−✸ id ∪ −✸P ∪ (U -; id)(P ; - U) ∪ (U -; P )P ∗(P ; - U)

⊆ { Euclid }
−✸ id ∪ −✸P ∪ U -; (id ; (P ; - U)) ∪ (U -; P )P ∗(P ; - U)

= { Definition of −✸ }
−✸ id ∪ −✸P ∪ (U -; P )P ∗(P ; - U)

⊆ { P ∗ ⊆ id ∪+✸P }
−✸ id ∪ −✸P ∪ (U -; P )(P ; - U) ∪ +✸P

⊆ { Euclid }
−✸ id ∪ −✸P ∪ U -; (P (P ; - U)) ∪ +✸P

⊆ { Euclid, Associativity of converse }
−✸ id ∪ −✸P ∪ U -; (PP ) ; - U ∪ +✸P

= { Definition of −✸, Distributivity }
−✸(id ∪ P ∪ PP ) ∪ +✸P .

The following lemma closes the gap in the last proof. It is actually a one-sided
version of the same lemma.

Lemma 169. Suppose that S is locally linear. Then we have the equations

P ∗ ; - U = id ; - U ∪ P ∗(P ; - U)
U -; P ∗ = U -; id ∪ (U -; P )P ∗ .

Proof. By symmetry, it is sufficient to prove the first equation.

P ∗ ; - U = id ; - U ∪ P ∗(P ; - U)
⇐ { P ∗ = id ∪ µX(P ∪ PX) , Distributivity }

µX(P ∪ PX) ; - U = P ∗(P ; - U)
⇔ { Tail recursion rule (Proposition 32) }

µX(P ∪ PX) ; - U = µX(P ; - U ∪ PX)
⇐ { µ-Fusion (Proposition 24) }

∀X : (P ∪ PX) ; - U = P ; - U ∪ P (X ; - U)
⇐ { Distributivity, Euclid }

∀X : PX ; - U ⊆ P ; - U ∪ P (X ; - U)
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⇔ { Local linearity }
true .

This concludes the proof of Theorem 167.

Lemma 168 has another important corollary. Recall that P is a safety prop-
erty if P = +�P .

Theorem 170. Assume that S is locally linear and dense and that P ∈ S is a
safety property. Then P ∗ is also a safety property.

Proof. Since S is dense, we have −✸ id = id (easy exercise). Now assume P
is a safety property. Then we have −✸P ⊆ P and Lemma 168 yields −✸P ∗ ⊆
−✸ id ∪ −✸P ∪ (−✸P )P ∗(−✸P ) ⊆ id ∪ P ∪ PP ∗P = P ∗. Thus P ∗ is also a safety
property.

6.4 Finite and Infinite Observations

If we wish to reason about liveness properties (for example fairness), infinite
observations must be allowed. A number of authorities, including Hoare and
Dijkstra, have argued that fairness is irrelevant to the correctness of software
because any violation of fairness takes infinite time and cannot, therefore, be
observed. Of course, the same argument would imply that program termination
is not an interesting property either. This position is adequate for certain tasks,
such as the analysis of real-time software. On the other hand, allowing infinite
observations may actually make it easier to specify a system, because it allows
us to describe a run of a system with a single observation, rather than an infinite
set of approximations. We avoid committing the theory to either point of view
by allowing, but not requiring, observation spaces to contain infinite elements.

If infinite observations are allowed then we desire the ability to calculationally
distinguish them from finite ones. Let us assume here that observations can only
be infinite to the right, into the future. This makes sense from an operational
point of view (every program starts at a finite point in time, but some do not
terminate)2. The following notations are inspired by [15].

Definition 171 (Finity and Infinity). Infinite observations are characterized
by the fact that they cannot be made any longer (to the right). Thus, if E is true
of all infinite (or eternal) observations, we should have

E.x

⇔ ∀y, z : x; y = z ⇒ id .y
⇔ ¬(∃y, z : x; y = z ∩ ¬id .y)
⇔ ¬(U ; - ¬id).x .

2 On the negative side, symmetry is destroyed. The infinite iteration operator, too, is
inherently asymmetric. A symmetric treatment of infinity would introduce a little
extra complexity; we recommend it as an exercise for energetic readers.
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Therefore we define

F =df U ; - ¬id and E =df ¬F .

Note that, according to this definition, a point at infinity (i.e. the right unit
of an infinite observation) counts as an infinite observation. The following two
laws are straightforward exercises on the Euclid and exchange laws.

Proposition 172.

U ;F = F and U ;E = E .

Definition 173 (Zeno processes). An infinite number of ever shorter obser-
vations does not necessarily consume an infinite amount of time, and P ⊆ ¬id
does not, in general, imply that P∞ ⊆ E. Zeno effects are possible. Let us call
P Zeno-free if we do have P∞ ⊆ E. We can now formally state and verify our
claim that safety properties are finitely refutable.

Theorem 174 (Finite Refutability of Safety Properties). Assume that P
is Zeno-free and Q ⊆ F . Then we have

P∞ ⊆ +�¬Q ⇐ P ∗ ⊆ +�¬Q .

Proof.

P∞ ⊆ +�¬Q
⇔ { Galois connection (Definition 149) }

−✸P∞ ⊆ ¬Q
⇔ { −✸X = U -;X ; - U }

U -; P∞ ; - U ⊆ ¬Q
⇐ { Lemma 175 below }

U -; (P∞ ∪ P ∗ ; - U) ⊆ ¬Q
⇔ { Disjunctivity and U -; P ∗ ; - U = −✸P ∗ }

U -; P∞ ∪ −✸P ∗ ⊆ ¬Q
⇔ { Universal property of ∪ }

U -; P∞ ⊆ ¬Q ∧ −✸P ∗ ⊆ ¬Q
⇔ { Exchange, Galois connection (Definition 149) }

UQ ⊆ ¬P∞ ∧ P ∗ ⊆ +�¬Q
⇐ { Assumptions Q ⊆ F and P∞ ⊆ E }

UF ⊆ ¬E ∧ P ∗ ⊆ +�¬Q
⇔ { UF = F = ¬E }

P ∗ ⊆ +�¬Q .

The following lemma, which is an interesting rule for calculating with infinite
loops in its own right, is required to complete the proof of the previous theorem.
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Lemma 175.
P∞ ; - U ⊆ P ∗ ; - U ∪ P∞ .

Proof. First we establish a recursive inequation for P∞ ; - U .

P∞ ; - U
= { Definition of P∞ }

(P ;P∞) ; - U
= { Local linearity }

P ; - (U ; - P∞) ∪ P ; (P∞ ; - U)
⊆

P ; - U ∪ P ; (P∞ ; - U) .

Now we are ready for the main calculation.

P∞ ; - U
⊆ { Fixed point induction, using the above }

νX(P ; - U ∪ P ;X)
= { Repetition Rule (Proposition 40) }

P ∗; (P ; - U) ∪ P∞

⊆ { Euclid }
(P ∗;P ) ; - U ∪ P∞

⊆ { P ∗;P ⊆ P ∗ }
P ∗ ; - U ∪ P∞ .

6.5 Measuring Time

Most specifications of reactive system involve quantitative timing: for example, a
level-crossing barrier must be lowered at least 60 seconds before a train crosses,
a gas burner may not leak unburned gas for more than four seconds within any
period of 60 seconds, or a lift should never make a customer wait for more than
five minutes. A specification is a predicate on observations and we shall now
assume that the duration of an observation can be measured: we postulate a
real-valued function 0 on observations that satisfies

0.x ≥ 0
0.x = 0 ⇔ id .x
0.(x; y) = 0.x+ 0.y provided x; y is defined

We agree to the convention that an expression like 0 ≥ 5 abbreviates the function
λx.(0.x ≥ 5). This notational trick enriches the calculus with new predicates. For
example, 0 ≥ 5 is a predicate that holds for every observation that takes at least
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five seconds (or whatever unit of time is agreed to). The new notation also
permits us to rewrite the axioms for 0 in a point-free manner:

0 ≥ 0 (Positiveness)
(0 = 0) = id (Definiteness)

(0 = r); (0 = s) ⊆ (0 = r + s) for all real numbers r, s (Additivity)

These postulates are called the measure axioms. Note that we are not trying to
suppress references to real numbers as measures of interval lengths; we even allow
quantification over those. We are just eliminating all references to individual
points in time.

The measure operator 0 is the main innovation of a logic known as the Dura-
tion Calculus [47]. It adds considerable expressivity and calculational power to
interval logic and sequential algebra. We illustrate the use of a measure operator
by proving a synchronization rule. In order to do this, we need the following
lemma.

Lemma 176 (Subtractivity).

(0 = r + s) ; - (0 = s) ⊆ (0 = r) .

Proof.

(0 = r + s) ; - (0 = s) ⊆ (0 = r)
⇐ { Predicate calculus }

(0 = r + s) ; - (0 = s) ⊆ (0 = t) for all t "= r

⇔ { Exchange }
(0 = r + s) ⊆ (0 = t)(0 = s) for all t "= r

⇔ { Additivity }
(0 = r + s) ⊆ (0 = t+ s) for all t "= r

⇔ { Predicate calculus, arithmetic }
true .

Definiteness is extremely useful in calculations because it permits to dis-
tribute composition over conjunction as follows.

Proposition 177 (Synchronization). If S is locally linear, then we have

P ∪ P ′ ⊆ (0 = r) ⇒ PQ ∩ P ′Q′ = (P ∩ P ′)(Q ∩Q′) .

Proof. Assume P ∪ P ′ ⊆ (0 = r). The inclusion from right to left follows from
monotonicity. To prove the other inclusion, let s ∈ R. Then we have

PQ ∩ P ′Q′ ∩ (0 = s)
= { P ∪ P ′ ⊆ (0 = r), definition of measures }

P (Q ∩ (0 = s− r)) ∩ P ′(Q′ ∩ (0 = s− r))
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= { Let R = Q ∩ (0 = r − s) and R′ = Q′ ∩ (0 = r − s) }
PR ∩ P ′R′

⊆ { Dedekind law }
(P ∩ P ′R′ ; - R) (R ∩ P -; P ′R′)

= { Local linearity }
(P ∩ (P ′(R′ ; -R) ∪ P ′ ; - (R ; -R′)));
(R ∩ ((P -; P ′)R′ ∪ (P ′ -; P ) -; R′))

⊆ { Subtractivity }
(P ∩ (P ′(0 = 0) ∪ P ′ ; - (0 = 0))) (R ∩ ((0 = 0)R′ ∪ (0 = 0) -;R′))

= { Definiteness, id is a unit }
(P ∩ P ′)(R ∩R′) .

Since the above calculation works for every s ∈ R, totality of 0 yields PQ ∩
P ′Q′ ⊆ (P ∩ P ′)(Q ∩Q′), as required.

Note that we are not defining an abstract notion of measure algebras (like
we did for sequential algebras). It is possible to give an axiomatic definition for
measure algebra, but considerable mathematical plumbing is required for doing
it properly, and we ignore the issue here.

6.6 Phase Calculus

The operation of a system is frequently best described in terms of phases into
which its execution can be decomposed. A phase is informally defined as a part
of an execution during which some predicate B of interest invariantly holds. For
example, consider the following automaton fragment.� ✏

✒ ✑✻

❄
✲ ✲B1 B2

Let us assume that control remains at each node for some non-zero but finite
amount of time, and that the outgoing transition must be taken eventually.
Taking Bi to be true when control is in state i, we would describe the execution
of this small system by the predicate

($B1%; $B2%)∗

The predicate $B% is intended to hold for an observation if B holds at almost
all (i.e. all but finitely many) points of the observation interval. An observation
satisfying $B% is called a B-observation. We do not require B-observations to
satisfy B at every point of their observation interval because that would beg
the very awkward question whether the interval end points should be included
in that requirement — and every possible choice has undesirable consequences.
Since it is physically impossible to distinguish between time diagrams that agree
almost everywhere, we incur no significant loss of generality. Now let us give a
formal, axiomatic definition of the phase operator.



378 Burghard von Karger

Definition 178 (Phase Algebra). A phase algebra consists of a sequential
algebra S, a Boolean algebra B and a unary operator that maps every B ∈ B to
some $B% ∈ S. The elements of B are called state predicates, and an expression
of the form $B% is called a phase. We require the following laws, which we will
call the phase axioms.

1. There are no O-observations:

$O% = O .

2. Every non-unit observation is a U -observation:

$U% = ¬id .

3. Almost everywhere is conjunctive:

$B% ∩ $C% = $B ∩ C% .

4. The composition of two B-observations is itself a B-observation:

$B%; $B% ⊆ $B% .

5. Every restriction of a B-observation is either a B-observation or a unit:

−✸$B% ⊆ id ∪ $B% .

Remark 179 (Phases in Sequential Algebra). The reader familiar with the
relational calculus will know that state predicates correspond to partial identities.
The same intuition works for sequential algebras. A predicate B is called a partial
identity (also a monotype or coreflexive) if B ⊆ id. Given a sequential algebra
S, let B denote the set of its partial identities. Clearly, B is a Boolean algebra
(with top element UB = id and negation operator ¬BB = ¬B ∩ id). We first
define an auxiliary operator

[(B ]) =df ¬((¬id )(¬BB)(¬id))

Thus [(B ]) is true of an observation x : [a, b] → Σ when x.t satisfies B for all t
with a < t < b (note the use of strict inequalities here). The phase operator is
defined by

$B% =df ¬id ∩ [(B ])∗ .

We now have the following theorem.

Theorem 180. Suppose S is a locally linear and dense sequential algebra. Then
S with B and $·% as defined above is a phase algebra.

Proof. The proofs of phase axioms 1, 2, and 4 are completely straightforward
and therefore omitted here. To prove 3 and 5, we first show that, for any state
predicate B, the predicate [(B ]) is a safety property.
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[(B ]) is a safety property
⇔ { Safety properties (Proposition 159) }

[(B ]) ⊆ +�[(B ])
⇔ { Contraposition, definition of +� }

+✸¬[(B ]) ⊆ ¬[(B ])
⇔ { Definitions of +✸ and [( ]) }

U(¬id)(¬BB)(¬id )U) ⊆ (¬id)(¬BB)(¬id )
⇐

U(¬id) = ¬id = (¬id)U
⇔ { Density }

true .

Now we can prove phase axiom 3 like this:

$B% ∩ $C%
= { Definition of $·% and [(· ]) }

¬id ∩ [(B ])∗ ∩ [(C ])∗

= { Theorem 170, using that [(B ])∗ is a safety property }
¬id ∩ ([(B ])∗ ∩ [(C ]))∗

= { Theorem 170, using that [(C ]) is a safety property }
¬id ∩ ([(B ]) ∩ [(C ]))∗∗

= { Star is idempotent, definition of $·% and [(· ]) }
$B ∩ C% .

and phase axiom 5 like this:

−✸$B%
= { Definition of $·% and [(· ]) }

−✸(id ∩ [(B ])∗)
⊆ { Monotonicity }

−✸[(B ])∗

= { Theorem 170, using that [(B ]) is a safety property }
[(B ])∗

⊆ { Boolean algebra }
id ∪ (id ∩ [(B ])∗)

= { Definition of $·% and [(· ]) }
id ∪ $B% .

Proposition 181 (More Phase Laws). The following selection has been made
according to what is needed in the unit pulse example below. Their proofs are left
as exercises for the reader.

1. Importability: Assume that P ⊆ ¬id and Q ⊆ ¬id . Then we have

$B% ∩ PQ = ($B% ∩ P ) ($B% ∩ Q) .
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2. Exclusion property: If ¬B holds on some subinterval then B does not hold
on the entire interval

+✸$¬B% ⊆ ¬$B% .
3. Initial Exclusion: B and ¬B cannot both be true on an initial interval

$¬B%;U ⊆ ¬($B%;U) .
4. No overlap property:

$B% ∩ −✸(P ; $¬B%;Q) ⊆ −✸P ∪ −✸Q .

Definition 182 (Unit Pulse). A unit pulse is a Boolean variable B that can
only be true for exactly one unit of time. Its specification is

unit-pulse-spec =df +�Q where Q =df $B% → −✸((0 = 1) ∩ $B%) ,
i.e., every B-interval must be contained in a B-interval of length one.

Definition 183. A first step towards an implementation eliminates the modal
operator +� and the implication →, because these are not admitted in any notation
for implementation. Instead, we use the iteration operator.

unit-pulse-design =df P ∗ where P =df $¬B% ; ((0 = 1) ∩ $B%) .
We claim that this design is correct:

unit-pulse-design ⊆ unit-pulse-spec

Proof.

unit-pulse-design ⊆ unit-pulse-spec
⇔ { Definitions }

P ∗ ⊆ +�Q

⇔ { Proof rule for control loops }
id ∪ P ∪ PP ⊆ +�Q and +✸P ⊆ Q

⇔ { +✸P ⊆ Q follows from the exclusion property
(Proposition 181.2) }

id ∪ P ∪ PP ⊆ +�Q

⇐ { Galois connection and disjunctivity of −✸ }
−✸ id ∪ −✸(P ∪ PP ) ⊆ Q

⇔ { −✸ id = id holds in every measure algebra }
id ∪ −✸(P ∪ PP ) ⊆ Q

⇐ { id ⊆ ¬$B% }
−✸(P ∪ PP ) ⊆ Q

⇔ { Definition of Q and Boolean algebra (shunting) }
$B% ∩ −✸(P ∪ PP ) ⊆ −✸((0 = 1) ∩ $B%)

⇔ { No overlap property (Proposition 181.4) (twice) }
true .
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6.7 Duration Calculus

Phase Calculus allows us to require that a state predicate B should invariantly
hold throughout certain phases. In Duration Calculus we can go one step further,
and require that B should hold at least, say, 90% of the time. In the famous gas
burner example, there is a state predicate Leak which holds whenever the gas
valve is open, but no flame is burning. Leaks cannot be totally avoided, because
ignition is not instantaneous, and a flame may be blown out. But there must not
be too many leaks: it is considered dangerous to have an accumulation of more
than four seconds of leakage within any interval of less than thirty seconds.

gas-spec =df +�¬Q where Q =df (0 < 30) ∩ (
∫

Leak > 4) .

We have to explain the predicate
∫

Leak > 4. The intention is that this predicate
is satisfied by an observation x : [a, b]→ Σ just when

∫ b

a
Leak(x.t) dt > 4, where

we take Leak to be a function on Σ which takes the value 1 when a leak is present
and 0 otherwise. The integral

∫ b

a
... dt is just the Riemann integral.

The formal definition given below is still in terms of observations (i.e. not
point-free) but it does not require the observations to be time diagrams.

Definition 184. Let U be an observation space and B be a Boolean algebra
(whose elements are called state predicates). Then we assume an operator

∫
:

B → (U → R) with the following properties

1. (
∫
B).x ≥ 0.

2. If x; y is defined then (
∫
B).(x; y) = (

∫
B).x + (

∫
B).y.

3. (
∫
B ∩ C).x + (

∫
B ∪ C).x = (

∫
B).x + (

∫
C).x.

4. (
∫

O).x = 0.
5. (

∫
U).x = 0 iff x is a unit.

Note that, for the purpose of integration, we identify O with 0 and U with 1. The
above integral axioms reflect well-known properties of the Riemann integral.

As always, we eliminate points from the calculus: an expression like
∫
B ≥

3
∫
C is taken as a shorthand for the predicate (

∫
B).x ≥ 3((

∫
C).x). The five

integral properties listed above translate to the following point-free postulates.

1.
∫
B ≥ 0.

2. (
∫
B = r)(

∫
B = s) ⊆ (

∫
B = r + s).

3.
∫
B ∩ C +

∫
B ∪ C =

∫
B +

∫
C.

4.
∫

O = 0.
5. (

∫
U = 0) = id .

To show these axioms at work we prove the monotonicity of the integral
operator. Assume B and C are state predicates with B ⊆ C. Then we have∫

C

= { Predicate calculus }
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∫
((B ∩ C) ∪ (¬B ∩ C))

= { Integral axiom 3 }∫
(B ∩ C) +

∫
(¬B ∩C) − ∫

((B ∩ C) ∩ (¬B ∩ C))
= { B ⊆ C, predicate calculus }∫

B +
∫
(¬B ∩ C) − ∫

O

≥ { Integral axioms 1 and 4 }∫
B .

Given a duration operator with these properties, we can define both a mea-
sure operator 0 and a phase operator $·% as follows.

0 =df

∫
U and $B% =df ¬id ∩ (

∫
B = 0) .

All of the measure and phase axioms can now be proved from the above duration
axioms.

Now that we have explained the operators in the specification of the gas
burner, we can do an implementation step. Let

gas-design =df P ∗ where P =df (0 = 30) ∩ (
∫

Leak ≤ 2) .

We claim that gas-design ⊆ gas-spec.

Proof. The proof rule Theorem 167 generates the following two proof obligations

−✸(id ∪ P ∪ PP ) ⊆ ¬Q and +✸P ⊆ ¬Q .

The first claim follows from −✸(id ∪P ∪PP ) ⊆ (
∫

Leak ≤ 4) and the second one
from +✸P ⊆ (0 ≥ 30).

7 Conclusion

We have advocated a calculational style for reasoning about temporal proposi-
tions, but it would be misguided to suggest that Galois algebra and sequential
algebra can replace temporal and interval logic. The logical approach is invalu-
able for investigating decidability, axiomatizability, expressiveness and related
issues. Thanks to the existing decision procedures, temporal logic is also very
useful for automatic verification, for example by model checking.

On the other hand, we would like to suggest that algebra is better suited
to the human user. Mathematicians (and human beings in general) think in
concepts, not in formulae. Rather than storing seventeen axioms in our head—no
problem for a computer!—we prefer to remember that � and � are conjugate,
and (in the linear case) a perfect Galois connection. Analogies and structural
properties like symmetry and duality are more readily recognized and proved
in algebra; they form the core of our, human, understanding of what temporal
reasoning is about.
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Let us contrast the style of algebraic calculation with that of logical deduc-
tion. Equational or inequational rewriting is the most fundamental technique
of mathematics and everybody learns it at school. We have tried to show (as
others have before us) that calculations are guided by the shape of the formulae,
and proofs flow naturally from the dynamics of the symbols. Rarely, if ever, do
we need to make an unexpected step (‘pull a rabbit from a hat’). In contrast,
logical deductions often build up to the final theorem in a bottom up fashion,
giving little pieces at first without saying how they will fit together. In some
deduction styles, proofs have little structure; in others the intermediate results
form a tree which is hard to write down on paper. It is no accident that chains
of (in)equations or implications are in common use throughout the mathemat-
ical literature, whereas logical deduction systems are hardly ever employed for
convincing readers of theorems (except, of course, in books about logic).

The trade-off between the algebraic and the logical style may be compared to
the relation between specification languages and programming languages. The
latter are designed for the use of computers, and up to this day they have been far
more successful than the former. However, painful experience has taught us that
errors occur most easily, and are most costly, in the initial, informal phase of sys-
tem design. To minimize the risk of error at this stage, specification languages are
tailored for human use—often at the price of sacrificing mechanical niceties, such
as an LR(1) syntax and automatic executability. The art of turning specifications
into implementations is gradually becoming an established engineering craft and
as a consequence, specification languages are gaining acceptance steadily. In a
similar way, we expect that the calculational and human-oriented method of al-
gebraic calculation will gain its place beside the established machinery of logical
deduction.
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